AN INTEGRAL COMPARISON OF CRYSTALLINE AND DE RHAM
COHOMOLOGY

ABHINANDAN® AND ALEX YOUCIS®

ABSTRACT. Let O be a mixed characteristic complete DVR with perfect residue field & and
fraction field K. It is a celebrated result of Berthelot and Ogus that for a smooth proper formal
scheme X /O there exists a comparison between the de Rham cohomology groups Hig (X/O k)
and the crystalline cohomology groups Hirys(X &/W (k)) of the special fibre, after tensoring with
K. In this article, we use the stacky perspective on prismatic cohomology, due to Drinfeld and
Bhatt—Lurie, to give a version of this comparison result with coefficients in a perfect complex
of prismatic F-crystals on X. Our method is of an integral nature and suggests new tools to
understand the relationship between torsion in de Rham and crystalline cohomology.
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1. INTRODUCTION

Let k/F, be a perfect extension, set W = W (k) and K¢ = Frac(W), and let K/K be a finite
totally ramified extension of degree e and with uniformiser 7. Fix X to be a smooth proper
formal O g-scheme. One of the major goals of p-adic Hodge theory is the comparison of various
p-adic cohomology theories attached to X, and for which one of the initial motivations was the
crystalline-de Rham comparison of Berthelot—Ogus.

To explain this, recall that for a smooth proper morphism f: T — S of smooth complex varieties
and a sufficiently small disk D C 52", the Gauss—Manin connection induces an isomorphism,

Veum: R fullfan gan|p = Op ©c Hjg (T5,/C), (1)

for any sg € D. Analogously, envisioning Spf(O) as a small disk around Spec(k), one anticipates
that the de Rham cohomology H' (X/Ox) depends only on the special fibre Xj,. The crystalline
cohomology groups H, (Xy/W) were defined to realise this idea (cf. [Ber74, BO78]).

Using the formalism of crystalline cohomology, the analogue of (1) becomes the precise
mathematical statement that there is a functorial isomorphism of O g-modules,

Hig(X/0k) ~ Hirys(Xk/W) w Ok, ife<p-—1. (2)

Thus, for small e, we do indeed see that H (X/Of) depends functorially only on Xj.
In their celebrated paper [BO83|, Berthelot and Ogus observed that the analogue of (2) always
holds rationally, regardless of e, i.e. there is a functorial isomorphism of K-vector spaces,

Hig (X /K) = Hig(X/0k) @0, K ~ Hiy (Xi/W) @w K. (3)

Thus, the rational de Rham cohomology Hi (X /K) also depend functorially only on X.
The Berthelot—Ogus isomorphism has become nearly indispensable in arithmetic geometry.
But, this classical perspective is lacking in two significant ways:

(I) the classical setup of the Berthelot-Ogus comparison does not allow for “(integral) coeffi-
cients”,

(II) the method of proof does not lend itself to relating the integral structures Hyz (X/Of) and
H! (X /W), e.g. relating their torsion subgroups.

crys
Our goal in this article is to explain how the recent advances in integral p-adic Hodge theory, in
the form of Bhatt and Scholze’s prismatic cohomology (see [BS22]) and its stacky reinterpretation
by Drinfeld and Bhatt-Lurie (see [Dri24, BL22al), helps address these insufficiencies.

For now, we state our analogue of the Berthelot—Ogus isomorphism with coefficients where we
will use ¢ to denote Frobenius, in several different contexts.
Theorem A. Let € be a perfect complex of prismatic crystals on X. Then, for n > [log,(-%7)]

p—1
there exists a natural isomorphism of n-twisted de Rham and crystalline cohomology groups,

L HGS(E) = ¢ HE(857°) @w O

crys

Moreover, a Frobenius structure ¢: ¢*E[L/3 ] = E[1/3 ] gives rise to a natural commutative
diagram of isomorphisms,

()

Hsl(l;)(g) ®OK K EoE— ¢*nHzrys(8gys) Qw K

¢§{?§ll Zlaél-?s

Hijp (X/ 0, €1%) @0, K~ Hypy (Xi /W, E7) @ K.

crys

Thus, the cohomology groups Hg’g)(ﬁ) and Hig (X/0k, E®) @y, K admit a W-descent and a
Ky-descent, respectively. Moreover, these groups only depend functorially on the pair (X, Ex).

In the rest of this introduction we shall explain Theorem A more precisely, and indicate how
it provides new tools for comparing torsion in de Rham and crystalline cohomologies.
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A prismatic analogue of Dwork’s trick. The restriction on e appearing in (2) can be
motivated via the isomorphism (1) and its setup: for e > p the ‘radius’ of Spf(Of), intuitively
pfl/ ¢, is too large to support a convergent connection.

Now, note that the ‘Frobenius’ ¢(x) = 2P on the open p-adic unit disk D is contracting:
#"(B(r)) C B(rP"), where B(t) = {|z| < t} € D. So, for a vector bundle F on D, we have
" (Flp(ry) = ¢"(F |B(rpn ). Thus, twisting by Frobenius increases the radius of tr1v1ahty, an
observation known as Dwork’s trick.

We would like to apply this idea to the ‘disk’ Spf(Og). By (2) it would suffice to twist enough
number of times to reduce from radius p~/* to radius p~/®~ 1) Le. twist a = [log,(;57)] number
of times (cf. [Kat73, Section 3]). And, indeed, by inspecting the proof of (3) reveals the use of a
Dwork’s-trick-like isomorphism:

X2 ~ X, @ Ok /p, (4)
where (—) denotes the relevant Frobenius twist of the scheme. Then, (3) follows as the relative

Frobenius maps X,—¢ — XI()Z0 and X — X ,ga) induce isogenies on crystalline cohomology.
Unfortunately, this idea lacks firm foundations because there is no Frobenius map on Spf(Og).
While there have been various attempts to address this issue, most notably Ogus’ introduction of
the convergent site (e.g. see |[Ogu84]|), they fail to address (II) and (to a lesser extent) (I).
To provide full and firm foundations for an analogue of Dwork’s trick, we appeal to the stacky
interpretation of prismatic cohomology. From the morphism f: X — Spf(Og) one produces a
diagram of (formal) stacks,

R PX,dR PX ,CTys

(Xk/W)CI'yS
J/de lf lfcrys
Spf OK) DR OK < Perys Spf(W)a

For a perfect complex € on X | i.e. a perfect complex of prismatic crystals, we have:

Pt € = fIREMN = RLGR(E™),  plyefs € = [IVED" = Rarys(€7),

where we are suppressing derived notation and, by definition, E4F = de v&and &7 = p:ry& X8.1
Unlike Spf(Ok ), the stack O admits a Frobenius F, , and so we can form the twisted maps,

(n) .__ n)  .__
pd% FgK © PdR, Pér;s = FSK O Pcrys-

Then, we define the n-twisted de Rham and crystalline cohomology complexes,

RIGH(E) = (o) . € RIG (€)= (pls) fi € = & RI((Xi/W )erys, €7°),
and the n-twisted de Rham and crystalline cohomology groups are their cohomology groups.
Subsequently, we view the following as a prismatic incarnation of Dwork’s trick.

Theorem B (see Theorem 3.12). For any n > a, the following compositions,

Pf&) ngs str.
Spf(Ok) Ok Spf(W) «—— Spf(Ok),

(where the rightmost map is the natural one) are naturally identified in Map(Spf(Og), O ).

Remark 1. When e = 1, and thus @ = 0, Theorem B is due to Bhatt-Lurie when X = Spf(Z,)
(see [BL22a, Proposition 3.6.6]), and in general due to Imai-Kato—Youcis (see [[KY25, Theorem
3.19]). So, we really do view the main import of Theorem B as an analogue of Dwork’s trick.

From Theorem B, the first part of Theorem A easily follows. For the second part, the main
observation is that a Frobenius structure ¢ on € induces one on Rf, €, and that pulling it back
along p(") and pcrys, induces isogenies labelled <p(”) and @éﬁ;s, as in loc. cit., respectively.

19f & is a vector bundle, then &F is equivalent to a vector bundle with integrable connection on X, and &3 to
a crystal on (X /W )erys. Moreover, their cohomologies recover the usual de Rham and crystalline cohomologies.
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A Breuil-Kisin reinterpretation. One can make the analogy with Dwork’s trick even stronger,
and in doing so connect our work to previous incarnations of Dwork’s trick appearing in integral
p-adic Hodge theory, e.g. those appearing in [HK94, Section 5|, [Tsu99, Section 4.4], [Fal99,
Section 2], [Bre97, Section 6] and [Kis06, Section 1.2].

Namely, there exists a Frobenius-equivariant flat Breuil-Kisin covering pg: Spf(&) — O
where & := Wu] is equipped with the Witt vector Frobenius on W and ¢(u) = uP. We think
of Spf(&) as a closed-times-open bi-disk, where Spf(W) has radius p~"/?. Let E denote the
minimal polynomial for 7 relative to W. Then, as E has degree e we indeed see that the closed
embedding,

(E=0)
Spf(Ox) ——— Spf(6).
does act as a closed subdisk of radius p~"°. In the prismatic world, the role of an appropriately-
sized closed subdisk (i.e. where we expect convergence) is played by a morphism,

pg: Spf(S) — O, for §:= & Lmé}mm];’

m!

and where € = [ 7] is the ratio of the convergent radius and the radius of Spf(O Kx).2
We then have the following diagram, which conveys the full strength of Dwork’s trick:

str.

/ \
Spf(Ok) o) » O P, Spf(W)

‘. (n) n (n) _ s 5)
i o R (w=0) (
| | >~ Lo

Spf(S) ———— Spf(&) +——— Spf(9),

v

where i corresponds to the map S — O sending u to 7, the lower horizontal arrows correspond
to the natural inclusion & < S, and s comes from the natural map W — S, which induces a
map in the absolute prismatic site (Of) .

A more refined version of Dwork’s trick in the prismatic setting, is the following.

Theorem C (see Proposition 3.24). For any uniformiser m and any integer n > a, the diagram
(5) is naturally 2-commutative.

To explain the implications of Theorem (C), fix a perfect complex € on X and n > a. For
notational simplicitly, we further write 9"+ := (p ("“)) f, & and M™ := = (p (7”) f. & The
commutativity of the left square of (5) implies that we have have isomorphisms,

(pgﬂ) [ & MY /B~ * M,

The second identification here is the analogue of the equality ¢*"(F[g(,)) = ¢*"(F|g(»n)) from the
classical version of Dwork’s trick. The commutativity of the right square gives us identifications,
(pé”;g,s) fo & = MUY Jy o M™ Ju,

On the other hand, the commutativity of the right square with the section s further gives us that,

M® Ju = s*(pl) " f. €. (6)
(n)

The map pcrys is obtained by applying (—) to the map Spec(k) =9, Spf(Ok) precomposed
with the (n 4 1) power of the Frobenius. Thus, we view (6) precisely as the expected constancy
after restricting to the smaller subdisk Spf(S), as suggested by Dwork’s trick.

Thus, we can ultimately give a refinement of Theorem A. Namely, there is:

(a) a canonical isomorphism of perfect complexes over O:
Sm(”“)/E ~ im“‘*“/u Qw Ox, (7)

2The prism (S, (p)) is a modification (better suited to the ramified situation) of the Breuil prism.
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(b) an identification of the source of (7) with (pg}){)* fi €,
(c) the ‘constancy’ of M"Y /u, with constant value (pé@s)* fi €.

Implications for crystalline and de Rham torsion. The isomorphism (3) tells us that the
(free) ranks of de Rham and crystalline cohomology must always agree. A much more subtle
question is to determine the relationship between their respective torsion submodules.

For clarity, let us write

Herys (Xi/W)[p™] = @1y W/p™,  Hyp(X/0k)[p™] ~ @)y O /7"

The equality 7 = s holds (e.g. see [CK19, Remark 7.8]), but relating ¢ = >oi_ia; and

crys
‘R = > j—1b; seems difficult. To wit, [CK19, Question 7.13]) asks if £y # e - ll,ys can oceur.
We discuss such examples below (see Examples 4.21 and 4.32) giving an affirmative answer to
this question, and we expect that equality does not hold ‘generically’ for large i and e.
But, in fact, Theorem A and the isomorphism (7) gives us tools to study the precise relationship.
Conjecture « (see Conjecture 4.19). The inequality ¢ . < EQR <e- 0 always holds.

crys ~X crys

Conjecture « seems difficult even in the simplest non-trivial cases. But, in Section 4.4 we
explain how Dwork’s trick, specifically the isomorphism (7), allows us to transform Conjecture o
into questions about u®°-torsion in prismatic cohomology, which possesses finer structures given
the extensive study in recent years (e.g. [LL23, GL25]).

In Appendix A, we give evidence for these conjectural properties of the u*-torsion in Breuil-
Kisin cohomology, by verifying that our main such conjecture (see Conjecture 4.26) holds in a
small number of non-trivial cases (see Theorem A.20).

Acknowledgements. The authors thank Piotr Achinger, Naoki Imai, Hiroki Kato, Tong Liu,
Dat Pham and Takeshi Tsuji for helpful discussions. We especially thank Shizhang Li for patiently
answering many questions of ours. This collaboration started while the second author was hosted
at the University of Tokyo by Naoki Imai, and we thank him for his hospitality. The work of first
named author is partially supported by a Simons Collaboration grant on Perfection, Algebra and
Geometry and partially by JSPS KAKENHI grant numbers 22F22711 and 22KF0094.

Global notation and conventions
Throughout this article we fix the following notation.

o pis a prime, ¢ Er = E :=min.polyg, w(7) € Wu],

o k is a perfect field of characteristic p, o e=|K: Ky,

o Fx (resp. FRr) is the absolute Frobenius on ¢ & = [pfl],
an Fp—?.cheme X (resp. F,-algebra R)', ' o a=[log, (pilﬂ'

o for a ring R and R-module M we write its _ =
length as (5(M), ¢ K is an algebraic closure of K and C = K,

o W := W (k) the ring of Witt vectors, o Aint = Aint(Oc),

o Ky = Frac(W), o Acrys = Acrys(00),

¢ K a finite totally ramified extension of Ky, < = (m, wi/p . )5

¢ O the ring of integers of K, o 0: Ajpr = O¢ is Fontaine’s map,

¢ 7 a uniformiser of K, o O =fop !

o &=p—p and £V = ¢(¢).

We also the phrase formal stack over Z,, to mean a stack on the category of p-nilpotent rings,
equipped with the fpqc topology. For a stack S on all rings with the fpqc topology, we denote by
S its p-adic completion, which means its restriction to the full subcategory of p-nilpotent rings.
A morphism of formal stacks f: X — Y over Z, is called a flat surjection if for every p-nilpotent
ring R and and object y of Y(R), there exists a faithfully flat map R — R’ and an object a’ of
X (R') such that f(2') ~ y|r is in Y(R/).
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2. PRELIMINARIES ON PRISMATIC THEORY

In this section, we give a minimal recollection on parts of the prismatic theory we need in the
sequel. We do this mainly as a means to set notation and to refer the reader to more in-depth
discussions (e.g. [Bha23, BL22a, BL22b, BS22, BS23, Dri24]) for details.

In addition to global notation and conventions, we use the following notation in this section.

Notation 2.1. Let us fix the following notation:

X is a quasi-syntomic p-adic formal scheme, e V:W — W is the usual Verschiebung map,
W is the p-typical Witt vector group scheme, o [—]: Al — W the Teichmiiller lift,

6: W — W the usual d-structure, e v9: W — G, the zeroth component map.
F: W — W is the usual Frobenius lift,

Finally, we shall freely use the notion of quasi-ideals d: I — A (which we sometimes write as
[I — A] for clarity) and their quotients Cone(d) (where we occasionally write A/I) as in [Dri21].

2.1. Prismatisation and prismatic (F-)crystals. We begin by recalling the prismatisation
of X, a formal stack over Z,, due to Drinfeld and Bhatt-Lurie.

Definition 2.2 (Prismatisation, [Bha23, Definition 5.1.6]). Let us recall the following:

(1) For a p-nilpotent ring R a Cartier—Witt divisor over R is a map of invertible W(R)-modules
a: I — W(R) such that vo(a([)) is nilpotent and 6(«(I)) generates W(R).

(2) The prismatisation X of X is the formal stack over Z, associating to any p-nilpotent
ring R the groupoid of pairs (a: I — W(R), s) where « is a Cartier—Witt divisor over R,
and s: Spec(W(R)/I) — X is a morphism of (derived) schemes.?

If X = Spf(R), then we write R instead of X . We write O for the structure sheaf of X .

The formal stack X over Z, carries a Frobenius lift denoted F (or Fr when X = Spf(R)).*
For a p-nilpotent ring R, the map Fx: X (R) — X (R) associates to the pair (a: I — W(R),s)
the pair (F*(«): F*(I) — W(R), F*(s)), where F is the Frobenius on W. Here F*(s) denotes
the composition Spec(W(R)/F*(I)) SN Spec(W(R)/I) 2 X.

By a prismatic crystal on X we mean a quasi-coherent object of the derived oco-category,

DX ):= lim D(R),
Spec(R)—X
where Spec(R) — X travels over morphisms to X from the spectra of p-nilpotent rings. By a
perfect prismatic crystal we mean an object of the full (co-)subcategory,
Perf(X ):= lim  Perf(R).
Spec(R)—X
We define the category Vect(X ) of prismatic crystals in vector bundles analogously.

We frequently use another more down-to-earth interpretation of prismatic crystals using objects
(A, I) of the absolute prismatic site X . We let ¢4 denote the Frobenius lift on a prism (A, I).

Definition 2.3 (Absolute prismatic site, [BS23|). The absolute prismatic site X of X is opposite
to the category® of bounded prisms (4, I) equipped with a morphism s: Spf(A/I) — X and
endowed with the flat topology.® If X = Spf(R), we write R instead of X . We denote by O

the sheaf associating A to (A, 1), and let ¢ denote the endomorphism restricting to ¢4 on each
(A, ).

3Technically, W(R)/I = cone(c) need not be a discrete ring and, in general, it is a 1-truncated animated ring.
See [Dri24, Paragraph 1.3.5] for an elementary description of the groupoid of maps Spec(W(R)/I) — X.

4Technically7 this notation is overloaded if X is an F,-scheme, as it could also mean the absolute Frobenius
there. But, we hope the meaning is clear to the reader from the context.

S5As is standard, we will conflate X and its opposite category, often writing morphisms in X as if they were
in X°P. Additionally, we will almost always omit the structure map s from the notation, just writing (A, I).

6More precisely, the topology generated by those collection of morphisms {(A,I) = (Am, Im) }mem such that
either {Spf(A,) — Spf(A)} is a Zariski cover or M = {1} and A — A; is (p, I)-adically faithfully flat.
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For any object (A, I) of X , note that one can construct a Frobenius-equivariant morphism
pean: Spf(A) — X as follows: Consider a morphism g: Spec(R) — Spf(A4), where R is a
p-nilpotent ring. As A is a J-ring, therefore, the universal property of Witt vectors gives us a
morphism A — W(R). Then, the Cartier—Witt divisor over R corresponding to the composition
P, © g is the map a: I ®4 W(R) — W(R). Moreover, as cone(«) annihilates A, so we get an
induced map,

Spec(cone(a)) & Spf(A/I) 3 X.
Thus, we have produced an element p(4 1y o g in X (R) as desired. This map is functorial in the

sense that if (A,I) — (B, J) is a map in X , then the composition Spf(B) — Spf(A) pan, ¢
is naturally identified with the map p(p ).

Example 2.4. Suppose that R is a quasi-regular semi-perfectoid algebra (e.g. perfectoid) in
the sense of [BMS19, Definition 4.20]. Then, from [BS22, Section 7.1] there exists an initial
object ( gr,Ir) of R (e.g. if R is perfectoid, then g = Ajyr(R)). Additionally, the natural map
P( pim: SPE( R) = R s an isomorphism (see |BL22a, Lemma 6.1]).

Proposition 2.5 ([BL22b, Theorem 6.5]). The morphisms p(a ) induce equivalences

D(X )~D(X )~ lim D(A4
(X)) (X)) aimy (A),

which restrict to equivalences on the full subcategories of perfect complexes and vector bundles.

There is a natural map u: X — Cart := [A\l/Gm] associating to a pair (a: I — W(R), s) the
generalised Cartier divisor I ®y(gr), @ — R, using the interpretation of the target as in [BL22a,
Section 3.1]. We let I C O denote the pullback under u of the tautological invertible ideal
sheaf on Cart. Under the equivalence in Proposition 2.5, the pair I C O and endomorphism
Fx of O correspond to the pair 3 C O and endomorphism ¢ of O | where J (A, I) := 1.

Definition 2.6. A perfect prismatic F-crystal on X (resp. X ) is a perfect complex & on
X (resp. X ) and an isomorphism pg: Fi(&)[Y/7 ] = €[1/7 ] of O [1/s ]-modules (resp. an
isomorphism g : ¢* (E)[Y/1 ] — E[1/7 | of O [1/5 ]-modules),” called a Frobenius structure. Denote
the category of perfect prismatic F-crystals on X (resp. X ) by Perf¥(X ) (resp. Perf?(X )).

From Proposition 2.5, it easily follows that there are natural identifications,

Perf?(X ) ~Perf?(X )~ lim Perf?(A,I), (2.1)

(AeX

where Perf? (A, I) denotes the category of perfect complexes of A-modules M equipped with an
isomorphism of A-modules pps: (¢% M)[1/1] = M[1/1]. Due to these equivalences, we shall often
implicitly identify the categories in (2.1).

2.2. Absolute pushforwards and relative prismatic cohomology. Let f: X — Y be a
morphism of quasi-syntomic p-adic formal schemes, and note that we have the following:

(1) A morphism of formal stacks over Z,,
f:X =Y, (a: I - W(R),s) — (a: I - W(R), fos).
(2) A cocontinuous morphism of ringed sites,

f:X =Y, (A, I),s) — (A, 1), fos).

TObserve that as J C O is a Cartier divisor, therefore, for any morphism Spec(R) — X , the open subscheme
Spec(R) — V(I (R)) C Spec(R) is affine (see [SP, Tag 07ZT]) and we denote by O [t/5 ](R) its global sections.
The sheaf O [1/5 | admits a similar definition.
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The preceding morphisms thus naturally induce morphisms of co-categories,
Rf, : DX )= DY ), and R(f).:D(X ,0 )—-D{Y ,0),

These two pushforwards match under the equivalence in Proposition 2.5, and so we shall often
implicitly identify them.
Let (A, I) be an object of Y and € an object of D(X ). Then, we define

RT(X/(A, 1), &) = Lp} RS, €.

When there is no chance for confusion, we shall shorten this notation to RI"4(€) and denote its
cohomology groups by Hf4(8). These cohomology groups may be computed site-theoretically as
the cohomology of (the pullback of) € on the relative prismatic site (X/(A4, 1)) as in [BS22].

This interpretation in terms of relative prismatic cohomology allows one to produce from a
Frobenius structure ¢¢ on € a morphism Fy(Rf, €)[Y/1 ] = (Rf, €)[1/3 ] of O [1/5 ]-modules
(e.g. see |GR24, Construction 7.6]). We abuse notation and denote this map by Rf, ¢e¢.

Theorem 2.7 (|GR24, Corollary 5.16 and Theorem 8.1]). Let f: X — Y be a smooth proper
morphism of smooth formal Ok -schemes. Then, Rf, € is a perfect prismatic crystal on'Y  for
any perfect prismatic crystal € on X. Moreover, € is equipped with a Frobenius structure pg,
then Rf, we is a Frobenius structure on Rf, €.

2.3. The prismatisation of Ox. We now record some points of O that play a central role in
our proof of the twisted crystalline-de Rham comparison (see Theorem B).

2.3.1. The (n-twisted) Breuil-Kisin prism. Let & := Wu] and recall that £ = E; in & is
the Eisenstein polynomial of a uniformiser m of Q. We define the Breuil-Kisin prism to be the
pair (6, E), where & is equipped with the Frobenius lift

os: 6 — 6, Y keN apu® — > keN qu(ak)upk.

Observe that the map sending u to 7 induces an isomorphism &/E =% O, and we denote
the inverse of this map as nat: O — &/E. Then, we may view the pair (&, F) as an object
of (Ox) with the map Spf(&/E) — Spf(Ok) induced by nat. Additionally, we shorten the
notation p(g g) to pe or pr.

Proposition 2.8. The map ps: Spf(&) — Oy is a flat surjection.

Proof. Note that ¢s: Spf(&) — Spf(&) is a flat surjection. So, it is enough to show that pg o s
is a flat surjection. But, from the commutativity of triangle (2) in diagram (2.8) of Proposition
2.13, it is then sufficient to show that the composition Spf(Ainf) = O (see Section 2.3.5 for this
map), is a flat surjection. By using the identification in Example 2.4, we are further reduced to
showing that the map O, — O is a flat surjection. The latter follows from [BL22b, Lemma
6.3], as Ox — O¢ is quasi-syntomic (e.g. see [IKY24, Lemma 1.15]). O

For any n > 0, set E™ := E{™ = ¢&(Ex). Then, with & still equipped with the Frobenius
lift ¢g, the pair (&, E™) is a prism called the (n-twisted) Breuil-Kisin prism, which coincides
with the usual Breuil-Kisin prism when n = 0. The n-fold self-composition of the Frobenius ¢g
induces a map,

do: S/E = &/E™,

and composing this with nat endows (Sg, (E™)) with the structure of an object of (Of) .
Additonally, we shorten P(&,Em) 1o p(g ) or pi | noting the change in index.

It is clear that ¢%: & — & is a flat surjection which induces a morphism (&, (E)) — (&, E™)
in (Or) . Using this and the fact that pg is Frobenius-equivariant, we have the following
identification in Map(Spf(&), O ):

(n) ~

pg = Fo, ope. (2.2)
8



2.3.2. The product of Breuil-Kisin prisms. Breuil-Kisin prisms depend on the choice of
E = E;, and thus on the choice of the uniformiser 7. To show the independence of our later
constructions of this choice, in this section, we study the product of Breuil-Kisin prisms for
different choices of the uniformiser.

Let us fix another uniformiser 7’ of Og. Let 6@2176 be shorthand for the (p, Er, E,/)-adic
completion of & ®z, &, and set

J = ker(6®2p6) —- O,

where the surjective map denotes the composition of the multiplication map with nat. We define
the mized Breuil-Kisin prism to be

Gﬂ,rr’ = (6®Zp6){?{r}g\’

where the right-hand side denotes the (p, Fr)-adic completion of the §-algebra obtained by freely
adjoining to (G@JZPG) the elements EL«’ for j in J.® Let us set I 7 C &, to be the ideal
generated by Fr, or equivalently, by E,.

Let us observe that there are natural maps of prisms & LN (G 26 coming from projection

and, by our setup, the following two compositions coincide:
Ok 225 6, /Er 2 St [ It &% S/ Epr &2 0.

Thus, (&, Ir ) has an unambiguous structure as an element of (Ox) , and we use p, » to
denote the corresponding map Spf(Sy ) — O .

Proposition 2.9. The object (& x, Ir zv) is the product of (&, Ex) and (&, Ey) in (Ok) .
Moreover, the following diagram

p1
Crmt — &

AN
le p7r,7r’ a
Y

6 Pt OK’

18 2-commutative, and its outer square is 2-cartesian.

Proof. The first claim follows from from the same argument given in [DLMS24, Example 3.4].
For the second claim, consider morphisms f,g: & = R for a p-nilpotent ring R, such that the
compositions pr o f and p,s o g are identified in Map(Spec(R), O ). This gives us an isomorphism
of generalised Cartier—Witt divisors ExW(R) — W(R) and EW(R) — W(R), such that the
induced maps Og — &/E; — W(R)/E; and O — S/E» — W(R)/E, are identified. From
the two maps & — W(R) induced by f and g, we obtain a unique morphism 6@46 — W(R).
Our identification of Cartier—Witt divisors guarantees that this map uniquely upgrades to a
morphism &, » — W(R). This map gives rise to a morphism h: 6<§>ZPG — R and it is easy to
see that p; o h = f and py o h = g, as desired. O

2.3.3. The modified Breuil prism. We continue with the notation from Section 2.3.1. Define
5 YA mé A
5= {0} — S [(2 )]

m

= { > ,en Om LZ/éJ! € Ko[u] : an, converges p-adically to 0},

endowed with the natural Frobenius lift
bg: S — S’, ZmeN am#n;“ = ZmeN ¢W(am)%'

The pair (S, p) is a prism which we call the modified Breuil prism.

8The ostensible asymmetry in the definition of & ./ is remedied by observing that it is naturally equal to
6Rz G){=L % as E/E, is a unit in &, (using [BS22, Lemma 2.24] and the fact that E,» = 0 mod E).
» B, ,
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Remark 2.10. There is another more well-known prism closely related to (S’, p): the Breuil
prism (S,p) (hence the name ‘modified Breuil prism’ for (S,p)). The ring S is defined in exactly
the same manner as the ring S but with each instance of € replaced by e. There is a natural
injective homomorphism Sz — Sk which is an isomorphism if and only if e =1 or p = 2.
Observe that
E® = EP = 4?¢ = () mod pS,

where the first equality follows because ¢g is a Frobenius lift, the second because F is an
Eisenstein polynomial of degree e, and the final equality follows because

uP? = pup(efé) (p— 1)!“])—17!é IS pSR.

Thus, if §/E® — S’/p is the induced map, then we obtain a map r: O — S'/p, which is defined
to be the following composition:

Ox 2% &/E 2% & /ED = §/p. (2.3)

For n > 0, we may view (S, p) as an object of (Ox) with the Og-structure map Fg/p or. Denote
the corresponding map Spf (S ) = Op by pg) or p”, dropping the superscript when n = 0. Then,

by the same logic as for Equation (2.2), we have the following identification in Map(Spf(S), O ):
pg) ~ Fg,. o pg- (2.4)

Finally, the following proposition follows by noting that %m,e belongs to O for all m > 1 (e.g.
see [BO83, Lemma 3.9]).

Proposition 2.11. There exists a unique arrow i making the following diagram commute:

w S < S

where the unlabelled arrows are the natural maps. Moreover, i is a PD-thickening.

2.3.4. The prism (W, p). The pair (W, p), where W is equipped with the natural Witt vector
Frobenius ¢y, is a prism. Via the natural map ¢q: O — k, we may view (W, p) as an element of
(Ok) , and we denote the corresponding map Spf(W) — O, by pw.

Observe that we may also view (W, p) naturally as an object of k& , and thus we also obtain a
map Spf(W) — k and denote it as py,. The following proposition is clear by Example 2.4.

Proposition 2.12. The map pw: Spf(W) — Oy naturally factorises as

Spf(W) 2%k — O,
and the first map is an isomorphism.

Now, for any n > 0, we may also consider (W, p) as an object of (O) using the Og-structure
map given by the composition

F’!‘L
Ok L k5 k,

and denote the corresponding map Spf(W) — O, by p%}). Then, similarly to Equation (2.2), we

have the following identifications in Map(Spf(W), O ) and Map(Spf(W),k ), respectively:

o = R opw, B = FRopy. 25)
10



2.3.5. The prism (Ajyf,€Y). Endowed with the usual Frobenius lift ¢, the pair (Ajyf,£®) is a
prism. We may then consider the following composition:

O = Oc = Ay /6D

where the last isomorphism is induced by the map 0V = 6§ o 1. This endows (A, €D) with
the structure of an object of (Og) . We denote the corresponding map Spf(Aint) = O by ping.

Moreover, for any n > 0, we may consider the pair (Aje, £"*), where as per usual £ =
P (W) = ¢nF1(€). This is also a prism with the same Frobenius lift ¢. We may endow it with
the structure of an object of (Ox) via the Og-structure map

Ok = 00 =5 Aing/E® L5 Mg /600
We denote the corresponding map Spf(Ains) — Op by p(”) Then, by the same logic as for
Equation (2.2), one has the following identification in Map(Spf(Aint), O ):

o) = F3 0 po. (26)

2.3.6. The prism (A.ys,p). Endowed with the usual Frobenius lift ¢, the pair (Acys, p) is a
prism. We may then consider the composition,

OK — OC l> Ainf/gu) — Acrys/pa

where the last map makes sense as £ € pAcryS,9 and we endow (Acrys, p) with the structure of
an object of (Ox) . We denote the corresponding map Spf(Acrys) = O by perys.

Moreover, for any n > 0, we may consider the pair (Acys, p) as an object of (Og) with the
O g-structure map

Ox — O¢ = Ainf/g(l) — Acrys/p ﬂ) Acrys/p-

We denote the corresponding map Spf(Acys) = Op by pays. Then, by the same logic as for
(2.2), one has the following identification in Map(Spf(Acrys), Of):

Pitys = F,. 0 Perys. (2.7)

2.3.7. Relationship between various prisms. In this section, our goal is to show the precise
relationship between various prisms discussed above. We do this in the form of the following
proposition, whose precise meaning and proof will be explained immediately afterwards.

Proposition 2.13. Let n > 0 and consider the following diagram:

Spf(Ainf) Spf(Acrys)

\ n 3 ((3!‘ S
A b <wx
it \1 / (n+1) (6()16%,8 (2.8)

A
(n+1) (n)

L (M ”S ~_ M
Spf(S) Spt(S)

Triangles (2), (3), (4), (5) and (6) commute for all n > 0, and triangle (1) commutes if and only
ifn>a.

In Proposition 2.13 the unlabelled morphisms are the obvious ones, and the remaining
morphisms are explained as follows:

e The map ajur: 6 — Ajyr is a homomorphism of W-algebras, where we set ajus(u) = [ﬂ'b],

9Indeed, &P = p!% belongs to pAciys, and so &M =¢? =0 mod PAcrys.
11
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e the map aerys: S — Acrys is the unique extension of ajns as the divided powers ﬂT
belong to Acys for all m > 0 (e.g. this follows from [BO83, Lemma 3.9]),'
e s: S — W is the identity on W and sends u to 0.

Proof of Proposition 2.13. The proof of this proposition is largely straightforward, so we only
comment on the more non-obvious parts of the claim below. In particular, by definitions it is
clear that triangles (3), (4) and (5) are commutative.

Let us first show that the triangle (1) in diagram (2.8) commutes if and only if n > a. This
amounts to the claim that the following morphisms,

(8, B+, 8¢ onat) —— (S,p, Fg, or) «— (Wip, i o),
where the third entry of each term indicates the O g-structure map, are morphisms in (Og) if
and only if n > a. It is easy to see that the maps above are morphisms of prisms, and it remains
to show that the Og-structure agree. Diagrammatically, it is equivalent to the claim that the
following square:

n

&/EW Sip —= 5 S/p < k
N -
G/E < = Ok ” OK/TF — k,

where all the non-labelled arrows are the natural ones, commutes if and only if n > a. Writing
O = W]r], it suffices to verify that starting from Ox and travelling around the diagram in
both directions produces the same result for any z in W and 7. It is easy to verify that the
composition of the arrows in both directions sends x to 22" in § /p. Moreover, the composition
of the arrows along the right-hand side of the diagram sends 7 to 0, but the composition of the
arrows along the left hand side sends 7 to v in S /p. Thus, the diagram commutes if and
only if p divides w"" in S. This clearly happens if and only if p"*! > pé, which is equivalent to
having that p" > zﬁ’ or equivalently, n > Hogp(zﬁﬂ = @, as claimed.

Next, to show that the triangle (2) in diagram (2.8) is commutative, by definitions it is enough
to establish that ;¢ is a map in (Og) . To get this claim, we must first show that ay,s maps the
ideal (¢ (F)) into the ideal (€). This amounts to showing that 6(cu¢(E)) = 0, but this precisely
translates to having E(m) = 0. To show that the Og-structure maps are compatible, it suffices

to observe that B
Ox = 6/E 28 &/BW 2oty Ay 76,

sends w in W to ¢(w) in Ajy/€M) and sends 7 to [#°]P. But, this is precisely the same as the
map O — Ainf/f(l) described in Section 2.3.5.

Finally, to establish that the triangle (6) in diagram (2.8) commutes, it is enough to show that
s is a morphism in (Og) . To this end, observe that the map & — W sending u to 0 does send
(E™) to (p) for any n > 1. Indeed, note that ¢"(E(u)) = E(u”"), and so it is sent to £(0) in
W. But, as E is an Eisenstein polynomial, therefore, we must have E(0) = pv, for some unit v
in W. This establishes the claim and allows us to conclude. U

3. THE TWISTED CRYSTALLINE-DE RHAM COMPARISON

In this section we provide a general comparison between the so-called twisted crystalline
realisation and twisted de Rham realisation of a perfect complex of prismatic F-crystals over Of.
We continue to use notation from global notation and conventions and Notation 2.1.

10Indeed7 as & has divided powers in Aqys, it suffices to show that the image of [ﬂ'b]é under the map 6: A — Oc
has divided powers. But, 8([7"]¢) = 7 which has divided powers in O, and thus O¢, by [BO83, Lemma 3.9].
12



3.1. A stack-theoretic approach. We begin by explaining a conceptual way of proving the
twisted crystalline-de Rham comparison that is more in the spirit of [BOT7S].

3.1.1. The twisted crystalline realisation functor. We begin by studying several ways to
explicitly understand the stack k& . The interested reader may consult [IKY25, Section 1.1.3| for
a more general discussion in an unramified and non-twisted setting.

Definition 3.1. The reduced n-twisted crystalline point of O is the morphism of formal stacks
over Z,,

for n > 0, which for a p-nilpotent ring R associates to a map Spec(R) — Spf(W) the Cartier—Witt
divisor W(R) £ W(R) with structure map,

k5 Wip 2% Wip — W(R)/p s W(R) /p, (3.1)

where W/p — W(B)/p is the map induced by the unique é-ring map W — W(B) lifting W — B.
The n-twisted crystalline point of Ok is the map poys: Spf(W) — O 5 obtained as the following
composition:

—(n)

Spf(W) £ &k — O,
where the latter map is the obvious one.

Let us shorten ﬁé?%,s 0 Derys and p((fpys t0 perys- Then, by the definition of the Frobenius maps
Fip:k —k and Fy, : O — O, we have that for any n > 0.

pg;))/s = FgK © Perys, ﬁéﬁ;s = F} 0 perys (3.2)
Remark 3.2. The appearance of the ¢y in (3.1) may seem artificial. To help demystify it,
observe that in general for a quasi-syntomic k-scheme Z there is an isomorphism between the
formal stack over W given by (Z/W)“Y® (e.g. as defined in [Bha23, Remark 2.5.12]) and the
pullback stack ¢}, (Z ) (e.g. see [Bha23, Corollary 2.6.8 & Construction 3.1.1] or [IKY25, Lemma
1.6]). From this perspective, we may view p,. as the composition

SpE(W) =5 (k/W)™ 5 gy (k ) 25 k
This observation is important as the first isomorphism Spf(W) — (k/W)“¥* is the one well-suited
to crystalline theory (e.g. it corresponds to the equivalence between (F-)crystals on (k/W)crys
and (¢ -)modules over W), and is also the reason why a Frobenius twist appears in the crystalline
comparison theorem (e.g. as in [BS22, Theorem 1.8]).

We define our twisted crystalline realisation functor as follows.

Definition 3.3. The n-twisted crystalline realisation is the functor,

D) Perf((Ok) ) — Perf(W),

crys *
obtained as the pullback pé}’g,s.

Remark 3.4. For any object V of Perf((Of) ), by Remark 3.2 one may also interpret D&ys(V)
as (¢"VU) (W — k), where V¥ is the perfect complex of crystals on (k/WW)“Y$ associated
to Vi via the equivalence in [GR24, Theorem 6.4], ¢ is the Frobenius morphism of topoi
(k/W)erys = (K/W )erys, and W — k ~ W/p is the natural PD-thickening.

Proposition 3.5. For any n > 0, there is a natural identification of ﬁé@s and péﬁ;s with ﬁ%,’;;”l)

and p%,’f,“), respectively.
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Proof. By Equations (2. 5) and (3.2), our definition of perys, and Proposition 2.12 we are reduced
to showing that perys = pW But, by definition, to a p-nilpotent ring R and a map Spec(R) —
Spf(W), the map pi; associates the Cartier-Witt divisor d: W(R) ®@w (p) — W(R), where
W — W(B) is the map of d-rings obtained from W — B, and with the structure map

k5 k — cone(d) — W(B)/p,
which clearly agrees with the object of O, (R) associated to Spec(R) — Spf(W) by perys. O

Combining this observation with Proposition 2.13 and the equivalence in [BL22a, Proposition
3.3.5], we obtain the following identifications.

Corollary 3.6. For any n > 0, uniformiser m of Ok, and any object V of Perf((Of) ), there is
a natural identification in Perf(W).

Ditys(V) = d ™ V(W.p) —=— e — (08" (V(6, En)) /u. (3.3)

crys ks

Remark 3.7. The first isomorphism in (3.3) is truly canonical, but the second (while natural
in V) implicitly depends on the choice of a uniformiser 7 to define E;, and therefore the prism
(6,E;) in (Og) . This explains our reasoning for labelling the second map but not the first.

3.1.2. The twisted de Rham realisation functor. We now discuss a de Rham analogue of
the material from Section 3.1.1. The interested reader may consult [IKY25, Section 1.2] for a
more general discussion in the non-twisted setting.

Definition 3.8. The n-twisted de Rham point of Ok is the morphism of formal stacks over Z,,
pin: Spf(OK) — Ok,
for n > 0, which for a p-nilpotent ring R associates to a map Spec(R) — Spf(Ox) the Cartier—
Witt divisor W(R) 2 W(R) with the structure map
LR Fn
Ox — R=W(R)/VW(R) = W(R)/p — W(R)/p.

Let us shorten p > t0 par. Then, by the definition of the Frobenius map Fj kO — Op we

have that pg?{ = F"K 0 PR, for any n > 0.

Definition 3.9. The n-twisted de Rham realisation is the functor,
Dg;;- Perf((0k) ) — Perf(O),
given by pullback along pp: Spf(Ox) — O

We again wish to more concretely understand the twisted de Rham realisation using the
Breuil-Kisin prism, as in Corollary 3.6.

Proposition 3.10 ([IKY25, Proposition 1.15]). There is a canonical identification in Map(Spf(Og), O, ):
PR =~ PG

Corollary 3.11. For any n > 0, uniformiser m of Ok, and any object V of Perf((Of) ), the
following is a natural identification in Perf(Og):

Ui - DER(V) = 68" V(S, Er)/ Ex. (3.4)
3.1.3. The twisted crystalline-de Rham comparison (stacky form). We are now ready to
state and prove the stacky version of the twisted crystalline-de Rham comparison.
Theorem 3.12 (Twisted crystalline-de Rham comparison). Suppose that n > a = [log, (]ﬁﬂ

(1) There is an identification between p(”) and the composition
pﬁ?y)s
Spf(Ox) — Spf(W) — O,

as objects of Map(Spf(Ox), O).
14



(2) For any object V of Perf((OK) ), there is a canonical isomorphism in Perf(O):
: D (V) @w Ok =5 D{p (V).

crys

Proof. Assertion (2) is an immediate consequence of assertion (1). To prove assertion (1), let R be
a p-nilpotent ring and « a morphism Spec(R) — Spf(Og). The underlying Cartier—Witt divisors
of both p{p (@) and piys(a) is W(R) 2y W(R), and their O g-structures are given respectively as
follows (see Definition 3.1 and Definition 3.8):

Ox % R= w< )/VW< ) 5 W(R) /p £ W(R)/p, (3.5)
O = k 25 W/ip 2% wip Y% wr) /p £ W(R) /p. (3.6)

To show that the composition of these respective maps agree, first observe that the following
respective composition of the maps,

W—>oKi>R:W( )/VW( )F W(R)/p, (3.7)

W — k= W/p Y W/p —2 W(R)/p, (3.8)

agree by [IKY25 Theorem 1.19]. But, for n > a, the map Fj} ' OK /p — Ok /p factorises as

p

Okx/p—k 4+ k — Ok /p, where the last map is induced by W — Og. As the composition of
(3.5) factorises through O /p, the appearance of F™ in both (3.5) and (3.6) thus implies the
agreement of their compositions from the agreement of the compositions of (3.7) and (3.8). O

3.2. A non-stacky approach. We now explain a more down-to-earth approach to Theorem
3.12 using Breuil-Kisin theory. In the next section, we shall compare this to the stacky approach.

3.2.1. The twisted crystalline realisation. We begin by giving a Breuil-Kisin-theoretic
definition of the twisted crystalline realisation. To distinguish it from the (a priori different)
stack-theoretic twisted crystalline realisation, we temporarily use a prime in the notation.

Definition 3.13. Let 7 be a uniformiser of O and n > 0 an integer. The w-indexed n-twisted
crystalline realisation functor is defined as follows:

D) Perf((Og) ) — Perf(W), Vi ¢"™V(8, Ex) /u.

crys,m*

To remove the m-dependency of the n-twisted crystalline realisation functors, we consider the
following construction.

Construction 3.14. Let V be an object of Perf((Ox) ) and n > 0 an integer. Then, the
following commutative diagram (see Proposition 2.13):

Spf(&) — (u=0) — Spf(W) <«— (u=0) — Spf(S)
. | /

pgrn+1) (n+1) p(n+1)

\i/

Kv

together with Equations (2.2) and (2.5), yield isomorphisms:
o VS, Ex)/u = ¢y V(W p) < 68" V(S B fu.

The preceding diagram induces an isomorphism,

/,(n) 1,(n)
]crys ! Dcrys w(v) _> Dcrys I (V)
It is easy to see that the isomorphisms jf;;;? - are functorial in V and satisfy the following
cocycle condition:
(n),V (n),V (n),V
JCI"yS?T ! ]crys7r7r - j7r,7r”'

15



Thus, we obtain natural equivalences,

(n) - Dh /5(n)
jcrys,7r,7r’ ' DCYyS,TF Dcrys,7r’

in Func(Perf((Og) ),Perf(W)) satisfying the cocycle condition.

Definition 3.15. The n-twisted crystalline realisation functor is defined as

Detye = Im Dl -2 Perf((Ox) ) — Perf(W).

s
We end this section by comparing ch’ﬁ;g and Dé’f;,s. Namely, via Corollary 3.6, for any © we
have a canonical identification

RN » (GO N 5 U

crys,m* -~ crys crys,m*

By combining Propositions 2.13 and 3.5, we have the following commutative diagram of stacks:

Spf(&) +— (u=0) — Spf(W) — (u=0) — Spf(S)

~_ \
g o
~ + /
Ok

Thus, it is easy to deduce that 7"

erys, o © Q,Z)é?}),sﬂr = wé’;}),s’ - From the preceding discussion we
obtain that,

Proposition 3.16. The following morphism is an equivalence in Func(Perf((Og) ), Perf(W))):
(n) ._ ( (n) ): D I'&nD/’(") =D\

crys crys,m crys crys,m crys:*

3.2.2. The twisted de Rham realisation. We now perform a similar analysis to define
the twisted de Rham realisation using the Breuil-Kisin theory, and to compare this to the
stack-theoretic definition.

Definition 3.17. Let 7 be a uniformiser of Ox and n > 0 an integer. The w-indexed n-twisted
de Rham realisation functor is defined as follows:

D Perf((Ok) ) — Perf(0x),  V+— ¢g"""V(S, Ex)/Ex.
Observe that, by the setup as in Section 2.3.2, there is a commuting diagram of maps,

(GaEw) L) (Gﬂ,ﬂ/yjﬂ,fr/) <p;2 (67E7r’)

~1

OK7

where the horizontal arrows are the two projection maps in (Ox) and the rest are given by
reduction modulo the prismatic ideal.

Construction 3.18. Let V be an object of Perf((Og) ) and n > 0 an integer. Applying the
crystal property for the diagram in (3.9), we obtain a commutative diagram of equivalences:

*G(nJrl)V(Gu Eﬂ') & 67r,7r’ o ¢?5(:2>V(67r,7r’, Iﬂ,Tr’) o ¢gn+1)v(67 Eﬂ’) (2 67r,7r’-

From the preceding diagram and commutativity of (3.9), note that by tensoring along & »» — Ox
we obtain an isomorphism,

),V . nHh) ~ /,(n)

JaRrq* Ddr,x(V) = D (V)
The isomorphisms jgﬁ’\; . are functorial in V and satisfy the following cocycle condition:
(n),V (n),V _ ),V
JdR,ﬂ'/,T(” © JdR,ﬂ',ﬂ” - JdRﬂr,Tr”‘
16



Thus, we obtain natural equivalences

(n) . ™) /y(n)
JdRﬂ'ﬂ' Dd s —D s

in Func(Perf((Og) ),Perf(Ok))) satisfying the cocycle condition.
Definition 3.19. The n-twisted de Rham realisation functor is defined as

DQ(P:) : &. D/M) Perf((Ok) ) — Perf(Ok).

We end this section by comparing D:ﬁ? and Dgg. Via Corollary 3.11, for any m, we have a
canonical identification

( (n)

. ") )
wdR x = DdR p

Moreover, we have the following (2-)commutative diagram:

Spf(&)
@ / Ej: ™~ &
/ ‘ Pr

and therefore, it is easy to deduce that ;' dRTrﬂ" o AR = = dﬁ - From this we obtain the
following.

Proposition 3.20. The following morphism is an equivalence in Func(Perf((Og) ), Perf(Ok)):
Vi = (V) Ol — Il =

3.2.3. The twisted crystalline-de Rham comparison (non—stacky form). We shall now
give a non-stacky version of the twisted crystalline-de Rham comparison, and compare it to the
stack-theoretic one. We first require the following construction:

Construction 3.21. Fix a uniformiser 7 and an integer n > a. From Equations (2.2) and (2.5),
and Proposition 2.13 we obtain the following equivalences in Perf (S ):

Base change of the preceding isomorphisms, along the map S — O from Proposition 2.11,
furnishes us with an equivalence in Perf(Og):

o V(W p) @w Ok = 95" V(S, Ex)/Ex.
Finally, using the isomorphism (see Construction 3.14),
S V(W p) T 95" V(S Ex) fu,
gives rise to an isomorphism

PAGE V. phm (V) @w Ox = Diig,)w(v)'

crys,m

By construction, it is clear that the isomorphisms ¢;""" are functorial in V, and thus give rise

to an isomorphism 7" : Dgiys » ®w Ox — Dii) in Func(Perf((O) ), Perf(Ok)).
17



Proposition 3.22. For uniformisers m and @' of Ok, and an integer n > a, the following
diagram in Func(Perf((Og) ), Perf(Ox)) naturally commutes:

7,(n)
D(rys ~ Qw OK *> D((ﬁ%m—

j ... (3.10)

(n) (n)
Dcrys i Qw Ok ) (n) DdR,7r"

7r

Proof. To prove the commutativity of (3.10), it suffices to check it after base change along the
faithfully flat map Ox — O¢. So, consider the following commutative diagram in (Og) :

(sz)
/¢n+1 ¢n+1\
(Sr,p) < / > (Acrys; D) > (S, p) (3.11)
j; /u=0 \uO\ o
| U

(&, E) — ¢™0tintr — (Ang, ¢ (€)) <= "0t — (S, ¢(Ep)),

where we have used Proposition 2.13. Also, while the F in (&, E;) indicates the exact structure
as an object of (Ox) , the notation (S, p) does not indicate the m-dependence of the modified
Breuil prism, and so we have written it as Sy (and likewise for 7’) to indicate this dependency.

For an object V of Perf((Of) ), the crystal property yields from (3.11) a large commutative
diagram of equivalences of objects in Perf(A..ys). Base changing along Acys — O¢ yields the
base change of (3.10) along O — O¢ as a commutative subdiagram, allowing us to conclude. [

From Proposition 3.22, it is clear that we obtain an equivalence,

n /,(n ~ /,(n
o). D(>®WOK—>Dd;{)

crys
in Func(Perf((Ox) ),Perf(Ox)), for any n > a. We end this section by comparing this
construction to the equivalence :™ from Theorem 3.12.

Proposition 3.23. For anyn > a, the following diagram commutes in Func(Perf((Ox) ), Perf(Ox)):

L(m)

Diys @w O ——— Diﬁ%

wé?;s@v{ lw“"

Dcrys Ow OK W D/7(n)

Proof. To prove the claim, note that it is enough to show that for a fixed uniformiser 7, the
following diagram commutes in Func(Perf((Ox) ), Perf(Ok)):

Diys @w Ok TGN D

wé?y)s@ll P)(”)

D/c<r7§/s x Qw OK W D:i(f;)w
As in the proof of Proposition 3.22, let us denote by (S p) the modiﬁed Breuil prism with a
choice of uniformiser 7. Then, given the construction of wcrys » and ¥ AR 7 Proposition 3.23

follows from Proposition 3.24 below. This allows us to conclude. U
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For notational simplicity, in the following let us write pﬁfﬁg,s ® 1 to denote the composition,

(n)
Spf(Ox) — Spf(W) £25% 04,

appearing in Theorem 3.12.

Proposition 3.24. The identification from Theorem 3.12 naturally factors as,
Pl ® 1 B 0 47 piip,

where i: Spf(Ox) — Spf(S) is the map described in Proposition 2.11.

Proof. Consider the following diagram:

Spf(6) — ™ » Spf(6)

A
(Eﬂ':o) \pﬂ'
~
Spf(OK) —i— Spf(Sy) A » O
A
PW,
-

Spf (W) — o'+ SpE(W). :

where the left two triangles are commutative by Proposition 2.11, and the right two trapeziums
are 2-commutative With obvious identifications of the compositions.

Let pjg L0 (resp. pcrys ® 1) denote the upper (resp. lower) composite maps Spf(Og) — Of. By
the commutatlwty of the above diagram, we obtain isomorphisms,

1(n ~, o~ ~ ()
Pt @1 = p o spag <= pan -

/5(n) /,(n)

By Corollaries 3.11 and 3.6, we have isomorphisms p ;g = pd}){ and peye @ 1 — pcryS ® 1,
respectively. Thus, we have obtained the following dlagram of isomorphisms:

(n) (n)
pc?ys ®1 ~ P(ﬁ{

zl lz (3.12)

/ /,(n
perys @1 —= i) o = pl.

This diagram commutes as each isomorphism is defined by the identity map on W (and a canonical
identification of its quasi-ideals), thus proving the assertion. O

4. TWISTED CRYSTALLINE AND DE RHAM COHOMOLOGY

In this section, we shall apply the material of Section 3 to perfect prismatic crystals of the
form Rf, O . In particular, we will deduce our extension of the Berthelot—-Ogus isomorphism
to the case of coeflicients. To formulate this result correctly, we introduce the notion of twisted
crystalline and de Rham cohomology, and study some of their properties.

Notation 4.1. We continue to use the notation from global notation and conventions, Notation
2.1 and Section 2.3. We further assume that f: X — Spf(Og) is a smooth proper morphism.

4.1. Twisted crystalline cohomology. We begin with the easier of the two definitions, twisted
crystalline cohomology, which ultimately reduces to classical notions.

Definition 4.2. For n > 0, the n-twisted crystalline cohomology functor is given by

RT()(—) = RTG(X5/W, —): Perf(X ) — Perf(W), Vs D (RS, V).

crys

We denote the associated cohomology groups by Héﬁ;ﬁ (V) = Hér(;,g) (Xi/W,V), and when V =0
we omit V from the notation.
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Recall that for a quasi-syntomic k-scheme Z there is an equivalence of co-categories,
(=) Perf(Z ) = Perf((Z/W)erys), Vs VS,
(e.g. see [GR24, Theorem 6.4]). We then define the functor,
(=) Perf(X ) — Perf((Xi/W)erys), Vi— (W(Xk) )EE.

These functors are compatible with Frobenius morphisms, i.e., (F%V)“Y® is naturally identified

with ¢ V'Y®, where ¢erys is the Frobenius endomorphism of the crystalline topos.

Proposition 4.3. For each n > 0, there are natural identifications

RIG)(V) 2 @RI ((Xi /W )erys, V) 2 RO((X[ /W )erys, (V5)).

crys

If V is equipped with a Frobenius structure, then these isomorphisms are Frobenius-equivariant.

Proof. By the discussion in Section 2.2 and Corollary 3.6, we have natural identifications,

R0 (V) = ¢yt (Fx RS, V)(W,p) = ¢17 TIRT (Xi/W, V),

crys

and the last term is naturally isomorphic to ¢JPRI ((Xg/W)erys, VE'Y®) by [GR24, Theorem 6.4|.
This shows the first natural isomorphism, and the second one follows from [SP, Tag 07TMS, Tag
07MU, Tag 07TMY]. The last claim follows by a similar argument and the same references. [

In particular, we see that there is a natural identification,

RIQ (V) ~ RL((Xk /W )erys, V®),

crys
and we shall often implicitly make this identification. Finally, note that a Frobenius structure
oy: F%V[1/5 ] =5 V[1/7 ] induces an isomorphism in Perf(K):

s REG, (VY] = RTD (V)] = RE((X5/W )erys, V) [V, (4.1)

crys crys

interpreted either prismatically, or in terms of the Frobenius structure on crystalline cohomology
(e.g. see |SP, Tag 07N5|), which agree via Proposition 4.3.

4.2. Twisted de Rham cohomology. We now come to the more subtle definition of twisted
de Rham cohomology, which does not have a classical interpretation.

Definition 4.4. For n > 0, the n-twisted de Rham cohomology functor is given by
RI(p (=) = R[(R(X/Ok,—): Perf(X ) — Perf(0g), V+—DR(RfV).

We denote the associated cohomology groups by Hfﬁ;) (V) = Hfiﬂ”(X/(f);@ V), and when V = 0O
we omit V from the notation.

We now observe that twisted de Rham cohomology recovers the de Rham cohomology in the
non-twisted (i.e. n = 0) case. To state this precisely, recall that we have the relative de Rham
stack (X/Of)® as in [Bha23, Definition 2.5.3]. A coefficient sheaf for de Rham cohomology is
a perfect complex W on (X/Ox)®. Additionally, if W is a vector bundle, then the data of W
is equivalent to the data of a vector bundle with integrable connection (Wp, V) on X, and the
cohomology of W is the usual cohomology of the de Rham complex associated to (W, V) (see
[Bha23, Remark 2.5.8]).

Next, recall that we have the following morphism of stacks (see [Bha23, Constructions 5.3.13
& 5.3.5 and Footnote 62]):

iar x /05 (X/O0r) ™ — X .
For an object V of Perf(X ), let us write V! for iy /OK(V), and we claim the following:
Proposition 4.5. There exists a natural identification in Perf(Og):

RIX(X/Ok, V) ~ RT4r (VIR).
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Proof. Note that we have the following commutative diagram of formal stacks:

(X/0 )R S5 LN e
Spf(Ok) y QIR 0K (4.2)

Spf(Z,) —*"— Z,,
where the composition of the top horizontal arrows defines igg x /0, (e.g. see [Bha23, Footnote 62]),
and the bottom horizontal arrow iqg is the restriction to G,,/G,, of the map igr: Al/G,, — ZpN
from [Bha23, Construction 5.3.4|, and this restriction identifies with the de Rham point of [BL22a,
Example 3.2.6]. Additionally, using the definitions, it is easy to verify that in (4.2) the bottom
right square and the outer square on the right are cartesian, and so, it follows that the top right
square is also cartesian. Moreover, the top left square is cartesian by definition and thus it follows
that the outer square on the top is also cartesian.

Next, we claim that the composition of the middle horizontal arrows in (4.2) identifies with
the de Rham point pqr of Definition 3.8. Consider the following commutative diagram of stacks:

id
HT
P(&,Bx)

/\
Spf(Ox) = Spf(&/Ey) s OT Spf(O) —— O%R

\[ lidR,OK

P(&,Ex) F
» O Ok

Spf(&)

where the composition of the left vertical arrow with the bottom horizontal arrows identifies
with the de Rham point pgr by Proposition 3.10, and it is clear that the composition of the
top horizontal arrows with the right vertical arrow coincides with the composition of the middle
horizontal arrows in (4.2). In the preceding diagram, the left square commutes by definition and
the right square commutes by Lemma 4.6 below, hence, the claim follows.

Finally, to show the claimed identification on cohomologies, note that if we have derived base
change for formal stacks, we have the following identifications:

RT4r(X/0x, V) o~ Ry gr ~ parRf, ~ R{R(X/0k,V),

and thus it suffices to verify that derived base change holds. As the top outer square in (4.2) is
Cartesian, by applying [Hau24, Proposition A.0.2| (using Proposition 2.8 and [BL22b, Lemma
6.3]), we see that it suffices to show that pqg is a locally closed regular immersion. But, using the
flat covering ps: Spf(&) — Oy, we are reduced to observing that Spf(Ox) — Spf(&) is cut-out
by the regular element E. This completes our proof. O

The following observation was used above:

Lemma 4.6. Let X be a bounded p-adic formal scheme. Then, the following diagram of formal
stacks 2-commutes up to unique isomorphism:

XHT y X » XIR

j l’idR,X
X

X .




Proof. By an argument similar to the proof of [BL22a, Proposition 3.6.6], it is easy to see that
the following diagram of stacks commutes up to unique isomorphism:

GHT G, — GIR
J/ lidR,Ga
F
G, » G, .
Then, the claim follows by transmutation (cf. [Bha23, Remark 2.3.8]). O

Moreover, we observe that in the case of trivial coefficients (i.e. V = O ) one can interpret the
twisted de Rham cohomology as a more classical object:

Proposition 4.7. There exists a functorial identification,
RT3 (X/0k) ~ Rlerys (X0 /Ok).
Proof. Choose a uniformiser m of Ox. Then, by Corollary 3.11 we have an identification,
RI(2(X/Ok) ~ ¢a" "V RIs(X/OK)/Exr.

Applying the crystal property to the morphism (6,EB{") — (5’, p) in (Og) from Proposition
2.13 and using the morphism S — Og from Proposition 2.11, gives us the following identification:

da""RIs(X/0k)/Ex ~ ¢RI 4(X/0k) ®g Ok.

But, we have a further identification,

Moreover, the map (S,p) — (O, p) is a morphism of PD-rings, so by [SP, Tag 07MS| we have
an identification,

chrys((X ®Spf(OK) Spec(g/p))(n)/g) ®S OK = chryS(X;QO/OK)‘
Finally, putting everything together yields the following identification:
RIGR (X/Ok) = Rlerys (X,2/Okc),

and using an argument similar to that in the proof of Proposition 3.22 shows that the preceding
identification is independent of the choice of uniformiser 7. This allows us to conclude. O

Remark 4.8. Despite Proposition 4.7 and in contrast to twisted crystalline cohomology, it is not
possible to define twisted de Rham cohomology for general coefficients in a non-prismatic way. It
may be tempting to say, in analogy with Proposition 4.7, that RFE{}){(V) should be isomorphic
to Rfcrys(X;)QO/OK, ((Vp=0)“¥®)™), where (Vp—)“"¥® has the obvious meaning. However, the

natural map X;(;)o — Xp—o does not upgrade to a morphism of topoi,

(X;n:)o/oK)crys Xy (XpZD/OK)crySa
and so it does not seem possible to define ((Vp=0)¥®)™) in a purely crystalline way.

4.3. Berthelot—Ogus comparison isomorphism with coefficients. We now explain how to
obtain an analogue of the Berthelot—Ogus comparison isomorphism (see [BO83, Corollary 2.5|)
with coefficients in perfect prismatic F-crystals.

To begin, we observe the following cohomological consequence of Theorem 3.12.

Theorem 4.9. Let 'V be a perfect prismatic crystal on X. Then, there exists a natural integral
generalised Berthelot—-Ogus isomorphism,

RIM (V) @w O = RI{R (V).

crys

To obtain a generalisation of the classical Berthelot—Ogus isomorphism with coefficients, we
need to rationally untwist this isomorphism. The procedure to do this begins with the following
construction.
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Construction 4.10. Let (V,¢v) be an object of Perf*((Of) ) and i > 0. Evaluating V on the
prism (S, EY >) and applying the Frobenius morphism ¢y gives us the following isomorphism:

P V(S, ER)ED] = V(6, E)[I/ELC]. (4.3)
Using the morphism ¢% : (6, E;) — (6, EY’) in (Of) , we obtain that ¢S V(&, Ex) ~ V(&, EY).
Therefore, we may interpret (4.3) as an isomorphism,
BT VS, En)[Y/5) S 6EV(S, Ex)[1/ 5],
Thus, iterating this procedure for any n > 0, yields the following isomorphism:
P VS, Bl 8] 5 65V, B /5,

Our goal is to apply the morphism go%’ ; to rationally untwist the twists appearing in the
twisted crystalline and de Rham realisations. For this, we make the following easy observation.

Lemma 4.11. For every ¢ > 1:
EY = p- (unit) mod E, EY = p- (unit) mod wu.
Now, consider the following isomorphisms:

Perysv.r,t Detys e (Vo] = Darys.x(V)[/pl,  (resp. gy -+ Dgr(V)[1/o] = Dar(V)[1/r]),
in Perf(Kj) (resp. Perf(K)) induced by the reduction of ¢, modulo u (resp. Er). The

preceding isomorphisms are functorial in V, and so we obtain “rational untwisting” maps.

Proposition 4.12. For anyn > 0, there exists a natural equivalence in Func(Perf?((Ok) ), Perf(Ky))
(resp. Func(Perf?((Ok) ), Perf(K))),

Pirysrt Diys /o] = Darys[Vfpl,  (resp. @dp o+ Dap < [V/r) = Dar(V)[V/2])-
The following is proven similarly to Proposition 3.22.
Proposition 4.13. For uniformisers © and 7w’ of O and any integer n > 0, we have the following
identification:
Jongs. ot [Y/P] © Qs 1 = Pl 110 S e s [1/0)
(resp. JdRmnr[Y2] © CiRox = Palin © IR, (/7))
Using Propositions 4.12 and 4.13, the next definitions follows naturally.

Definition 4.14. For any n > 0, we define the following equivalence in Func(Perf?((Ox) ), Perf(Kjy))
(resp. Func(Perf?((Og) ),Perf(K))):

S0<CTIL‘))/S = (@((zyl:;s,rr): Df:?;/s[l/p] l> DCFyS[l/p]7 (resp. (pfﬁ‘\)’ = (Soiﬁi){ﬂr): Diﬁ;){[l/p] l> DdR(V) [l/p])a

Thus, we obtain the following Berthelot—-Ogus-type isomorphism, where the tensor products
are computed entrywise (i.e. after applying the relevant functor to a perfect prismatic F-crystal).

Theorem 4.15. Let (V,py) be an object of Perf?((Ok) ). Then, for any n > a, we have a
generalised Berthelot—Ogus isomorphism,

L](_D:L)O: Dcrys Q@w K :> DdR ®OK K7
such that the following diagram commuites,

(n)Mn
DY o K~ DO 0 K

soﬁ?y){ }3’3

Dcrys Qw K s — DdR ®OK K.
‘BO
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As an application of Theorem 4.15, and using Corollaries 3.6 and 3.11, we recover the following
analogue of the classical Berthelot—Ogus isomorphism for cohomology with coefficients.

Corollary 4.16. Let (V,¢y) be an object of Perf¥((X) ). Then, there exists a canonical
isomorphism,
(56 Rlarys (V%) 0w K =5 REar(VH) @0, K.

Remark 4.17. The isomorphism Lg()) from Corollary 4.16 agrees with the isomorphism from
[BO83] when V = O . Indeed, this follows ultimately from two observations. The first is that the
isomorphisms goé’fg,s and goiﬂ—_% agree with Frobenius maps on crystalline cohomology coming from
the identifications in Propositions 4.3 and 4.7, respectively. The second is the observation that
the argument for equivalency of structure maps in the proof of Theorem 3.12 precisely correspond
to the Dwork-like isomorphism as in Equation (4) from the introduction.

4.4. A conjectural framework to study torsion in crystalline and de Rham cohomology.
In this final subsection we state a conjecture concerning the relationship between torsion in
crystalline and de Rham cohomology, and explain how Theorem 3.12 gives a framework for its
study. In Appendix A, we shall verify one of these conjectures in a small number of small cases.

The main conjecture. To state our conjecture, it is helpful to first set the following notation.

Notation 4.18. For any n > 0, we set
e (X/0k) o= bw (He52(Xe/W)p™]), L (X/0k) = Lo, (Hag (X/O0k) [p™]).

As X/Ok is fixed, we shall always omit it from the notation (i.e. just writing Eér(;s? and Zgg )).

Moreover, we shorten crys and ESS) to £t

erys and %Rv respectively.

Conjecture 4.19 (Main Conjecture). For all i > 0, we have the following inequalities:
g?:rys < fiR € Ef:rys'
For clarity, let us write
Herys(Xi/W)[p™] = @iy W/p™,  Hip(X/0K)[p™] = @), O /7"

Then, » = s by [CKlQ, Remark 7.8], and thus Conjecture 4.26 can be understood as giving a
rough relationship between the size of a; and the size of b;, as éirys =37, a; and lip = ijl b;.

To help understand this conjecture, we now examine several non-trivial examples. In particular,
we discuss an example where the second inequality in Conjecture 4.19 is strict for which it is

unclear whether this has been previously recorded in the literature (cf. [CK19, Question 7.13]).

Example 4.20. Suppose X admits a descent to Ok for some subextension K’ of K/Kj of
ramification index at most p — 1. Then, Eérys = (. Indeed, by base change we are reduced
to the case K = K'. We have [log,(;%)] = 0, and so the claim follows from Theorem 4.9 (or,
more simply, from [BO78, Corollary 7.4]).

Example 4.21 (Li-Petrov). There exists a finite extension K/Kg with e = p* — p? and an
elliptic scheme E/Of such that Ej is supersingular, and such that F[p?](K) contains a point
of order p?. For this E, let H denote the integral closure in E of the subgroup generated by z.
Set X = BH to be the classifying stack for H, a smooth proper formal Og-stack. Then, Li and
Petrov compute that,

Heye(Xn/W) =K%, HE(X/0k) =k,
H3R(X/OK) = O /2P @ O /7" HIR(X/Ok) = O /777",
From this, we observe that,
e- Kzrys =2, g =2e—p*+p°)+ (P —p?) = 2e,
so that (2, . < K?lR =e- (2., although it is clear that,

crys crys?
HZ,, (X/0k) @w Ok % Hip(X/Ok).
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Furthermore, we observe that,

e loys=e=p'—p’,  Lir=p" -1

crys

so that 1 = ég’rys <Br<e- Eg’rys. One may further replace X by an actual formal scheme by a

standard approximation technique (cf. [LL23, Construction 6.12 and Proposition 6.13]).

Example 4.22. Suppose that Hz (X/Of)[p™] is p-torsion. In this case, we have that 1 < b; < e
for all 7, and a; > 1 for all 4. Thus, we see that,

P s . _ r R 7
dR_ijle<6'8—e'rge'Zizlal_e'ecrys‘

Additionally, if H. . (X/W)[p™] is also p-torsion, then a; = 1 for all i, and we see that,

crys
7 _ i o B _m
gcrys - Zi:l a;=r=35< Zj:l b] - ng‘

Remark 4.23. One can use Example 4.22 to illustrate the subtlety of Conjecture 4.19. Suppose
that H. (Xi/W)[p™] and H) (X/Of)[p>] are both p>-torsion, so a; € {1,2} for all i. Write
r1 for the number of ¢ with a; = 1 and define ro analogously. Thus, Egrys =11+ 2ry. Our

assumptions imply only that b; < 2e for all j. Then, the naive approach taken in Conjecture 4.19

only implies that £4r < 2er, whereas e - £, = er1 + 2ery, and thus this is not helpful if 7 #0.

Questions about torsion in Breuil-Kisin cohomology. We now explain how Theorem 4.9

allows one to reduce Conjecture 4.19 to questions about torsion in Breuil-Kisin cohomology.
We begin by making the following simple but crucial observation, coming from Proposition 4.3

and the fact that ¢y : W =5 W is an isomorphism of rings.

Proposition 4.24. The equality éér(;,‘s) = /(' __ holds for all n > 0.

crys

Now, from Theorem 3.12 it follows that we have the equality,

gé»g) =e- b™ for all n > a. (4.4)

crys?
This indicates a refinement of Conjecture 4.19, namely that the following two statements hold:
(L1) 058 <e-lig,
(L2) £;5” is a non-decreasing quantity in n.

Remark 4.25. One interesting and non-obvious consequence of Proposition 4.24 and (4.4) is
that the quantity Eg’g ) is constant for n > a.

To make the preceding statements more tractable, we would like to instead formulate them
in terms of the highly structured u®°-torsion in Breuil-Kisin cohomology. In the following, for
a Breuil-Kisin module 9 (see [BMS18, Section 4|), we shall write 9t[u>] for its u*°-torsion
submodule and 90T := MYV /M; (see Section A.1 for details). Our main conjecture concerns
the preceding modules arising from Breuil-Kisin cohomology. Additionally, for a (complex of)
G-module(s) M we shorten the notation ¢L'M to M™.

Conjecture 4.26. Set M’ := H5(X/Ok) and let f(n) denote either Lo, (M [u>]"*V[E]) or

—~(n+1)

Lo, (O [E]). Then, f satisfies the following:

(1) fla) <e- f(0),

(2) f(n) < f(n+1), for all n.
Remark 4.27. A neater conjecture would be that if we set M, := H(R['s(X/0k)/p™) and
fm(n) = Lo, (ML, [u]™+V), then fin(n) < fm(n + 1) for every m. The precise relationship
between this statement and Conjecture 4.26 is unclear, but it seems somewhat likely that the

former is stronger than the later. Corollary A.24 and its proof may be seen as evidence for this.
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Conjecture 4.26 is not sufficient to obtain (L1) and (L2), and so a further hypothesis is required.
To state this, observe that as Hji” (X/Of) is defined as the i*'-cohomology of RI'g(X/Ox)™ /E,
one may apply [SP, Tag 061Z] to obtain the exact sequence,

0 — H5(X/0g) ™V /B — HS (X/0k) — HSH(X/Og) "V [E] — 0, (4.5)
which may fail to be exact on the right when one passes to p°-torsion submodules.
Hypothesis 4.28. Set Qb to be the image ofHé’g) (X/0k)[p™] in HS(X/O )™V [E]. Then,

loy (Q5) > Lo, (%), and Lo, (Q""V) > Lo, (Q"™) for alln > 0.

Remark 4.29. We have chosen not to state Hypothesis 4.28 as a conjecture due to a lack of
substantial evidence. That said, it is reasonable to believe that it holds in all cases. In fact, the
authors suspect that Q% = HZ ™ (X/O0x)™+V[E] for all sufficiently large n, which would allow
one to reduce the verification of Hypothesis 4.28 to the verification of Conjecture 4.26.

The precise relationship between Conjecture 4.19 and Conjecture 4.26 can now be made precise.
The proof of the following proposition makes use of several routine calculations concerning
Breuil-Kisin modules done in Appendix A and so we postpone its proof until Section A.3.1.

Proposition 4.30. Under Hypothesis 4.28, Conjecture 4.26 implies Conjecture 4.19.

As remarked in the introduction and explained via Proposition 4.30, we hope that Conjecture
4.26 will be useful in proving Conjecture 4.19 as the u*°-torsion in Breuil-Kisin cohomology has
incredibly rich structure (e.g. see [LL23| and [GL25]). To illustrate, we exploit this structure to
prove Conjecture 4.26 in Appendix A in a small number of non-trivial cases (see Theorem A.20).

Remark 4.31. When O = W[(,m], it is also reasonable to use the g-de Rham prism and its
variants (see [BS22, Section 16|, [BL22a, Section 2.6] and [Abh24, Section 2|) instead of the
Breuil-Kisin prism, in order to better understand torsion in de Rham and crystalline cohomologies.
This would require a robust understanding of the structure of torsion in g-de Rham cohomology,
analogous to the u®°-torsion in Breuil-Kisin cohomology. We intend to explore these ideas and
their consequences in a future work.

We end by giving an interesting non-trivial example where Conjecture 4.26 holds.

Example 4.32. Let G — H be a map of finite flat Og-group schemes which is generically an
isomorphism, and let A/Ok be an abelian scheme with H C A (see [BBM82, Théoréme 3.1.1]).

Write 9t(e) for the Breuil-Kisin Dieudonné functor of Kisin (see [Kis06, Theorem 2.3.5]).
Then, a forthcoming result of Kubrak-Li-Mondal implies that setting X = [A/G], a smooth
proper formal Og-stack, and A’ = A/H, an abelian scheme over O, then we have that

Hs(X/0k) ~ Hg(X/0k)[u™] @ Hs(A'/OF), fori >0,
Hs(X/Or)tor =0 and HE(X/Ok)ior ~ coker (IMM(H) — M(G)) = M.

So, now assume that K contains Kgy[(pym], and consider the map Z/p™ — p,m sending 1 to
Cm € ppm (O ), which clearly satisfies the desired conditions. In this case, we have that 9t ~ k
for which Conjecture 4.26 clearly holds.

APPENDIX A. SOME CALCULATIONS INVOLVING BREUIL-KISIN MODULES

We continue to use the notation from global notation and conventions, Notation 2.1 and the
ones discussed in Section 2.3. In addition, we often make use of the following pieces of notation.

Notation A.1. For a &-module 9 and integer n > 0, we write 9™ as a shorthand for
Mg gn ©. For any subscript 7, one should interpret 9315?") as (M7)™. Finally, as we use it so
frequently, we also note the notation from Proposition A.3 below.

A.1. Preliminaries on Breuil-Kisin modules. In this section, we will collect some basic
results on Breuil-Kisin modules studied in [BMS18, LL20].
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A.1.1. Generalised Breuil-Kisin modules. Recall that an effective p-module over & is a
module M equipped with an S-linear map gy : M® — IN.

Definition A.2. A generalised Breuil-Kisin module of height i > 0 is a finite type effective
p-module over & such that there exists an G-linear map gy : M — MM satisfying the following:

(1) Ym0 o = E* - idgna,
(2) @ 0 hom = E* - idgp.
Morphisms between generalised Breuil-Kisin modules are G-linear, Frobenius equivariant maps.

Proposition A.3 (|[BMS18, Proposition 4.3]). Let 9 be a generalised Breuil-Kisin module.
Then, there exist canonical short exact sequences of generalised Breuil-Kisin modules:

0 — Moy — M — My — 0 (A.1)
0 — Mt — Mpree — M — 0, (A.2)
where Moy C M is the torsion submodule and is killed by a power of p, the module My is

torsion-free, the module Mee is free over & and given as the reflevive hull of My over &, and
the module M is a torsion S-module and killed by a power of (p,u).

Let 9M[u>] denote the u-power torsion submodule of M, a generalised Breuil-Kisin module
height ¢, and observe that we have,

o (Mue]V) C Mu>], and  Yoyp(M[u™]) C Mu>]®.
Lemma A.4 ([LL20, Lemma 6.2|). The following is a short exact sequence in Modé’i:
0 — Mu>] — M — M/M[u>] — 0. (A.3)
Lemma A.5 (|[LL20, Lemma 6.3|). Let 9 be a generalised Breuil-Kisin module of height i and

assume that it is killed by p™ for some n > 0. Then, the following are equivalent:

(1) The module M is u-torsion free,

(2) M =N/N, where W C N and both are finite free Breuil-Kisin modules of height i,

(3) the module M may be written as a successive extension of finite free k[u]-modules M;
such that each M; is a generalised Breuil-Kisin module of height i.

Finally, we note a structural result on generalised Breuil-Kisin modules modulo powers of p.

Lemma A.6 (|GL25, Lemma 3.5]). Let MM be a generalised Breuil-Kisin module of height i and
n > 0 be an integer such that p™ kills both Mo, and M. Then, for N > 2n, the sequence

0 — Mior M — M/PVIM — Mpee/D" Miree — M — 0, (A.4)
is evact. In particular, we have an isomorphism of &-modules (IM/pNIM)[u>] == Mu>] © M.
A.1.2. Structure of the u*-torsion in Breuil-Kisin cohomology.
Definition A.7 (|[LL23, Defintion 3.1]). A quasi-filtered Breuil-Kisin module of height i > 1

consists of the following set of data:

e Two G-modules 9t and N;
e Four G-linear maps f: M — M, g: N — MDD h: N — M and A': M — N;
satisfying the following conditions:
(1) The map h is injective. ‘
(2) We have go f = B! - idgy), fog=E"!-idn, ¥ oh = E-idy and ho b/ = E - idgy.

Note that in Definition A.7, 91 is Breuil-Kisin module of height ¢ with gy := h o f and
Yo = g o h'. When the extra structure of a quasi-filtered Breuil-Kisin module beyond this is
unimportant, we abuse notation and just refer to 9 as the quasi-filtered Breuil-Kisin module.
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Proposition A.8 (|LL23, Proposition 3.3 & Corollary 3.4]). Let I be a quasi-filtered Breuil—
Kisin module of height i. Then, the annihilator ideal of M admits the following restriction:

E"!. Ann(9) C Ann (M) = Ann(9)@. (A.5)
Moreover, if there exists an integer o > 0 such that Ann(9N) + (p) = (p,u®), then a < L%J
In what follows, we denote quantity « appearing in Proposition A.8 by «(9).

Theorem A.9 (|LL23, Theorem 3.6] and [GL25, Theorem 3.1]). Let M be a u™-torsion quasi-
filtered Breuwil-Kisin module. Then, we have the following:

(1) ife(i—1) <p—1, then M =0,

(2) ife(i—1) =p—1, then Ann(IM) = (p, u),

(3) ife(i—1) < 2(p—1), then Ann(IM) + (u) D (p*~ 1, u),

(4) if i <2 and e < p(p — 1), then Ann(IM) + (u) = (p,u).

Using this, we are able to show that for small height and ramification, the annihilator of 9t
must contain an element of a particularly simple form.

Proposition A.10. Let 9 be a u®-torsion quasi-filtered Breuil-Kisin module of height i < 2,

and assume e < p(p — 1) and write o = a(IM). Then, 1 < a < (]%] < p, and either
o 9N is p-torsion,

e or Ann(M) contains an element of the form u® + px with x in &*.

Proof. For i = 0,1, Theorem A.9 (1) implies that 9t = 0. So, we assume that i = 2. Moreover,
the inequality concerning « follows from Proposition A.8. So, we focus only on the last claim.
From Theorem A.9 and the definition of o we have that,

Amn(I) + (p) = (p,u®), and  Ann(M) + (u) = (p, ).

So, let us write f = u® + pb and g = p + uc, for some f and g in Ann(M[u>°]) with b and ¢ in
&. Moreover, we may write ¢ = Z@;o c;u’, with each ¢; in W. If for each i > 0, we have that
ci = pd; with d; in W, then observe that g = p(1+u ;- d;u?), in particular, p is in Ann(9M).
Otherwise, we may assume that there exists a minimal r > 1 such that ¢,_1 is in W*.

Let us write ¢; = pd; with d; in W and 0 < i < r — 2, and observe that

g=p(l+diu+---+ dr_gur_l) +u" Y s Ciyr_1u’ € Ann(9M). (A.6)
If r > a+ 1, then substituting u® = f — pb in (A.6), we obtain that
p(1+dyu+ -+ dp_ou™™ 1) — pbu”™® > is0 Citr—1u' € Ann(M).

In particular, if 7 > « 4 1, then it follows that p is in Ann(9t). On the other hand, if 1 <7 < «,
then using (A.6), it easily follows that g = pd + u"d’, with d and o’ in &%, is in Ann(9M). As «
is minimal, it follows that 1 < r = «. This allows us to conclude. O

We end this section with the following simple observation.

Lemma A.11. Let M be a finite S-module. Assume that there exists f = u” + px in Ann()
with © in &*. If E is in Ann(N) and e # r, then N is killed by p.

A.1.3. E-torsion and reduction modulo F of Frobenius twists. If 91 is a generalised
Breuil-Kisin module and n > 0, then (A.1) and (A.2), give exact sequences:

0 — My — M — MY — 0 (A7)
0— My —me —m” —o, (A.8)

Reducing (A.7) modulo E, yields the following long exact sequence:
0 — M [E] — MW[E] — MY [E] —

tor
o " (A.9)
— M /E — MW /E — MY /E — 0.
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Lemma A.12. Equation (A.9) yields the following isomorphism of finite torsion O -modules:
MM [E] = MW [E] = (M [E]) [p™]. (A.10)

tor

Proof. In the long exact sequence (A.9), let us note that Sﬁé?) [E] = 0. As M) is a p-power

tor
torsion G-module, because My, is, the isomorphism in (A.10) follows. O

Lemma A.13. The following sequence of finite O -modules is exact:

0— M /E — M /E — M /E — 0. (A.11)
Additionally, we have the following short exact sequence of finite torsion O g -modules:
0 — M /B — (M) E)[p™] — (M’ /E)[p™] — 0. (A.12)

Proof. By combining (A.9) and Lemma A.10, we obtain the short exact sequence in (A.11). Next,
in the sequence (A.12), the only non-obvious part is the surjectivity of the following map:

(M /E)[p™] — (M) E)[p™].

But, this easily follows from the fact that 9%, and thus 9" /F, is p™-torsion. U
Next, let us note that we have M[u>] = My, [u™°] and consider the following short exact

sequence of p*°-torsion G-modules:
0 — M[u™] — Mior — Mior/M[u>] — 0. (A.13)

Then, Mior, y-tr := Mior/M[u>] is u-torsion free.

Lemma A.14. For any n > 0, we have that 9" [E] = 0.

tor, u-tf
Proof. Note that Moy, -t is a p°°-torsion and u-torsion-free Breuil-Kisin module. So, from

Lemma A.5, there exist finite free Breuil-Kisin modules 9t and 9V with 9 C 9t and Myop s —
N /N. As ¢g is flat, we may twist by ¢g and reduce modulo E to obtain the exact sequence,

0— MY B — WW/E — NM/E.

tor, u-tf

As W™ /E is a free Og-module, the claim follows. O

Now, Frobenius twisting the short exact sequence (A.13) and reducing modulo E yields the
following long exact sequence of G-modules:

0 — Mu™]™ [E] — M)

tor

[B] — M) [B] — (A14)
— Mu>®]™/E — MY /B — m™  JE—0. '

tor tor, u -tf

By combining Equation (A.14) and Lemma A.14, we obtain the following:

Lemma A.15. For a generalised Breuil-Kisin module 9, there is an isomorphism of O g -modules:

Mu®]) M [E] = Mo [E]. (A.15)
Moreover, the following sequence of finite torsion O -modules is exact:
0 — MuX)™/E — M@ /E— M7/ E— 0. (A.16)

Finally, note that by reducing the short exact sequence (A.8) modulo E one obtains the
following long exact sequence:
0 — MG [E] — M) [E] — MV [E] —

free

— MY /E — M JE— M /E — 0.

free

(A.17)

Using this, we obtain the following.
Lemma A.16. For any n > 0, there is an isomorphism of O g-modules:

M [E)[p™] = MV E] = (MG /E)[p™). (A.18)
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A.2. Length calculations for generalised Breuil-Kisin modules. In this section, we collect
some results about lengths of Breuil-Kisin modules, their Frobenius twists, and their E-torsion
and reduction modulo F.

Lemma A.17. Let 9 be a generalised Breuil-Kisin module. Then, for any n > 0:
Loy (MPIE]) = Lo, (Mu™] ™ [E)), (A.19)
Lo, (/) [p™]) = lo, (M), 1/ E) + boe (M) /E) + Lo, (M [E)).
(A.20)

Proof. The claim in (A.19) follows by combining the isomorphism of Ox-modules in (A.10) of
Lemma A.12 and (A.15) of Lemma A.15. Next, for (A.20), let us first note that we have the
following equality using (A.12) of Lemma A.11:

Loy (M) E)[p™]) = Loy (675 /B) + Lo, (VG /E) [p)).
Moreover, from (A.16) in Lemma A.15, we have that,

loc (Migr/E) = Loy (M), i/ E) + Lo (Mu™]™ /E),

tor, u -t

and from (A.18) in Lemma A.16, we have that M " [E] = (MY /E)[p>] as O g-modules. Hence,
the equality in (A.20) follows. O

Lemma A.18. Let 9 be a generalised Breuil-Kisin module of height i. Then, for any n > 0:
Cose (Mo u e/ E) = Lo (Mo yos/ B)- (A.21)

tor, u

Proof. From Lemma A.5 (3), note that there exists some N > 0 such that we may write Mor 4 -tf
as a successive extension of finite free kJu]-modules. Using this, one quickly reduces to the case
when 9 = Mior y—tr is a finite free k[u]-module. But, writing 9 — k[u]®", one computes that
M/ E = (k[u]/u®k[u])®" as O g-modules and for any m > 0, so the claim follows. O

Lemma A.19. For all n > 0, we have that Lo, (Mu>]"[E]) = Lo, (Mu>]"™/E).

Proof. Note that 91 := 9MM[u] is killed by p™, for some m > 0, and we proceed by induction on
m. So, assume that 91 is p-torsion. As &/p = k[u] is a complete DVR, we have a decomposition

N~ @i klu]/u',
for some r; and s in N. Then, we see that,
N~ @iy klul /a7,
and noting that £ = u® mod p, it is easy to compute that
loy (M™[E]) = Lo, (M™/E) = 35, min{e, p"r;}.
Assume now that 91 is p™-torsion, and consider the exact sequence
0 — pN"W — N — N /p — 0.

The first term is p™ !'-torsion, and the last term in p-torsion. Reducing the preceding exact
sequence modulo F, one obtains a long exact sequence of torsion Qg -modules,

0 — (pPN)[E] — N [E] — (N /p)[E] — (pN™)/E — NY/E — (N /p)/E — 0,
and the claim follows from the induction hypothesis by the additivity of length. O
A.3. Applications to cohomology. We now apply the abstract statements on Breuil-Kisin

modules to prove some results concerning Breuil-Kisin cohomology of smooth formal O g-schemes.
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A.3.1. Proof of Proposition 4.30. We shall in fact show the stronger claim that under
Hypothesis 4.28, Conjecture 4.26 implies (L1) and (L2) from Section 4.4 (see the discussion
after Proposition 4.24), i.e. that Esg) < e- 04 and that Eé’é{” is non-decreasing in n. By (4.5),
we have the following equality:

lir) = Lo () E)[p™]) + Loy (9°). (A.22)

Using (A.20) in Lemma A.17, and Lemmas A.18 and A.19, we see that statement (2) in Conjecture
4.26 implies that the first term on the right hand side of (A.22) is non-decreasing in n. Moreover,
the second inequality in Hypothesis 4.28 implies that the second term on the right hand side of
(A.22) is non-decreasing in n. A similar analysis, using statement (1) in Conjecture 4.26 and the
first inequality in Hypothesis 4.28, implies the inequality £% . < EQR in Conjecture 4.19.

crys

A.3.2. Verification of Conjecture 4.26 in some small cases. We finally aim to use the
results in Sections A.1 and A.2 to prove the following.

Theorem A.20. Conjecture 4.26 holds when i < 2 and p- () #e <p(p—1).
The key to proving this result is the following length estimates.

Proposition A.21. Let 9 be a u®-torsion quasi-filtered Breuil-Kisin module of height i < 2.
Assume that pa(IM) # e < p(p — 1). Then, the following two inequalities hold:

Lo (MTVIE]) = Lo, (M™[E]), (A.23)
e - E(‘)K (m(l) [E]) = goK (Em(““)[E]) . (A.24)
Proof. Using Theorem A.9, the claim is trivial for ¢ = 0,1. For ¢ = 2, the claim follows by using
Proposition A.10 and Lemmas A.22 and A.23 below. O

Lemma A.22. Assume that 9 is p-torsion, then the inequalities (A.23) and (A.24) hold.

Proof. As 9 is a finitely generated u*°-torsion module over &/p = k[u], therefore, from the
proof of Lemma A.19 recall that we have,

loy (M™[E]) = Lo, (M™/E) = 37 min{e, p"r;},
for any n > 0, which implies the claim. O
Lemma A.23. Write o = a(9M). Assume that u® + px is in Ann(M) with 1 < a < [;5] <p
and x in &%, and e # pa. Then, the inequalities (A.23) and (A.24) hold.
Proof. For e < p — 1, note that Ann(901) is p-torsion by Theorem A.9, and the claim follows by

Lemma A.22. So, we may assume that p < e < p(p — 1). Consider the element f := u® + px
assumed to be in Ann(91). It suffices to consider the following cases:

e if £ € Ann(9M), then 9 is p-torsion by Lemma A.11 and we may use Lemma A.22;

o if £ ¢ Ann(9M) and E € Ann(IMW), then M™ is p-torsion by Lemma A.11, in particular,
Mt is p-torsion and we may use Lemma A.22;

o if £ ¢ Ann(M) and E ¢ Ann(IM™), then the claim follows from the discussion below.

Assume that E ¢ Ann(9M) and E ¢ Ann(9M®). Let n > 0 and observe that f(™ belongs
to (p,u)\ (p,u)?, and thus &/f™ is a regular local ring of dimension one, and so a DVR with
uniformiser u. As 9 is a finite, u™-torsion &/ f-module, we may write

m ; @;:1 6/(f7 urj)a
for some r; and s in N, and for all n > 0, we see that
M = @y &/(f™, u"r).

Recall that u is a uniformiser of &/f™ and let v,(—) denote the u-adic valuation on &/ f™.
Then, we compute that v,(p) = p"«, and therefore,

« if n=20,
vn(F) = ¢ min{e,pa} ifn=1, (A.25)
e ifn>2.
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Observe that we have,
lo,c (MWE]) = lo, (M™/E) = 375_) min{vn(E), p"r;}.

Hence, it follows that the inequalities (A.23) and (A.24) also hold when E ¢ Ann(9%) and
E ¢ Ann(9®). This allows us to conclude. O

‘These methods also imply the following, which actually finishes the proof of Theorem A.20, as
H'(RI's(X/Ok)/p™) and its u>-torsion submodule H (RT's(X/Of)/p™)[u*] are quasi-filtered
Breuil-Kisin modules of height ¢ by [LL23, Proposition 3.2].

Proposition A.24. With the assumptions in Theorem A.20, the following inequality holds:

lo, (VB = lo, (0 [E)). (A.26)

Proof. From Lemma A.6 and [SP, Tag 061Z], we have natural inclusions of &-modules
M (M /p™)[u™] — H'(RUe (X/0) /p™) [u™],
for some N > 0. In particular, from Proposition A.8 and Proposition A.10, it follows that either

p kills U or u® + pz kills M7, with e # pa, 1 < a < L;ﬁJ < pand z in &*. Hence, the claim
follows by the using the same arguments as in Lemmas A.22 and A.23. O
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