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ABSTRACT. For p > 3 and an unramified extension F//Q, with perfect residue field, we define
a syntomic complex with coefficients in a Wach module over a certain period ring for F'. We
show that our complex computes the crystalline part of the Galois cohomology (in the sense
of Bloch and Kato) of the associated crystalline representation of the absolute Galois group of
F. Furthermore, we establish that Wach modules of Berger naturally descend over to a smaller
period ring studied by Fontaine and Wach. This enables us to define another syntomic complex
with coefficients, and we show that its cohomology also computes the crystalline part of the
Galois cohomology of the associated representation.

1. INTRODUCTION

Let F' be an unramified extension of Q, with perfect residue field, and let G denote the absolute
Galois group of F'. One of the main goals of p-adic Hodge theory is to classify p-adic represen-
tations of G arising from geometry, for example, crystalline, semistable, de Rham etc. The
notion of p-adic crystalline representations, defined by Fontaine in [Fon82], is meant to capture
the idea of “good reduction” of algebraic varieties defined over F.

To understand p-adic representations more explicitly, Fontaine intiated different programs
aiming to describe p-adic representations in terms of certain semilinear algebraic objects. In
[CF00] Colmez and Fontaine showed that the category of p-adic crystalline representations of
G is equivalent to the category of weakly admissible filtered ¢-modules over F' (see Section 2.2).
On the other hand, in [Fon90], Fontaine showed that the category of all p-adic representations of
G is equivalent to the category of étale (i, I'r)-modules, where I'p — Z; . Fontaine’s equiv-
alence was further refined to establish an equivalence between the category of p-adic crystalline
representations of G and the category of Wach modules, where a Wach module is a certain lat-
tice inside the étale (¢, I'r)-module associated to the representation (see [Fon90; Wac96; Col99;
Ber04]). All categorical equivalences mentioned above are exact, and it is natural to ask the
following;:

Question. Let V' be a p-adic crystalline representation of Gp. Can one (partially) compute
the continuous Galois cohomology of V' in terms of the associated filtered w-module, resp. the
étale (¢, T'p)-module, resp. the Wach module?

In [BK90], Bloch and Kato defined a complex using the filtered ¢-module Deis(V') associated
to V, and showed that their complex computes the crystalline part of the continuous Galois
cohomology of V' (see Section 1.1). Moreover, in [Her98], Herr defined a complex in terms of the
étale (p,I'p)-module associated to V' (not necessarily crystalline), and showed that his complex
computes the continuous Galois cohomology of V' (see Section 2.3). The main objective of this
article is to answer the open question above for Wach modules, i.e. in this article we will define
a syntomic complex in terms of the Wach module associated to V', and show that our complex
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computes the crystalline part of the continuous Galois cohomology of V' (see Theorem 1.2 and
Theorem 1.8). Our results are related to the results of [BK90] (see Remark 4.3 and Remark 4.16)
and [Her98] (see Remark 1.4), however, our constructions and proofs are direct and independent
of [BK90; Her98|.

At this point, let us also remark that the question of computing Bloch—Kato Selmer groups
have previously been taken up in prior works using different objects in p-adic Hodge theory. For
example, in [[M15], Tovita and Marmora studied similar questions using the theory of Breuil
modules, and in [Pot08], Pottharst studied a subspace of the Bloch-Kato Selmer group using the
theory of (¢, I')-modules over the Robba ring. To describe our results in more detail, we begin
by recalling the definition given by Bloch and Kato.

1.1. Bloch—Kato Selmer groups. Let V be a p-adic crystalline representation of Gp.
In [BK90, Section 3, Equation (3.7.2)], the authors defined Bloch-Kato Selmer groups of V as a
subspace inside the continuous G p-cohomology of V| i.e. HJ]?(GF, V) c H*(Gp,V), for k € N.
Morally, the Bloch—Kato Selmer group picks out the crystalline part of the Galois cohomology
of V' (see Remark 2.5). More precisely, let V' be a p-adic crystalline representation of G . Then,
from [BK90, Corollary 3.8.4] we have that the complex

@.(DCTiS(V)): FﬂODcriS(V) 1—_S0> Dcris(v)u (11)

computes the crystalline part of the Galois cohomology of V', i.e. we have natural isomorphisms
H¥(D*(Deis(V))) = H}“(GF, V) for each k € N (see Corollary 2.7 for a proof).

Let us note that, in [BK90], Bloch and Kato defined the Selmer group, and used it as an
important ingredient for the computation of Tamagawa numbers. Moreover, in [BB08], Benois
and Berger proved some conjectures in the Iwasawa theory of crystalline representations, for-
mulated in terms of the local Tamagawa numbers, using techniques employed in the theory of
(¢, I')-modules. Then, it is reasonable to expect that when V' is a crystalline representation with
arbitrary Hodge—Tate weights, then the syntomic complex of Theorem 1.2 below and its integral
variant (see Remarks 1.5 and 4.4) would provide one with new tools to study the local Tamagawa
number in this case.

1.2. Syntomic complexes and Galois cohomology. Let p > 3 and set F,, :=
UnF (ppn) with Tp := Gal(Fi /F) — Z), via the p-adic cycolotomic character x. Note that I'r
fits into the following exact sequence:

1—Tg—Tr— T — 1, (1.2)
where Ty = 1 + pZ, and T'yor = F;,
Fior — F; — Z; +— I'p, where the second map is given as a — [a], the Teichmiiller lift of a.
We also fix a topological generator v of I'y.

Let ¢ be an indeterminate, and set A}, := Or[q—1] equipped with a Frobenius endomorphism
¢ extending the Frobenius on Op and by setting ¢(q) = ¢, and an Op-linear and continuous
action of I'r defined by setting g(q) = ¢X\9), for any g in I'r (see Section 2.1). Set u := q — 1,
and fix the following elements inside Alﬁ:

and the projection map in (1.2) admits a section

Plg = L=, po = —p+ Laer, 4 Bi=po+p.

Now, we set S := Op[uo] = (A;S)Fg C Aj, which is stable under the action of ¢ and Iy
(see [Abh24, Section 3.1.2]); we equip S with the induced (¢, T'g)-action. Our goal is to define
a syntomic complex with coefficients in a Wach module over A} (resp. S), and explore its
relationship with the Galois cohomology of the associated crystalline representation.
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1.2.1. Syntomic complex over A}. Let Repz, (Gr) denote the category of Z,-lattices
inside p-adic crystalline representations of G, and let (@,F)—Mod[ﬁ]f denote the category of
F

Wach modules over A}, (see Definition 3.1). Then, by [Fon90; Wac96; Col99; Ber04] we have an

equivalence of categories RepCZr;S(G F) — (o, FF)—Modz)]f,
3.9). Moreover, after inverting p, i.e. upon passing to asgociated isogeny categories, the Wach
module functor induces an exact equivalence of categories (see Remark 3.11).

Let T be a Z,-representation of G such that V := T[1/p] is crystalline. Let N := Np(T)
denote the Wach module over A} associated to T' by Theorem 3.9. Define a decreasing filtration
on N called the Nygaard filtration as Fil*N := {x € N such that o(z) € [pIEN}, for k €
Z. Define an operator on N as V, := ZT_%: N — N. Then, for each £ € Z we have that

V,(Fil*N) C Fil*"! N (see Remark 3.17).

sending T' — Np(T) (see Theorem

Definition 1.1. Define the syntomic complex with coefficients in N as

(le*@)

S*(N): Fil°N Yol =9 gty g y U Plae VT,

N,
where the first map is z — (V4(2), (1—¢)z), and the second map is (z, y) — (1—[plep)z—V,4(y).
Our first main result is as follows:

Theorem 1.2 (Theorem 4.2). For each k € N, we have a natural isomorphism
HM(S*(N)[1/p] = Hf(GF, V).

The proof of Theorem 1.2 is subtle. For computing H(S*(N)), we first show that Wach
modules over A} canonically descend to Wach modules over S (see Theorem 1.6), and then we
study the action of I'y on N (see Lemma 4.5). To prove the claim for H', we show that our
complex computes the extension classes of A} by N in the category of Wach modules over A;
(see Proposition 4.6), and after inverting p, each class gives rise to a crystalline extension class
of Q, by V/, and vice versa (see Corollary 4.7). Finally, by explicitly studying the action on N,
of the generator v of Ty, we show that H2(S*(N))[1/p] vanishes (see Proposition 4.8).

Remark 1.3. Note that (N/uN)[1/p] is a p-module over F since [p], = p mod pA}f, and
N/uN is equipped with a filtration Fil*(N/uN) given as the image of Fil* N under the surjec-
tion N — N/uN. We equip (N/uN)[1/p] with the induced filtration Fil*((N/uN)[1/p]) :=
Fil*(N/uN)[1/p], and note that it is a filtered ¢-module over F. Then, from [Ber04, Théoréme
I11.4.4] and [Abh25, Theorem 1.7 & Remark 1.8] we have that (N/uN)[1/p] = Des(V) as
filtered ¢-modules over F' (see Theorem 3.15). The preceding comparison enables us to define
a morphism of complexes S*(N)[1/p] = D*(Deris(V)), which induces a quasi-isomorphism (see
Remark 4.3). In particular, the complex S*(N) may be regarded as a “lifting to A}” of the
complex D®*(Deyis(V)).

Remark 1.4. Definiton 1.1 can be modified (up to isomorphism) to obtain a subcomplex of
the Fontaine-Herr complex from [Her98] (see Remark 4.3 and Remark 4.16). Note that the
Fontaine-Herr complex computes the Galois cohomology of a representation, while the complex
in Definition 1.1 or Remark 4.3 is concerned with capturing the crystalline part of the Galois
cohomology. Complexes similar to the modified complex in Remark 4.3 were studied in [Abh23D)]
and named syntomic complexes. Hence, we refer to the complex in Definition 1.1 as the syntomic
complex with coefficients in V.

Remark 1.5. In [Bha23, Chapter 6], Bhatt and Lurie have defined syntomic cohomology of
prismatic F-gauges on the stack Z;'", and in case of reflexive F-gauges, compared it to the
Bloch—Kato Selmer groups of the associated crystalline representation of Gal(ép /Qp) (see [Bha23,
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Proposition 6.7.3]). In light of Theorem 1.2 and given the prismatic interpretation of Wach mod-
ules (see [Abh24]), a natural and interesting question is to ask for a direct (integral) relationship
between the syntomic complex of Definition 1.1 and the syntomic cohomology with coefficients
of [Bha23]. The aforementioned question and generalisation of the theory above to the relative
case, i.e. Definition 1.1 and its relationship with Galois cohomology, will be investigated in a
future work.

1.2.2. Syntomic complex over S. Let (¢, Fo)—ModI; denote the category of Wach modules
over S (see Definition 3.4). Our second main result establishes the following descent statement
for Wach modules:

Theorem 1.6 (Theorem 3.7). The following natural functor induces an equivalence of ®-categories,

(i, To)-Mod§ = (¢, FF)'MOd[j]f (1.3)
M — A} @5 M,

. . . . . X . P
with a ®-compatible quasi-inverse functor given as N — NF» . Moreover, the functor in (1.3)
and its quasi-inverse preserve short exact sequences.

By combining Theorem 1.6 and Theorem 3.13, we obtain a natural equivalence of categories
Repczr;S(GF) = (¢,T)-Mod&, by sending T +— Mp(T) := Np(T)F# (see Theorem 3.13).

Let T be a Z,-representation of G such that V' := T[1/p] is crystalline. Let M := Mp(T)
denote the Wach module over S associated to T' by Theorem 3.13. Define a decreasing filtration
on M called the Nygaard filtration as Fil*M := {x € M such that p(z) € g*M}, for k € Z.
Define an operator on M as Vg := 77_01: M — M. Then, for each k € Z we have Vo(Fil*M) C

Fil* Pt M (see Remark 3.26).
Definition 1.7. Define the syntomic complex with coefficients in M as

(Vo,1—p)

_sp—1
S*(M): Fil'nr Y72 pyp+ipg gy P EVOT,

M,
where the first map is given as z — (Vo(x), (1 — ¢)x), and the second map is given as (z,y) —
(1 ="~ )z = Vo(y).

Our third main result is as follows:

Theorem 1.8 (Theorem 4.15). For each k € N, we have a natural isomorphism
H*(S*(M))[1/p] = Hf (G, V).

To prove Theorem 1.8, we first define a morphism of complexes S*(M) — S*(N), where
N = A} ®g M is a Wach module over A;t (see Theorem 1.6). Then, using the F; -decomposition
of N (see Remark 2.1), we show that the natural map on cohomology H*(S*(M)) — H*(S*(N))
is bijective for k¥ = 0,1 and injective for k = 2 (see Proposition 1.6). Combining this with
Theorem 1.2, yields the claim.

Remark 1.9. Note that (M/uoM)[1/p] is a ¢-module over F since p = p mod oS, and M /poM
is equipped with a filtration Fil* (M/puoM) given as the image of Fil* M under the surjection
M — M/ugM. We equip (M/uoM)[1/p] with the induced filtration Fil*((M/uoM)[1/p]) :=
Fil*(M/uoM)[1/p], and note that it is a filtered p-module over F. Then, in Theorem 3.24 we
show that (M/uoM)[1/p] — Deris(V) as filtered p-modules over F. The preceding comparison
enables us to define a morphism of complexes S®*(M)[1/p] — D*(Deis(V)), which induces a
quasi-isomorphism (see Remark 4.16). In particular, the complex S®(M) may be regarded as a
“lifting to S” of the complex D°*(Deyis(V)).
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Remark 1.10. Recall that we fixed p > 3 at the beginning of Section 1.2. This is due to the fact
that the methods developed in this paper only apply to the case p > 3. Indeed, for p > 3, note
that in (1.2) we have that Iyor — F,, whereas for p = 2, we have that T'tor 5 {#£1} as groups.
Therefore, our main technical result, the descent statement of Theorem 1.6, does not apply to
the case p = 2. Moreover, we do not know whether a claim analogous to Theorem 1.6 holds for
p = 2 (even after replacing F)* with the group {£1}). Furthermore, let us note that Theorem
1.6 is obviously crucial for obtaining Theorem 1.8. Additionally, Theorem 1.6 has also been used
in the proof of Theorem 1.2 (see Lemma 4.5). Therefore, for p = 2, to obtain a variation of
Theorem 1.2, we need a variation of Theorem 1.6, which remains elusive.

1.3. Outline of the paper. This article consists of three main sections. In Section 2,
we quickly recall the necessary definitions and results on period rings, p-adic representations
and Galois cohomology. We begin by fixing some notations and recalling several period rings in
Section 2.1, and the theory of p-adic crystalline representations and (¢, I')-modules in Section
2.2. In Section 2.3, we recall the Fontaine—Herr complex and its relationship with the Galois
cohomology of p-adic representations; in Section 2.4 we recall the definition of Bloch-Kato Selmer
groups and the construction of the Bloch-Kato complex from (1.1). Section 3 is devoted to the
study of Wach modules and the Nygaard filtration on Wach modules. In Section 3.1, we first
recall the definition of Wach modules over A} and S, and then prove the descent claim of
Theorem 1.6. In Section 3.2, we recall the relationship between Wach modules and crystalline
representations, and in Section 3.3 we define the Nygaard filtration on Wach modules and prove
several properties of the filtration that are to be used later. In Section 4, we arrive at the main
results on the computation of Galois cohomology. We begin Section 4.1 by defining the syntomic
complex over A;C (see Definition 1.1), and then state and prove Theorem 1.2. The proof for each
cohomological degree k = 0, 1,2 is carried out separately (see Lemma 4.5, Proposition 4.6 and
Proposition 4.8). Finally, in Section 4.2 we define the syntomic complex over S (see Definition
1.7) and prove Theorem 1.8.

Acknowledgements. The work presented here was partially carried out during my PhD at
Université de Bordeaux. I would like to sincerely thank my advisor Denis Benois for several
discussions around the content of this article, and Takeshi Tsuji for helpful discussions around
Theorem 3.7. T would also like to thank Luming Zhao for helpful remarks on a previous version of
the article. Finally, I would like to thank the referee for carefully reading the article and pointing
out issues in the previous version, which helped in rectification of errors and improvement in the
writing. This research is partially supported by JSPS KAKENHI grant numbers 22F22711 and
22KF0094.

2. p-ADIC REPRESENTATIONS

Let p > 3 be a fixed prime number, and let x denote a perfect field of characteristic p; set
Op := W (k) to be the ring of p-typical Witt vectors with coefficients in , and F' := Frac(Op).

Let F' denote a fixed algebraic closure of F, let C, := F denote its p-adic completion, and
Gr := Gal(F/F) the absolute Galois group of F. Moreover, let Fso := U, F(uym), and set
Ip = Gal(Fy/F) — Z) and Hp := Gal(F/F,). Note that the isomorphism x: I'r — Z) is
given via the p-adic cyclotomic character, and therefore, I'  fits into the following exact sequence:

1—Tyg—Tpr — T — 1, (2.1)

where we have that I'o — 1 4 pZ, and T,y — F, and the projection map in (2.1) admits a
section I'yor — F) — ZX <= I'p, where the second map is given as a ~ [a], the Teichmiiller
lift of a. We fix a topological generator ~ of I'y.
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Remark 2.1. Let N be a linearly topologised compact Z,-module admitting a continuous action
of I'p. Then, from [Iwa59, Section 3], the module N admits an F}-decomposition N = @f;ol N;,

X . . . . . . .
where Ny = NF». Moreover, since I'r is commutative, each N; is equipped with an induced
continuous action of I'y.

2.1. Period rings. In this section, we will quickly recall all the period rings used in this
paper (see [Fon90; Fon94] for details). Let O (resp. Op,_) denote the ring of integers of F' (resp.
Fy), and let O% := limg o0 O /p (resp. O%OQ := limg 00 Op, /p) denote its tilt (see [Fon94]).
Let us set Aine(OF,) == W(O?;oo) and Aif(OF) := W(O%) admitting the natural Frobenius on
Witt vectors, and continuous (for the weak topology) actions of I'p and G, respectively. We fix
fi:= ¢ — 1, where € := (1,{p, (2, ...) is in O?F’oa and let ¢ = [¢], p:=q—1and & := p/o~ (1) in
Aing(OF..). Then, for any g in G, we have that g(1 + u) = (1 + )X, where x is the p-adic
cyclotomic character. Moreover, note that we have a G p-equivariant surjective homomorphism
of rings 0: Ajnt(Of) — C, with Kerf) = {A;,(Ox). The map 6 restricts to a I'p-equivariant
surjective homomorphism of rings 6: Ai,¢(Of, ) — Ofoo with Kerf = £ Ay (OF.,).

k+1

We set Acris(Or., ) := Aint (O ){(€F /! k € N), and note that ¢ := log(14pu) = ZkeN(—l)k’ffT
converges in Agis(OF,, ). The ring Aeis(Or,, ) is p-torsion free and ¢-torsion free, and we set
Bl (Op.) = Aais(Or,)[1/p] and Beis(Or.,) := Bt (Or,)[1/t]. These rings are equipped
with a Frobenius endomorphism ¢, a continuous I'p-action and a decreasing filtration; the ring
At (Op,) and B (Op,) are further equipped with an appropriate extension of the map 6.
Next, let us set By (Op,.) = lim, (A (Or,)[1/p])/(Ker)™ and Bar(Or,.) :== Bz (Or..)[1/t].
These rings are equipped with a I'p-action and a decreasing filtration; the ring B:{R(O F..) is fur-
ther equipped with an appropriate extension of the map 6. Moreover, we have (¢, I'p)-equivariant
and filtration compatible injective homomorphism of F-algebras B, (O, ) — Biz(OF,.) and
Beis(Or,,) — Bar(Or,,). One can define variations of all the aforementioned rings and their
properties over O as well. Furthermore, from [Fon94, Théoréme 5.3.7] recall that we have the

following (¢, Gr)-equivariant fundamental exact sequence:
0 — Q) — Fil’Beyia(O5) ——2 Beyia(O5) — 0. (2.2)

Let us set A} := Op[u], and we equip it with a Frobenius endomorphism ¢, given by the Witt
vector Frobenius on Of and by setting ¢(u) = (1 + )P — 1, and an Op-linear and continuous
action of T'p given as g(u) = (1 4+ p)X¥ — 1, for any g in T'p. Note that we have a natural
injective homomorphism of rings A; — Aint(OF,,) compatible with Frobenius and I'p-action.
Set Ap := A;[l /u]™, where " denotes the p-adic completion. The Frobenius endomorphism
@ and the continuous action of I'r on A} naturally extend to respective actions on Ap. Let
W(C']’D) denote the ring of p-typical Witt vectors with coefficients in CZ, = Frac(O%), and note
that W(C;’,) is equipped with the natural Frobenius on Witt vectors and a continuous (for the
weak topology) action of Gp. The natural (¢, I'r)-equivariant injective homomorphism A; —
Ain(OF,,) extends to a natural (¢, 'p)-equivariant injective homomorphism of rings Ap —
W(C)Hr =W (F2,).

Next, we recall some definitions and observations from [Abh24, Section 3.1] by fixing the
following elements inside A;:

p_
Pl =4 = 2,
0= Yery (14 )W = 1) = =p + Socr, (1 + )1, (2:3)

Pi=p0+p=Taer, (1 +p)l.

From loc. cit. recall that the element p is the product of [p], with a unit in Ap, and the element
o is the product of P~ with a unit in AJ},C. Now, we consider the subring S := Op[uo] =
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(A;)F; C AIJS, which is stable under the action of ¢ and I'g; we equip S with the induced
Frobenius endomorphism ¢ and the induced continuous action of I'g. Moreover, from loc. cit.,
for any g in I'p, we have that (¢ — 1)uo is an element of pupS, and we may write p(ug) =
upopP !, for some unit w in S. Furthermore, we have that oS = (,U,A;)F; , and the natural
(¢, T'p)-equivariant injective map S — A7, is faithfully flat and finite of degree p — 1. Finally, we
set Apg := S[1/uo]", where " denotes the p-adic completion, and note that Ap is equipped with
an induced Frobenius endomorphism ¢ and an induced continuous action of I'y. In particular,

X
we have (¢, I'p)-equivariant homomorphism Apg = A;” — Ap.

Remark 2.2. For consistency in notation, one should denote the ring Op[uo] as AJIEO. However,
this ring shall appear frequently in the rest of the text and the aforementioned notation is too
clunky. So we have chosen to denote the ring Op[uo] simply by S.

Lemma 2.3. The ring S[1/p] is a principal ideal domain.

Proof. Note that S is a two-dimensional regular local ring, so it is a unique factorisation domain
(see [Sta25, Tag OFJH]). As S[1/p] is a localisation of S, it is also a unique factorisation domain.
Now, note that p is in the maximal ideal (p, o) C S, so the Krull dimension of S[1/p] is at most
one. Moreover, uoS[1/p] is a non-zero prime ideal of S[1/p], so the Krull dimension of S[1/p] is
at least one. In particular, we see that S[1/p] is a one-dimensional unique factorisation domain,
hence a principal ideal domain. |

2.2. p-adic representations. Let T be a finite free Z,-representation of Gr. By the
theory of étale (p,I'r)-modules (see [Fon90]), we may functorially associate to T a finite free
étale (o,T'r)-module Dp(T) over Ap of rank = rkz T. Moreover, by taking I'i-invariants
of Dp(T), we obtain a finite free étale (¢, Tg)-module Dpo(T) := Dp(T) *r over Apg of rank
=1kz,T. These constructions are functorial in Z,-representations, and induce exact equivalences
of ®-categories )
Repz, (GF) = (¢,Tr)-Mod}, ,

3 - (2.4)
Repz, (Gr) — (#,T0)-Mody,, ,

with an exact ®-compatible quasi-inverse given as Tr(D) := (W(C”) ®4, D)¥=! and Tr(Dg) :=
(W(Cb) ®Ap, Dg)?=!, respectively. Similar statements are also true for p-adic representations
of G F-

Next, from the p-adic Hodge theory of Gr (see [Fon82]), one may attach to a p-adic rep-
resentation V', a filtered p-module over F' of rank less than or equal to dimg, V, and given
as Deis(V) = (Buis(OF) ®q, V)GF . The representation V is said to be crystalline if the
natural map Beis(Of) ®F Dais(V) — Bais(Of) ®q, V is an isomorphism, or equivalently,
dimp Deis(V) = dimg, V. Restricting Deis to the full subcategory of crystalline representations
of Gp, and writing MFE*(p) for the category of weakly admissible filtered ¢-modules over F'
(see [CF00]), we obtain an exact equivalence of ®-categories (see [CF00, Théoreme A)):

Deis - Rep@*(Gr) =5 MF}2(i), (2.5)
with an exact ®-compatible quasi-inverse given as V(D) := (Fil®(Beyis (Of) ®F D))#=1,

2.3. Galois cohomology and Fontaine-Herr complex. Let T be a Z,-representation
of Gp, and let D := Dpo(T') denote the associated étale (¢, 'r)-module over Apg. In [Her98],
Herr defined a three term complex in terms of D, which computes the continuous G p-cohomology
of T'. More precisely, recall that « is a generator of I'g, and consider the following complex:

€*(D): D B JING P » i D, (2.6)
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where the first map is z — ((y—1)z, (1—¢)y), and the second map is (z,y) — (1—p)z—(y—1)y.
Then, the complex 6°*(D) computes the continuous G'p-cohomology of T' in each cohomological
degree, i.e. for each k € N, we have natural (in T') isomorphims H*(6*(D)) = HE .(Gp,T).
In particular, it is clear that HE (G, T) = 0, for k > 3. To ease notations, from now onwards
we shall write H*(Gp,T) instead of HE (G, T).

Note that for a Z,-representation T of G, the space H! (G, T) classifies all extension classes
of Z,, by T in the category of Z,-representations of Gp. Similarly, for an étale (¢, I'g)-module
D, the space H'(€*(D)) classifies all extension classes of Apg by D in the category of étale
(p,Tg)-modules over Ap. Therefore, by the exact equivalence in (2.4), we have natural isomor-
phisms

(Aro, D) <= H'(6*(D)).

0

HY(Gp,T) = Ethlaepzp(GF)(zpa T) = EXtégp,FF)-Modf}tF

2.4. Bloch—Kato Selmer groups. In this section, we will recall the definition of Bloch—
Kato Selmer groups from [BK90]. Let V be a p-adic crystalline representation of Gr. Then, we
have a natural G p-equivariant morphism of Q,-vector spaces V' — BcriS(Of) ®q, V, sending x —
1®x. By considering the continuous G p-cohomology groups, we obtain natural homomorphisms
H¥(Gr, V) — H*GF, Beis(OF) ®q, V), for each k € N.

Definition 2.4. Define the Bloch—Kato Selmer groups of V' denoted H}“(GF, V) c H¥GF,V),
for k € N, by setting

HO(GF,V), ifk=0
H{(Gp,V) = Ker (HY(Gp,V) = HYGF, Bais(Oz) ®q, V),  ifk=1
0, if k > 2.

Remark 2.5. For k € N, the subspace H}“(GF,V) C HF(GFp,V) are also referred to as the
crystalline part of the Galois cohomology of V. Notably, the subspace H}(GF, V)c HY(GFp,V)
classifies all crystalline extension classes of Q, by V, i.e. we have natural isomorphisms

H{(Gr, V) = Extpopein() (Qp V) = Extyeye ) () Deris(V)),

where the last isomorphism follows from the exactness of D5 and Vs (see Section 2.2).

Note that we have a natural Q,-linear and G p-equivariant morphism V' — FﬂOBcriS(Of) ®q,
V, sending x — 1 ® x, and it induces a natural homomorphism of abelian groups H*(Gp, V) —
HY(Gp,Fil? Bais(OF) ®q, V).

Proposition 2.6. The following natural map is an isomorphism:
Ker (H'(Gp,V) = H (Gp,Fil Buis(OF) ®q, V) — Hj(Gp,V).
Proof. By the naturality of the action of G, we have the following commutative diagram:

H! (GF, V) — HI(GF7 FﬂOBcris(OF) ®Qp V)

\ | (2.7)

HI(GF, Bcris(of) ®Qp V)

To show the claim, it is enough to show that the right vertical arrow in (2.7) is injective. Now,
consider the following exact sequence:

0 — Fil’ Bais(OF) — Beris(O) — Baris(OF) /Fil° Baris(O7) — 0.
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Upon tensoring this exact sequence with V' and taking continuous G p-cohomology, we obtain
an injective map of F-vector spaces

Deis(V) /i’ Deis (V') — (Bexis(O5) /Fil® Beris (O5) ®q, V), (2.8)

and it is clear that the vertical map in (2.7) is injective if and only if (2.8) is bijective. Now, as
we have Bqr(OF) = Fil’ Bar(OF) + Bais(O5)?~" (see [BKI0, Proposition 1.17]), therefore, we
obtain Gp-equivariant isomorphisms

Beris(05) /Fil” Beis (05) = Bar(O%)/Fil® Byr(O5) — ®k<oC,p - t*,

where the last isomorphism follows from [Fon94, Section 1.5.5]. Therefore, the codomain of the
map (2.8) may be written as (Beris(O7)/Fil’ Bais(OF) ®q, V)GF = (Br<ot*Cp ®q, V)OF =
Pr0gr” Deris (V). Counting dimensions, we note that we have

dim p(Fil® Deyis (V) 4 dim p(Brc08r” Deris (V) = dimp Deyis(V),

so the domain and the codomain of the F-linear injective map in (2.8) have the same dimension.
Hence, (2.8) is bijective, thus allowing us to conclude. [ |

The following claim can also be obtained as a consequence of [BK90, Corollary 3.8.4].

Corollary 2.7. LetV be a p-adic crystalline representation of Gr. Then, the following complex:
D*(Dexis (V) : Fil® Deyis (V) =25 Deyis(V), (2.9)

computes the crystalline part of the Galois cohomology of V, i.e. H*(D*(Deis(V))) — HJ’E(GF, V),
for each k € N.

Proof. Tensoring the fundamental exact sequence in (2.2) with V| we obtain a G p-equivariant
exact sequence

0 — V — Fil’Beis (O5) ®q, V ——2 Beyis(O5) ®q, V — 0.
By computing the continuous Galois cohomoloy, we obtain the following long exact sequence:
0 — HYGp,V) — Fil’Deyis(V) —25 Deyis(V) — HY(Gp, V) —>
— HY(Gp,Fil’ Buis(O5) ®q, V).

The claim now follows from Proposition 2.6. |

3. WACH MODULES

In this section, we will recall the definition of Wach modules, their relationship with p-adic crys-
talline representations, and prove some results on the Nygaard filtration on Wach modules. From
Section 2.1 recall that we have the ring A}, = Op[u] equipped with a Frobenius endomorphism
¢ and a continuous action of I'r. Moreover, we fixed [p], = ¢(u)/p in AL

Definition 3.1. Let a,b € Z with b > a. A Wach module over AJPC with weights in the interval
[a,b] is a finite free A;C—module N equipped with a continuous and semilinear action of I'p
satisfying the following:

(1) T'r acts trivially on N/uN.
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(2) There is a Frobenius-semilinear operator ¢ : N[1/u] — N[1/¢(p)] commuting with the
action of 'z such that ¢(u’N) C u’N, and the cokernel of the induced injective map
(1®@): (WP N) — ubN is killed by [p]b_“

Say that N is effective if one may take b = 0 and a < 0. Denote the category of Wach modules
over A; as (¢, )—Modf]f with morphisms between objects being A;,C—llnear, I'p-equivariant and
F

p-equivariant (after inverting p) morphisms.

Remark 3.2. Let N be a finitely generated Af-module. Then, from [Abh23a, Lemma 3.10] we
have that the condition (2) of Definition 3.1 is equivalent to giving an A L-linear and I p-equivariant
isomorphism g (" N)[1/[plg] = (47 @, 4 N)L/lpla] ~> N[1/[ply).

Remark 3.3. Extending scalars along A+ — Ap induces a fully faithful functor (¢, I'r)- Mod[p Ja

,Tr)-Mod%  (see [Abh25, Proposition 3.3]). Moreover, the preceding functor preserves short
P Ap
exact sequences because the map AF — Ap is flat.

Notation. We shall say that a (¢, I'r)-equivariant sequence of Wach modules over A7,
0 — Ny — No — N3 — 0,

is ezxact if it is exact as a sequence of modules over AJIS.

3.1. Descent of Wach modules. In this section, we shall show that Wach modules over
A7 descend to a certain subring of A} (see [Fon90; Wac97]). From Section 2.1 recall that we
have the ring S = Op[uo], equipped with a Frobenius endomorphism ¢ and a continuous action
of T'g. Moreover, have that po = ZaGF; (14 )@ — 1), and we fixed = pp+ pin S.

Definition 3.4. Let a,b € Z with b > a. A Wach module over S with weights in the interval [a, ]
is a finite free S-module M equipped with a continuous and semilinear action of I'y satisfying
the following:

(1) Ty acts trivially on M /poM.

(2) There is a Frobenius-semilinear operator ¢ : M[1/ug] — M[1/¢(po)] commuting with the
action of I'g such that (p( bM) C pdM, and the cokernel of the induced injective map
(1®@): @ (udM) — M is killed by pP=.

Say that M is effective if one may take b = 0 and a < 0. Denote the category of Wach
modules over S as (¢,T')- Mod with morphisms between objects being S-linear, I'p-equivariant
and g-equivariant (after 1nvert1ng fto) morphisms.

Notation. We shall say that a (¢, 'g)-equivariant sequence of Wach modules over S,
0— My — My — M3 — 0,

is exact if it is exact as a sequence of modules over S.

Lemma 3.5. Let M be a finite free S-module satisfying condition (1) of Definition 3./. Then,
condition (2) of Definition 3./ is equivalent to giving an S-linear and T'y-equivariant isomor-
phism @ (¢*M)[1/8] = (S @ s M)[1/5] = MI[L/p).

Proof. Suppose that M satisfies condition (2) of Deﬁmtlon 3.4. Then, the map 1®¢: @*(u§M) —
p8 M induces an isomorphism 1 ® p: (ude*M)[1/p] = (u§M)[1/ p]. Hence, we obtain an iso-
morphism

om: (P"M)[1/p] — & (ub* M)[1/p] 22 (qu)[l/p]<—M[1/p]
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Since, 1 ® ¢ commutes with the action of I'g, we deduce that ¢, is ['g-equivariant.

Conversely, let us suppose that M is equipped with an S-linear and I'g-equivariant isomor-
phism @0 (*M)[1/p] = M[1/p]. Then, note that for some a,b € Z with b > a we may
write pPprr (@ M) € M C p%ar(¢*M). So we get an S-semilinear and I'p-equivariant map

can

as the composition ¢: u§M 2 o*(ud M) LA pb M. This extends to an S-semilinear and
[p-equivariant map @: M[1/up] — M[1/p(po)], and we have that

or (@ (g M) = pbp P Vo (p* M) € pbpP~ VDA € 52 P (" (ub M),

where we used that ¢(u0) = upp? !, for some unit u in S (see the discussion after (2.3)). Then,
it follows that 1 ® ¢ = @ar: @* (W3 M) — u§M is injective, its cokernel is killed by ¢, and it
commutes with the action of T'y. Hence, M satisfies condition (2) of Definition 3.4. |

Next, let us compare the two notions of Wach modules over S and A}, respectively. We start
with the following observation:

Proposition 3.6. Let N be a Wach module over A;. Then M := N%o is a Wach module over
S, and the A;—linear extension of the S-linear inclusion M C N, induces a natural isomorphism

AL ®sM =5 N, (3.1)

of Wach modules over A}. Moreover, the isomorphism in (3.1) induces a natural isomorphism
of Op-modules M /oM — N/uN compatible with the respective Frobenii.

Proof. The claim follows from [Abh24, Theorem 1.5]. However, we provide another self-contained
proof. Let A := A‘;, and from Remark 2.1 note that for the A-module N there exists a natural
F, -decomposition N = @f:_g N;, where M = NFp = Ny, and each N; is a (p, po)-adically
complete S-module equipped with a continuous and semilinear action of I'g. Moreover, recall
that A is flat and finite of degree p— 1 over the noetherian ring S, so it follows that N is finite free
over S, and the S-submodule M C N is finitely generated. Now, let us consider the following
natural commutative diagram:

A9sM —— 3 N

J J (3.2)

A®s M[1/p] —— NI[1/p],

where the right vertical arrow is the natural inclusion, the left vertical arrow is injective because
M is p-torsion free (since the same is true for N) and the natural map S — A is flat.

We claim that the top horizontal arrow of (3.2) is bijective. First, note that to show the
injectivity of the top horizontal arrow, it is enough to show that the injectivity of the bottom
horizontal arrow in (3.2). The module N[1/p] is finite free over A[1/p], and the map S — A
is faithfully flat and finite of degree p — 1, so we see that N[1/p] is finite free over S[1/p] as
well. As N[1/p] is equipped with an induced action of I'p, therefore, from the decomposition
in Remark 2.1, it follows that M[1/p] — (N[1/p])o as S[1/p]-modules, in particular, M[1/p]
is finite projective over S[1/p], hence finite free because S[1/p] is a principal ideal domain (see
Lemma 2.3). As the natural map S — A is flat, it follows that the bottom horizontal arrow in
(3.2) is injective.

Next, let us show that the top horizontal arrow in (3.2) is surjective. Note that we have an
Op-linear and T p-equivariant surjection N — N/uN, and using the decomposition in Remark
2.1, it may be rewritten as a I' p-equivariant surjection @f:_g N; — @f:_g (N/uN);. In particular,
the latter map is surjective on each term, i.e. the induced Op-linear map N; — (N/uN); is
surjective, for each 0 < i < p — 2. However, recall that I'r acts trivially on N/uN, therefore,
we see that N/uN = @?;S(N/MN)i = (N/uN)g. In particular, the natural Op-linear map
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M — N/uN is surjective. Since pu belongs to the Jacobson radical of A, therefore, Nakayama
Lemma implies that the natural (¢, I'g)-equivariant map A®g M — N is also surjective. Hence,
it follows that the A-linear extension of the S-linear inclusion M C N induces the natural
(¢, T'p)-equivariant isomorphism in (3.1), i.e. A ®g M — N.

Let us now compute the kernel of the surjective map M — N/uN, which is given as uN N M
inside N. Using the decomposition in Remark 2.1, we get that uN N M = (uM)p, and we claim
that poM — (uN)o as S-modules. As the natural map puoM — (uN)g is injective, we need to
show that it is surjective as well. Note that we may write

('U“N)O = EiJrj:O mod pfl(:uA)i s Nj-

Moreover, using the (¢, I')-equivariant isomorphism A ®g M — N, note that we have A; ®g
M = Nj, for each 0 < j < p — 2. Therefore, for each pair 7, j such that i+ j = 0 mod p — 1, we
see that

(1A); ®s Nj «— (pA); ®s Aj ®s No C (1A)o ®@s No.

Now, recall that we have, oS = (uA)? = (uA)o. Hence, from the preceding discussion, we
get that uoM = (uN)p. Subsequently, we have also obtained that M/ugM — N/uN as
Op-modules, and therefore, the action of I'g is trivial on M/ugM. Moreover, note that the
S-module M is p-torsion free and po-torsion free, and M/ugM —» N/uN is p-torsion free.
Therefore, from [Abh23a, Lemma 3.5] and [Fon90, Proposition B.1.2.4], it follows that M is
finite free over A.

Finally, let us show the Frobenius condition on M (see Definition 3.4 and Lemma 3.5). From
Section 2.1, recall that p is the product of [p], with a unit in A, and so the Frobenius structure on
N may also be described as an A-linear isomorphism ¢*(N)[1/p] — N[1/p] (see Definition 3.1
and Remark 3.2). Moreover, the Frobenius on N commutes with the action of I'p. Therefore, by
taking invariants under the action of F¥, of the isomorphism ¢*(N)[1/p] — N[1/p], and using
the (¢, 'p)-equivariant isomorphism in (3.1), we conclude that M is equipped with an S-linear
isomorphism ¢*(M)[1/p] — M|[1/p], compatible with the natural action of I'y. This allows us
to conclude. |

Now, let M be a Wach module over S, and let N := A; ®g M be a finite free module over A;.
Then using the natural (o, I'g)-action on M, we see that NV is naturally equipped with a semilinear
and continuous action of I'p, and an A}f-linear isomorphism ¢x : (9*N)[1/p] — N[1/p]. Aspis
the product of [p], with a unit in A} (see Section 2.1), therefore, using Remark 3.2 we conclude
that NV is a Wach module over A;. More generally, we have that,

Theorem 3.7. The following natural functor induces an equivalence of ®-categories

(¢, To)-Mod§ = (¢, FF)-Mod[j];j—’ (3:3)
M — A; ®Rs M,

. . . . . X J « «
with a ®-compatible quasi-inverse functor given as N — NF» . Moreover, the functor in (3.3)
and its quasi-inverse preserve short exact sequences.

In the statement above, short exact sequences should be interpreted in the sense of the
notation introduced after Remark 3.3 and Definition 3.4.

Proof. Note that the natural (p,'r)-equivariant map S — A} is faithfully flat and finite of
degree p — 1, so it follows the functor in (3.3) fully faithful and preserves short exact sequences.
Moreover, by Proposition 3.6 we see that (3.3) is essentially surjective, and its compatibility
with tensor products is obvious. It remains to show that the quasi-inverse functor is compatible
with ®-products and preserves short exact sequences. To check the compatibility with tensor
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X
products, let N7 and Ny be two Wach modules over AJI,C, set M, := NiFP , for each i = 1,2, and
using Proposition 3.6, note that we have

(N1 ® 4 No)7 = (A} @5 M) @45 (Af ©5 M) = My @5 M.

Next, consider an Af-linear and (p,'r)-equivariant exact sequence of Wach modules over A}
as
0— Ny — No — N3 — 0.

X
Setting M; := NiF” , for each ¢ = 1,2, 3, and considering the associated long exact exact sequence
for the cohomology of the F-action, and noting that Hl(F;< ,N1) = 0, since p — 1 is invertible
in Z,, we obtain an S-linear and (¢, I p)-equivariant exact sequence of Wach modules over S as

0— My — My — M3 — 0.
This allows us to conclude. [ |

Remark 3.8. Note that extension of scalars along S — Apg induces a fully faithful functor
(¢,To)-Modl — (o, Fo)-ModifF ,- Indeed, observe that we have the following bijection of sets:

Hom, (M, M") = Hom(%r)_Modf]f (AL ®s M, A} ®@s M)
F

= Hom(%r)_Modi{F (Ap @5 M, Ap @5 M)

@,I")-Mod

— Hom(%F)_1\&)61‘;;;1?7O (Aro ®s M, Ao @5 M'),

where the first bijection follows from Theorem 3.7, the second bijection follows from Remark 3.3,
and the last bijection follows from (2.4). Moreover, the preceding functor preserves short exact
sequences because the map S — Apy is flat.

3.2. Wach modules and crystalline representations. Let Repczr;S(G r) denote the
category of Z,-lattices inside p-adic crystalline representations of Gp. To any T' in Rep%r;S(G F),

Berger functorially associated a unique Wach module Np(T') over A} in [Ber04]. More generally,
we have the following:

Theorem 3.9 ([Fon90; Wac96; Col99; Ber04]). The Wach module functor induces an equiva-
lence of ®-catgeories

Repg™(Gr) = (o, rF)_Mod[ff, T +— Np(T),

with a @-compatible quasi-inverse given as N — Tp(N) = (W(C;) ® 4+ N)@:l.
F

Let us recall an important comparison result from [Ber(4], between a Wach module and its
associated Zy-representation, which will be used in Lemma 4.5 below. To recall the result, we need
to introduce some notations from op. cit. Let A denote the p-adic completion of the maximal
unramified extension of Ap inside W(Czb,). The ring A is stable under the (¢, Gp)-action on
W(CZ), and we equip it with induced structures. Then, we have that A#F = A and A¥=! = Zy,.
Moreover, we set AT := Ajne(O5) N A C W(C?,), which is stable under the (¢, Gr)-action on A,
and we have that (AT)H#r = AL and (AT)#=! = Z,,.

Proposition 3.10 ([Ber04, Théoréme I11.3.1]). Let N be a Wach module over A}, and Tr(N) its
associated Z,-representation. Then, we have a natural A™[1/u]-linear and (p, GF)-equivariant
comparison isomorphism AT [1/pu] ® 4t N — AT[1/p] @z, Tr(N).
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Remark 3.11. In Theorem 3.9, note that the functor Np is not exact, i.e. it does not pre-
serve short exact sequences (see [CD11, Example 7.1]). However, by passing to the associ-
ated isogeny categories, the Wach module functor induces an exact equivalence of ®-categories

RepS;S(GF) - (@,F)—Modj[f}f[l/p], via T[1/p] = Np(T)[1/p], and with an exact ®-compatible
F

quasi-inverse given as N[1/p] — Vp(N[1/p]) = (W(C}) ® 4t N[l/p])go:1 (see [ADh25, Corollary
4.3)).

Remark 3.12. Let N be a Wach module over A} and T = Tr(N) the associated Z,-representation
of G from Theorem 3.9. Then, for each r € Z, it is straightforward to verify that p="N(r) is a
Wach module over A and Tr(u~"N(r)) = T(r), where (r) denotes a twist by x" for the Wach
module and the representation. For many more interesting and explicit examples, we refer the
reader to [Ber04, Appendice A] and [BLZ04].

By combining Theorem 3.7 and Theorem 3.9, we obtain the following:

Theorem 3.13. The following functor induces an equivalence of ®-catgeories
RepZ*(Gr) =+ (p,To)-Mod§, T+ Mp(T) := Np(T)%,
with @ @-compatible quasi-inverse given as M + Tp(M) = (W(C)) ®g M)SD:I.

3.3. Nygaard filtration on Wach modules. In this section, we will study the Nygaard
filtration on Wach modules over A; and S, respectively. We begin with the former case.

3.3.1. Filtration on Wach modules over A;. Let N be a Wach module over AIJS. We
equip NV with a decreasing filtration called the Nygaard filtration as

Fil*N := {z € N such that ¢(z) € [p]l;N}, for k € Z. (3.4)

From the definition it is clear that N is effective if and only if Fil’N = N. Similarly, we equip
the AL[1/p]-module N[1/p] with a Nygaard filtration, and it is easy to see that Fil*(N[1/p]) =
(FilEN)[1/3).

Lemma 3.14 ([Abh23b, Lemma 3.3 and Lemma 3.4]). Let N be a Wach module over Af.

(1) For any k,r € Z and the Wach module "N (r) over A}, we have that Fil*(u™"N(r)) =
p T (Fil" RN ().

(2) For all j,k € Z, we have that pIFI*N N p= 9N = 7 HFilFIN ¢ N[1/u]. A similar
statement is true for the AL[1/p]-module N[1/p].

Proof. For the claim (1), note that the inclusion p~"(Fil"**N)(r) c Fil*(u~"N(r)) is obvious.
For the converse, let "2z ® € be an element of Fil*(x~"N(r)), with z in N and €® an
Aj-basis of AL(r). By assumption, we have that p(u ="z ® €¥7) = ([p]op) "¢(z) ® €7 belongs
to [p]F~"N(r). Therefore, we see that ¢(x) belongs to [p]; TN, i.e. 2 is in Fil"tk N,

For (2), note that it is enough to show the claim for j = 0, i.e. Fil*N N uN = pFil* 1N c N.
Now, using (1) we may assume that N is effective. The claim is obvious if Fil*"!N = N. So,
we may further assume that Fil*"'N C N, ie. k > 2. Let z be an element of Fil*N N uN,
and write z = py for some y in N. We claim that y is in Fil* "' N. Indeed, note that ¢(z) is
in [p]];N, therefore, we get that up(y) is in [p]];_lN, ie. pp(y) = [p]];_lz, for some z in N. In

particular, [p]g_lz =p" "2 =0 mod uN. But, we have that N/uN is p-torsion free, so it follows

that z = 0 mod N, i.e. y belongs to Fil* "' N. The other inclusion is obvious, as we have that
pFil*~!N c Fil* N. This concludes our proof. |
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Next, we note that (N/uN)[1/p] is a p-module over F since [p], = p mod pA}, and N/uN
is equipped with a filtration Fil*(N/uN) given as the image of Fil* N under the surjection N —»
N/uN. We equip (N/uN)[1/p] with the induced filtration Fil*((N/uN)[1/p]) := Fil*(N/uN)[1/p],
and note that it is a filtered ¢-module over F'. From [Ber04, Théoreme I11.4.4] and [Abh25, The-
orem 1.7 & Remark 1.8] we have the following:

Theorem 3.15. Let N be a Wach module over A}, and V := Tp(N)[1/p] the associated crys-
talline representation of Gg from Theorem 3.9. Then, we have that (N/uN)[1/p] = Deris(V)
as filtered p-modules over F'.

From Theorem 3.15 we have a surjection Fil* N [1/p] — Filchris(V), and we would like to
determine its kernel.

Lemma 3.16. Let N be a Wach module over A;. Then, for any k € Z, the following sequence
is exact:

0 — Filk "IN 25 Filk N — Fil*(N/uN) — 0. (3.5)
In particular, we have that Ker (Fil*N[1/p] — Fil*Deys(V)) = pFil*"IN[1/p]. Moreover, by
taking the associated graded pieces, we obtain natural isomorphisms (gr*N)/u(gr*~1N) =
gt*(N/uN) and (gr* N{1/p])/u(gr* " N[1/p]) = gr* Deris(V).

Proof. Exactness of (3.5) easily follows from Lemma 3.14 (2). Then, by taking the associated
graded pieces, we obtain the following exact sequence:

0 — gr* N X5 ol N — gr*(W/uN) — 0.
Rest of the claims easily follow from these observations. |

Remark 3.17. The Nygaard filtration on a Wach module N over A} is stable under the action
of . Therefore, for any g in I'r and k € Z, using Lemma 3.14 (2) we sce that (g — 1)Fil*N C
(Fil*N) N uN = pFil* 1N,

Finally, let us check the compatibility of the Nygaard filtration with exact sequences of Wach
modules over A;. So consider the following A;,C—linear and (¢, I'r)-equivariant exact sequence of
Wach modules over Af:

0 — Ny — Ny — N3 — 0. (3.6)

Lemma 3.18. For k € Z, we have that Ny N Fil* Ny, = Fil* N;.

Proof. Let D; :== Ap ® 4+ N;, for i = 1,2. Note that we have Ny := D1 N Ny C Ds. So, if z is in
F

N1 NFil* Ny, then we see that o(z) is in Dy N [p]];Ng, ie. [p]q_kcp(x) is in Dy N Ny = Nj. Hence,
we get that z in Fil*N;. |
Remark 3.19. For any j,k € Z, we have that N} N @/Fil* Ny = 1/Fil*N;. Indeed, using the
same notation as in the proof of Lemma 3.18, we note that if x is in Ny N i/ No, then we may
write z = p/y for some y in Ny, and we see that y = p 72 is in D1 N Ny = Ny, i.e. z is in p? Ny.
Combining this with Lemma 3.18 we get the claim.

The statement of Lemma 3.18 can be strengthened after inverting p. More precisely, we have
the following:

Proposition 3.20. The following sequence is exact for each k € Z:

0 — Fil*Ny[1/p] — Fil* Ny[1/p] — Fil*N3[1/p] — 0. (3.7)
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Proof. For each i =1,2,3 and r € Z, from Remark 3.12 note that p~"N;(r), where (r) denotes
a twist by X", is again a Wach module over AL, and (3.6) is exact if and only if the following
sequence is exact:

0 — pu "Ni(r) — p "Na(r) — p~"N3(r) — 0.
Now, let P; := N;[1/p] for i = 1,2,3, and by using Lemma 3.14 (1), note that we have
Fil*"(u~"Pi(r)) = p"Fil*P;(r). Therefore, we see that (3.7) is exact if and only if the fol-
lowing is exact:
0 — Fil* " (u " Py(r)) — Fil* " (u " Pa(r)) — Fil*F " (u " Pa(r)) — 0.
In particular, without loss of generality we may assume that each V; is an effective Wach module
over A}, for i € {1,2,3}, in particular, Fil°N; = N; and Fil’P, = P;. We shall prove the claim

by induction on k € N. So let us assume the claim for & — 1, and consider the following diagram:

0 0 0
0 —— pFil*'Pp ——— Fil*P, ——— Fil*(P/uP)) —— 0
0 —— uFilF'p, — S Fikpy — Fil*(Py/uPy) —— 0 (3.8)

0 —— pFil*'Py —— (Fil*P,) /(Fil*P;) —— Fil*(Ps/uP3) —— 0

0 0 0.

In (3.8), note that the top and the middle rows are exact by (3.5) in Lemma 3.16, and the
left column is exact by the induction assumption. In the middle column, using that P, =
(Ap ® 43 P1) N Py C Ap @ 4 Py, it easily follows that Fil*P, C Fil*P,. Now, let V; := Vi (P),
for each i = 1,2, 3 (see Remark 3.11). Then, from Theorem 3.15, we have filtered isomorphisms
Fil*(P;/uP;) = Fil® Dois(V;). Recall that Dy is an exact functor, and in the category MF ()
(see Section 2.2) exact sequences are compatible with filtration. So we get that the right column
in (3.8) is also exact. Hence, it follows that the bottom row in (3.8) is exact. Now, consider the
following commutative diagram with exact rows:

0 —— Fil*P, —— Fil*P, —— (Fil*R,)/(Fil*P) —— 0

| | |

0 P P, P 0,

where the left and middle vertical arrows are natural injective maps, and the right vertical
arrow is injective because FilkPl =P N FilkPQ C P, (see Lemma 3.18). Moreover, chasing an
element of (Fil*P,)/(Fil*P;) easily shows that the right vertical arrow factors as injective maps
(Fil*P,) /(Fil*Py) < Fil*P; < Ps. In particular, the discussion above induces a natural map
from the bottom exact row of (3.8) to the exact sequence (3.5) for P3 (see Lemma 3.16):

0 —— pFil*'Py —— (Fil*Ry)/(Fil*P,) —— Fil*(P3/uP3) —— 0

H | H

0 —— pFil* Py — 5 FilkPy ——— Filk(Py/uP3) —— 0,
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where the middle vertical arrow is injective. By five lemma, it follows that (Fil* P,)/(Fil*Py) =
Fil* P;, thus proving the claim. |

Remark 3.21. The statement of Proposition 3.20 is of independent interest, and should be seen
as a statement parallel to the fact that an exact sequence in the category MFE () is strict, i.e.
it remains exact on filtrations. Moreover, Proposition 3.20 also ensures that the functor from
the category of Wach modules over A;[l /] to the category of complexes of Z,-modules given as
N — 8°(N) (see Definition 4.1), i.e. by sending N to the syntomic complex with coefficients in
N, is an exact functor.

3.3.2. Filtration on Wach modules over S. Let M be a Wach module over S. We equip
M with a decreasing filtration called the Nygaard filtration as

Fil*M := {z € N such that ¢(z) € j*M}, for k € Z. (3.9)

From the definition it is clear that M is effective if and only if Fil°’M = M. Now, let N :=
A} ®g M, and note that the natural S-linear map M — N is injective and (p, I'p)-equivariant.
Moreover, it is easy to see that Fil*M = M N Fil*N c N, where the Nygaard filtration on N
was defined in (3.4). Similar to Lemma 3.14, we claim the following;:

Lemma 3.22. For all k € Z, we have that Fil* M N oM = poFil* P M ¢ M[1/p0).

Proof. From Lemma 3.14, note that we have Fil*N N uN = pFil* ' N. Moreover, recall that
Lo is given as the product of uP~! with a unit in AF. Therefore, it follows that Fil*N N poN =
Fil*N N pp~'N = pP~'FilF PN = poFil*P*IN. Hence, we obtain that Fil*M N oM =
Fil* N N oM = poFil* PN N oM = poFil* P11, [ |

Next, we equip the Op-module M/ugM with a filtration Fil*(M/uoM), for k € Z, and
given as the image of Fil*M/ under the surjection M — M /oM. Moreover, we equip the
Op-module N/uN with a filtration Fil*(N/uN), for k € Z, and given as the image of Fil* N
under the surjection N — N/uN (see Section 3.3.1). From Proposition 3.6, we have that
the natural S-linear and (¢, I'r)-equivariant map M — N induces an Op-linear isomorphism
M /oM —s N/uN compatible with the respective Frobenii. Then, we claim the following:

Lemma 3.23. The natural isomorphism M /ugM — N/uN induces an Op-linear isomorphism
Fil*(M/poM) = Fil*(N/uN), for each k € Z.

Proof. Consider the following (p, I'r)-equivariant commutative diagram:

0 —— poFil* PN —— FilkM —— Fil*(M/puoM) —— 0

i l l (3.10)

0 —— pFil* !N —— Fil*N —— Fil*(N/uN) —— 0,

where the top row is exact by Lemma 3.22, and the bottom row is the exact sequence (3.5) in
Lemma 3.16. Now, it is clear that poFil* P*'M ¢ pFil*~'N N Fil*M (since pp is the product
of pP~1 with a unit in AJIE, see Section 2.1). Conversely, note that we have pFil* 1N nFil*M ¢
uN N M NFi*M = poM NFilFM = poFil*PT1 M. Therefore, it follows that the right vertical
arrow in (3.10) is injective, and we claim that it is surjective as well. Indeed, let = be an element
of Fil*(N/uN), and let 3 in M be a lift of x, under the composition M —» M /ugM —+ N/uN.
Then, via the natural S-linear and (¢, I'r)-equivariant injective homomorphism M — N, we see
that y is in N and a lift of z. In particular, we get that y is in Fil* N 0 M = Fil* M. Taking the
image of y under the map Fil*M — Fil¥(M/uoM) gives a lifting of 2 under the right vertical
map of (3.10). Hence, we obtain that Fil*(M/ugM) = Fil*(N/uN). |
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Now, note that (M/uoM)[1/p] is a g-module over F' since p = p mod poM, and M /ugM is
equipped with a filtration Fil*(M/uoM) as above. We equip (M /uoM)[1/p] with the induced
filtration Fil* (M /puoM)[1/p]) := Fil*(M/puoM)[1/p], and note that it is a filtered p-module over
F. By combining Theorem 3.15 and Lemma 3.23, we get the following:

Theorem 3.24. Let M be a Wach module over S and V := Tr(M)[1/p] the associated crys-
talline representation of Gp from Theorem 5.13. Then, we have that (M/uoM)[1/p] —
Deis(V') as filtered p-modules over F.

From Theorem 3.24 we have a surjection Fil* M([1/p] = Fil* Deis(V), and we would like to
determine its kernel.

Lemma 3.25. Let M be a Wach module over S. Then, for any k € Z, the following sequence
s exact:

0 — Filk=PHiar 290 FilkM — Filk(M/poM) — 0. (3.11)
In particular, we have that Ker (Fil* M[1/p] — Fil* Deis(V)) = poFil* P M[1/p]. Moreover, by

taking the associated graded pieces, we obtain natural isomorphisms (gr® M) /uo(gr* P+ M) =
gt* (M/poM) and (gr* M[1/p])/po(gr" P+ M[1/p]) = gt* Dexis(V).

Proof. Exactness of (3.11) easily follows from Lemma 3.22. Then, by taking the associated
graded pieces, we obtain the following exact sequence:

0 — grfPHiar 20 ok A — orb (M /M) — 0.
Rest of the claims easily follow from these observations. |

Remark 3.26. The Nygaard filtration on a Wach module M over S is stable under the action
of Tg. Therefore, for any g in 'y and k € Z, using Lemma 3.22 we see that (g — 1)Fil*M C
(Fil*M) 0 poM = poFil* P17

4. SYNTOMIC COMPLEXES AND GALOIS COHOMOLOGY

In this section, we will define syntomic complexes with coefficients in a Wach module over A}
and S, respectively, and show that — after inverting p — our complexes compute the crystalline
part of the Galois cohomology of the associated crystalline representation (see Theorem 4.2 and
Theorem 4.15).

4.1. Syntomic complex over Aj. Let N be a Wach module over A}, and define an

operator V, := 7771: N — N. From Remark 3.17, note that we have V,(Fil*N)  Fil*"! N, for
each k € Z.

Definition 4.1. Define the syntomic complex with coefficients in N as

(Vq’1_<P)

S*(N): FilON Vo179 -1y g v (TPlae VT,

N, (4.1)

where the first map is given as  — (V4(z), (1 — ¢)x), and the second map is given as (z,y) —
(1 = [plgp)z = Vq(y)-

The goal of this section is to show the following claim:

Theorem 4.2. Let N be a Wach module over A} and V- = Tr(N)[1/p] the associated p-adic
crystalline representation of Gg from Theorem 3.9. Then, we have a natural isomorphism, for
each k € N,

H*(S*(N))[1/p] = Hf(GF,V).
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Proof. The claim for H]Q follows from Lemma 4.5. For H} recall that from Remark 2.5 we have

a natural isomorphism

Hi(Gp,V) = Extﬁep&is(GF)(Qp, V).

Moreover, from Remark 3.11 the functors Ng and its quasi-inverse Vi are exact. Therefore, we
have a natural isomorphism
Ext!

[P]q
JT'r)-Mod
(pL'r) ati/p)

(AF (/5] NIL/P) =5 Bxth oy (Qpe V).

Combining these observations with Corollary 4.7, we get a natural isomorphism
HY(S*(N))[1/p] = H}(GFR, V).

Finally, note that the Wach module N over A} can always be written as a twist of an effective
Wach module over A}, and similarly, the representation V' = Tr(N)[1/p] is the twist of the
corresponding positive crystalline representation (i.e. all Hodge—Tate weights less than or equal
to 0) by a power of the cyclotomic character (see Remark 3.12). Therefore, the claim for H]%
follows from Proposition 4.8, thus completing our proof. |

Remark 4.3. Let us consider the following diagram of complexes:

P i ik N 0 o § VAR N . e i AN N

| l

Fioy 0N ppiv g v TN (4.2)

| l

Fil°(N/uN) —=% & N/uN,

where the vertical arrows are natural maps, and the complex in the middle row is isomorphic to
the complex S®(V) in (4.1). Let V := Tr(N)[1/p] from Theorem 3.9. Then, after inverting p and
using Theorem 3.15, we see that the complex in the bottom row of (4.2) is the same as the complex
D*(Deris(V)) in (2.9). Moreover, note that in (4.2), the middle column is exact by Theorem 3.15,
and the left-hand side column is exact by (3.5) in Lemma 3.16. Therefore, by Theorem 4.2 and
Corollary 2.7, it follows that the diagram (4.2) induces a natural quasi-isomorphism of complexes
S*(N)[1/p] = D*(Deris(V)-

Remark 4.4. In [BK90, Equation (3.7.3)], Bloch and Kato also defined an integral version of
the Bloch-Kato Selmer group. Namely, if 7" is a finite free Z,-representation of G, then using
the natural map ¢: H'(Gp,T) — HY(Gr, T[1/p]), they set H}(GF,T) = L_I(H}(GF,T[l/p])).
Now, assume that 7[1/p] is crystalline, and let N := Np(T) denote the Wach module over A}
associated to 7. Then, in light of Theorem 4.2, it is natural to ask whether H*(S®(N)) computes
H}(G rT).

The answer to the preceding question does not appear to be positive for ¢ = 1 because
the Wach module functor does not preserve short exact sequences (see Remark 3.11). One could
possibly remedy this shortcoming by enlarging the category of Wach modules to include “torsion”
Wach modules. In this direction, we expect that ideas appearing in [Bha23] could provide useful
insights in gaining a better understanding of integral structures. On the other hand, note that
the quasi-inverse functor T from Theorem 3.9 preserves short exact sequences. Indeed, the

functor T naturally factors through (¢, T’ F)—Modf]}? — (o, T F)—Mod‘fzfp = Repczr;S(G r), where

the left functor is exact (see Remark 3.3), and the right equivalence is also exact (see Section
2.2). So it is reasonable to expect that H*(S®*(N)) computes a subspace of H}(GF, T).

In the rest of this section, we will compute the cohomology of the complex S®(N) from (4.1).
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4.1.1. Comparing H? and H'. In this section, we shall compute H® and H' of the complex
S*(N).

Lemma 4.5. Let N be a Wach module over AL and T = Tr(N) the associated Z,-representation
of Gg from Theorem 3.9 such that T[1/p] is crystalline. Then, we have a natural isomorphism

H(S*(N)) = (Fil°N)#=1Va=0 =, 7Cr,

Proof. Note that a simple computation shows that we have (Fil’ N)#=1Ve=0 — (Fil° N)¢=17=1 =
N¥=17=1 Now, let M := N7 and recall that we have an Af-linear and (i, I'p)-equivariant
isomorphism AL ®s M =5 N (see Proposition 3.6). Therefore, we see that N¥=17=! =
(Af ®@s M)#P=17=L = Me=lo=l = pe=Ltlo = N@=LIr where the third equality follows by
the continuity of the action of I'g on M. Moreover, note that (AL[1/u])?= = Op, therefore,
a similar argument shows that we have (N[1/u])?=17=! = (N[1/u])?=''F. We claim that
Ne=Lr=l — (N[1/u])?=17=1. Indeed, let (x/p*) be in N[1/u]#=57=1 for some 2 in N and
k € Z. Then, it is enough to show that x is in ¥ N. Note that 7 is a topological generator of
Iy, and we have v(z) = (y(u)*/u*)z. So, reduction modulo u gives v(z) = x(v)*z mod uN.
Since T'p acts trivially on N/uN and x ()% — 1 is a unit in AL[1/p], we obtain that x is in
uN[1/p]NN = uN. Iterating this k times, we obtain that x is in x* N, as claimed. In particular,
we have that N¥=LI'F = (N[1/p])?=bI'F | and it remains to compute the latter term.

From Proposition 3.10, recall that for a certain ring A™ equipped with a natural action of
(p, Gr), we have an AT [1/p]-linear and (¢, Gr)-equivariant comparison isomorphism A*[1/u]® At

N =5 A*[1/p] ®z, T. Moreover, we have that (A")#F = A} and (AT[1/4])?=! = Z,, and the
action of ¢ and Gr commute with each other, therefore, by taking the fixed points of the pre-
ceding isomorphism under the action of ¢ and G, yields

(N[L/u))#= T = (AF[L/p] @ 4 N)P=16F S5 (AT (1) @2, T)9=10F = TOF.
F
This allows us to conclude. [ |

Notation. Let NV and N’ be two Wach modules over A;. We say that a Wach module F over A';
is an extension of N by N if it fits into a (p, I')-equivariant exact sequence of Af-modules, 0 —
N’ — E; — N — 0. Two extensions E; and F5 are equivalent if there exists a (o, I')-equivariant
commutative diagram of A;—modules with exact rows:

0 N Ey N 0
|
0 N E N 0,

Let Ext!

w1, (N, N') denote the set of equivalence classes of extensions of N by N'.
(»,T'F)-Mod A

+
F

Proposition 4.6. Let N be a Wach module over AJ},C. Then, we have a natural bijection of sets

1/ Qe ~ 1 +
H (S*(N)) — EXt(cp,FF)-Mod[p]f(AF’ N). (4.3)
AF
Proof. To prove the claim, we shall construct a map
a: H'(S*(N)) — Ext! (AL, N),

(%FF)-MOdE:]f
F

and show that it is bijective by constructing an inverse map. Let (z,y) represent a class in
H'(S*(N)), i.e. we have z in Fil™!N and y in N such that (1 — [p],p)z = V,(y). Set E; :=
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N & AL - e with y(e) = pz +e, p(e) = y + e and g(e) = e, for g a generator of I'yoy — F
Clearly, F7 is a Wach module over A;,C. Moreover, by sending e to the identity element in AJ},C,
we obtain an exact sequence of Wach modules over A;,

0— N— E; — AL — 0,

This represents an extension class of AL by N, and we set a[(z,y)] = [E1], where we represent
cohomological (resp. extension) classes with “[]”. To show that « is well-defined we need to show
that the extension class [E1] is independent of the choice of the presentation (z,y). Indeed, let
(«',y') be another presentation such that @’ —z = Vg (w), ¥ —y = (1 — ¢)w for some w in
Fil’N. Then, similar to above note that Ey := N @ A}, - ¢/, with y(¢/) = pa’ + ¢/, g(e/) = ¢
and p(e’) =y’ + €, is a Wach module over A}, and an extension of AL by N. Let us define an
A}—linear map f: Ey — FE5 given as identity on N, and we set f(e) = ¢/ —w. Then, f is bijective
because we may define f~': Ey — Fj, given as the identity on N, and by setting f~!(¢/) = e+ w
it is easy to verify that f o f~! =id and f~!o f = id. From the formulas 2/ — 2z = V,(w) and
v —y = (1 — @)y it follows that f and f~! are (¢, 'r)-equivariant. Now, consider the following
diagram with AF—linear maps and exact rows:

0 N E, AL 0
|
0 N Ey Ak 0.

The left square commutes by the definition of f. Moreover, the A}—linear map Fp — A} sends
e — 1, and the A}C—linear map Fy — Alfﬂ sends €’ — 1, therefore, it follows that the right square

commutes as well. Hence, E1 and FEs represent the same extension class of Aljt by N, in the

[plq
A

category (¢, I'r)-Mod" . In particular, « is a well-defined map.
F

Next, let us construct an inverse of o which we will denote by 5. Consider an extension of
Wach modules over AJ},C as
0— N— E; — Af — 0.

We write £ = N @ A; - e, where e in F is a lift of the identity element in A}, and we have
(y—1)e = zand (1—p)e = y for some y, z in N. But, then we have that p(e) = e—yisin Ey, i.e.
e is in Fil’Ey. Therefore, we get that z = (y —1)e is in NN uFil ' E; = uFil !N, where the last

equality follows from Remark 3.19. In particular, we obtain that V,(e) = L;Lle = z, for some

z in Fil”' N. By the commutativity of the action of ¢ and v, we get that (1 — [p],¢) o V() =
Vg0 (1 —¢)e, or equivalently
(1 = [Plap)r = Vq(y).

Therefore, we see that (z, i) represents a cohomological class in H'(S®*(N)), and we set 3([E1]) =
[(x,y)]. Let us first show that the class [(z,y)] is independent of the lift e in F; of the identity
element in A}. So, let ¢’ in E denote another lift of the identity element in A}.. Then, similar to
above we have that ¢ is in Fil’E, and there exist 2’ in Fil"' N and ' in N such that V,(¢/) = ',
(1—p)e =y and (1 — [plgp)z’ = V4(y'). Moreover, from Lemma 3.18, we note that w = ¢’ —e
is in Fil’EN N = Fil’N, in particular, we get that 2’ = x + V,(w) and ¥/ = y + (1 — ¢)w. Since
(1 —[plgp) o Vg = V40 (1 —p), therefore, we conclude that (z,y) and (2, y’) represent the same
class in H'(S*(N)). Now, to show that 3 is well-defined, we must show that the class [(z,y)]
is independent of the presentation F; of the extension class [E1]. So let Es denote another
presentation of the extension class [E1], i.e. Ey is a Wach module over AIJZ, and there exists
a (o, T'p)-equivariant isomorphism f: E; — E» fitting into the following (¢, I'r)-equivariant
commutative diagram of A;—modules with exact rows:
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0 N E, AL 0
|
0 N Ey Ak 0.

Let €’ in E5 denote a lift of the identity element in AJI,C, and arguing as above we have that e is
in Fil’ B, and there exist some 2” in Fil "' N and 3" in N such that V,(e”) = 2", (1 — p)e” ="
and (1 — [plyp)z” = V,4(y"). Then, from the commutative diagram above we have that f~!(e”)
in F; denotes a lift of the identity element in AL, therefore, it follows that f~1(e”) is in Fil°F;,
and Vo (f1(e") = ", (1 — @) f 1 (e") =" and (1 — [plg) f~1(2") = V4(f 1 (3"). Using that
the extension class [E]] is independent of the choice of a lift in Fj of the identity element in
AFL, it follows that (z,y) and (2", ") represent the same cohomological class in H!(S*(N)). In
particular, we obtain that [ is a well-defined map.

Finally, it remains to show that the two constructions described above are inverse to each
other, i.e. «o3 = id and foa = id. Note that starting with a class [(z,y)] in H'(S*(N)) we may

construct an extension E of A} by N in (¢, I‘F)—Modf]f, such that [E] = «o[(z,y)], i.e. E may be
F

described using the pair (x, ). After applying 3 we obtain a class 3([E]) = [(z/, )] in H}(S*(N))

with a presentation (z’,4") depending on the choice of some lift in E of the identity element in

A7 Note that by construction, E admits two descriptions using (x,y) and (2/,/), respectively,

depending on the choice of the lift in E of the identity element in A;. As we have shown that the

class [E] is independent of this choice, therefore, it follows that [(z,y)] = [(2/,y")] = B o a[(z, y)]

in H'(S*(N)). Next, starting with an extension E of A} by N in (¢, FF)—ModEi}f, we may
F

construct a class [(z,y)] = B([E]) in HY(S®*(N)). After applying o, we obtain an extension class
[E'] = a[(z,y)], where E' is an extension of AL by N in (go,I‘F)—ModEf]f. By construction, we
F

may write E = N @ A} - e, with Vy(e) =z, g(e) =eand (1 —p)e =y, and E' = N® A} - ¢
with V,(¢/) = z, g(e) = e and (1 — ¢)¢’ = y. Now, note that the AL-linear map f: E — E',
defined using the identity on N, and by setting f(e) = €/, is a (¢, I'r)-equivariant isomorphism,
in particular, we have that [E] = [E'] = a o 5([E]). Hence, we have shown that the map « is a
natural bijection. |

Corollary 4.7. Let N be a Wach module over AL, and set Bf := AL[1/p]. Then, we have a
natural isomorphism of abelian groups:

HY(S*(N))[1/p] = H'(S*(N)[1/p]) = Ext,

(o) Moae (B NL/P])- (4.4)

q
Bf
Proof. The equality in (4.4) follows by inverting p in the complex S® (V). Moreover, arguing simi-
lar to the proof of Proposition 4.6 (after inverting p), and noting that (Fil* N[1/p]) = (Fil*N)[1/p]
(see Section 3.3.1), we see that there exists a natural bijection of sets

wl, (BE N[1/p]),
B

77l ~ !
o H(SYN)L/p) = Bxt o

with an inverse 3 given by a construction similar to the one described in the proof of Proposition
4.6. It remains to show that o and S are additive.

To this end, let us first explicitly describe the addition structure on the objects involved in
the maps o and 3. Let [(x,%)] and [(2', )] denote two classes in H'(S®*(N)[1/p]), i.e. we have
z,7" in Fil"'N and y, in N such that (1 — [p],p)z = V,(y) and (1 — [p],p)2’ = V4(y'). Then,
we see that [(z, )] + [(/,)] = [(z + o,y + 9/)] i H(S*(N)[1/p).

On the other hand, the abelian group structure on Ext! is described using the Baer sum (see
[Sta25, Tag 0101]). More precisely, if [E1] and [Es] denote two extension classes of B by N[1/p]
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in (¢, F)—Mod[Bp]f, then the class [E1] + [E2] is represented by the extension E in the following
F

(¢, T'r)-equivariant commutative diagram of Wach modules over B} with exact rows:

0 —— N[1/pl® N[1/p] —— E1® Ey —— Bf @By —— 0

2| J H

0 —— N[1/p| By Bf®Bf —— 0 (4.5)
| T [
0 —— N[1/p] E Bf 0,

where Fs is obtained as pushout by the sum map ¥: N[1/p] ® N[1/p] — N[1/p], and E is
obtained as pullback by the diagonal map A: B}' — B}' @ Bljf. More explicitly, arguing similar
to the proof of Proposition 4.6, for i = 1,2, we may write E; = N[1/p] @ B} - e;, where ¢; in
E; is a lift of the identity element in B}, and we have (y — 1)e; = uxz; and (1 — @)e; = vy,
for some z; in Fil"*N[1/p] and y; in N [1 /p]. Additionally, by the commutativity of the action
of ¢ and 7, we also have that (1 — [p]gp)xi = V4(yi). Then, in diagram (4.5), we note that
(e1,e2) denotes an element of Ey & E» lifting (1,1) in Bf & Bf.. Consequently, for the image
of (e1,e2) in E3, denoted as es, we have that (v — 1)es = u(x1 + z2), (1 — ¢)es = y1 + y2 and
(1 = [plge)(z1 + m2) = V4(y1 + y2). As we have that A(1) = (1,1) in Bf @ Bf, welet e in E
denote the pullback of ez, and note that e is a lifting of the identity element in B;. In particular,
we may write £ = N[1/p] @ B} - e, and we have (v — 1)e = p(x1 + x2), (1 — ¢)e = y1 + y2 and
(1 —[plgp)(z1 + 22) = V4(y1 + y2). Arguing similar to the proof of Proposition 4.6, it is easy to
see that the class [E] is independent of all the choices involved.

Now, we are ready to show that o and 8 are additive. So, let [(x,y)] and [(2’,y")] denote two
classes in HY(S*(N)[1/p]), and set [E] := a[(z,y)], [E'] := a[(2’,y')] and [E”] = o|(z+2', y+1)].
Then, using the explicit presentation of [E], [E'] and [E”] (similar to the one described in the proof
of Proposition 4.6), the description of Baer sum from the discussion above, and the independence
of these classes from the choice of their respective presentations, it follows that [E]+ [E'] = [E"].
In particular, we get that « is a morphism of abelian groups.

On the other hand, let [E] and [E3] denote two extension classes of Bj by N[1/p] in

(o, Tp)- Mod[p]Jr7 as in the previous paragraph. Then, we have that S([E;]) = [(z,¥:)], for
i=1,2, and ﬁ([ ]) = [(z1 + 22,91 + y2)]. So, it follows that

B([E1] + [Ea]) = B(E]) = [(z1 + z2, 1 + y2)] = [(w1,91)] + [(22, y2)] = B([E1]) + B([E)),

i.e. 8 is also a morphism of abelian groups. This completes our proof. |

4.1.2. Comparing H? rationally. For convenience in computations in this section, let us
rephrase our goal. Let V' be a p-adic positive crystalline representation of G, i.e. all its Hodge-
Tate weights are less than or equal to 0, and let T C V be a G p-stable Z,-lattice. Set V(r) :=
V ®q, Qp(r) and T'(r) := T ®z, Zy(r), for any r» € Z. From Theorem 3.9, recall that we have
Wach modules Ng(T') and Np(T(r)) = u~"Np(T)(r) over A}, and Af[1/p]-modules Np(V) =
Np(T)[1/p] and Np(V(r)) = p~"Np(V)(r). Let us denote the complex S*(u~"Np(T)(r))[1/p]
by S*(Np(V),r). Then, our goal is to show the following claim:

Proposition 4.8. The cohomology group H*(S®*(Ng(V),r)) vanishes. In particular, we have
that H*(S*(Np(V),r)) = HJ%(GF, V(r)) =0.

Proof. Let x be in Np(V(r)), and to prove the claim note that it is enough to show that we
can write z = V,(y) — (1 — [ply¢)2, for some y in Np(V(r)) and 2z in Fil"*Ng(V(r)). Write
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T = i—; ® €7, for some 2’ in Np(V) and €¥” an A}-basis of A% (r). Then, from Lemma 4.9 there
exist ¥’ and 2’ in Np(V) satisfying the following:

50 = V(i ® ) — (1= [plgp) (' ® 7).

Letting z = 2/ ®€®" and y = M7Z«/L1 ®€®", we see that x = V,(y) — (1 — [plqp) 2, with y in Np(V (1))
and z in Np(V)(r) C Np(V(r)). However, note that [pl,p(2) = 4+ 2 — Vy(y) is in Np(V (1)),
in particular, z is in Fil"' Nz(V (r)). Hence, we get the claim. [ |

Let €¥" denote an Af-basis of AL(r), and note that the following was used in Proposition
4.8:

Lemma 4.9. Let © in Np(V), then for 1 < k < r, there exist some y and z in Np(V) such
that,

20 ¢ =V, (ol © ) — (1 [ply) (2 © ).

Proof. Note that v is a topological generator of I'g, in particular, we have that x(v) is in 1+ pZ,.
Moreover, note that up to multiplying by some power of p we may assume that z is in Np(T).
Therefore, to prove the lemma, it is enough to show that for any = in Np(T") there exist some y
and z in Np(V') such that

2 = =L (9 ) — (1— [plye)( & ). (46)
Before proving the modified claim, let us recall that the action of I'r is trivial on Np(T')/uNp(T)
(see Definition 3.1), so for any = in Np(T') there exists some x1 in Np(T') such that (y—1)x = px;.
Using this, we shall prove the claim above by induction on k. So, let k¥ = 1, and note that we
have the following:
—1 r
T @) = G+ 350 @ € = (4 (L= [lap)a) @ €,

where 21 is in Np(V) following Remark 4.10. Upon rearranging the terms, we see that (4.6)
holds for k = 1. Now, we write u = (x(7)x)/v(p) in 1+ puAj, take 1 < k < r, and assume that
(4.6) holds for k — 1. Then, we have that

k—1 r—k+1 k—1 r—k+1
®@ry _ u"x(v) -1 ® u® " x(y ®
® ) = ey e @€+ R L @€

P (x(y
- (lk + M‘fﬁl) ® €®T

W
= 5 © ¥ + TR (s @ €®) — (1 - [plgp) (2 ® €7,

m

y—1

I

(u’“*l(x(v?“k“—l)

for some xy, yr and z; in Np(V), and note that the last equality follows by the induction
hypothesis. By rearranging the terms, we see that (4.6) also holds for any 1 < k < r. This allows
us to conclude. |

Remark 4.10. For any z in Np(T'), there exists some y in Np(7') such that (1 — [plyp)y = .
Indeed, note that the series (1 + [plyp + ([plgp)? + - - - ) converge as series of operators on Np(T)
since we have that [[}_, ¢*([p],) is in (p, )"+, for each n € N. In particular, we see that ([p],¢)"
is (p, u)-adically nilpotent, and we may take y = (1 + [plye + ([plgp)? + -+ )z in Np(T). It is
easy to see that a similar claim is also true for Np(V).

4.2. Syntomic complex over S. Let M be a Wach module over S, and define an operator

Vo = 77—01; M — M. From Remark 3.17 note that we have Vo (Fil*M) c Fil*"PT1 M, for each

kel
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Definition 4.11. Define the syntomic complex with coefficients in M as

_ _ap—1

S*(M): Filosr Y2 gty g g P EVOT, gy (4.7)
where the first map is given as z — (Vo(x), (1 — ¢)x), and the second map is given as (z,y) —
1= o)z — Vo(y).

Notation. Similar to the notation described before Proposition 4.6, we note the following: let
M and M’ be two Wach modules over S. We say that a Wach module E over S is an extension of
M by M’ if it fits into a (¢, ['g)-equivariant exact sequence of S-modules, 0 - M’ - E — M —
0. Two extensions E; and E, are equivalent if there exists a (¢, I'g)-equivariant commutative
diagram of S-modules with exact rows:

0 M Ey M 0
|
0 M E M 0,

Let Ext!

(¢.T0)-Mod?, (M, M'") denote the set of equivalence classes of extensions of M by M’.

Proposition 4.12. Let M be a Wach module over S. Then, we have a natural bijection of sets

HY(S*(M)) = Ext!

(¢,T0)-Mod? (5, M). (4.8)

Moreover, after inverting p, we have a natural isomorphism of abelian groups:

HY(S*(M))[1/p] = H'(S*(M)[1/p]) = EXt@,rO)-Modg (S[1/pl, M[1/p]).  (4.9)

[1/p]
Proof. For the bijection of sets in (4.8), note that the arguments given in the proof of Propo-
sition 4.6 easily adapts to our current setting. In particular, in the proof of Proposition 4.6
we can replace A;C with S and N with M, and work in the category (¢, T9)-Mod% instead of

(o, T F)—Mod[/f]f . Similarly, adapting the arguments given in the proof of Corollary 4.7 to our
F

current setting yields the isomorphism of abelian groups in (4.9). We omit the details to avoid
repetition. |

Now, recall that N := A; ®s M is a Wach module over A;? from Theorem 3.7. Our next
goal is to compare the syntomic complexes defined in (4.7) and (4.1) with coefficients in M and
N, respectively.

Proposition 4.13. The natural S-linear and (p,To)-equivariant map M — N induces a nat-
ural morphism of complexes S®*(M) — S*(N). Moreover, the natural map on cohomology
H*(S*(M)) — H¥(S*(N)) is bijective for k = 0,1 and injective for k = 2.

Proof. Let us consider the following diagram:

C* = FIIOM (v=1,1—¢p) MOFﬂfp+1M @ M (I—py=1)T ,UOM

J J J (4.10)

p* = FilON UM iy g v U N,

where the top row is isomorphic to the complex S®(M) in (4.7), the bottom row is isomorphic
to the complex S®*(N) in (4.1), and the vertical maps are induced by the natural S-linear and

(¢, Tp)-equivariant map M — N. In particular, (4.10) describes a natural morphism of complexes

S*(M) — S*(N).
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Now, note that each term of the complex D® in (4.10) admits an action of 'y — F,
which commutes with the action of ¢ and I'g. So, by Remark 2.1, the complex D*® admits a
decomposition as &F—) D?, where

. (77171750)

Dp = (FiION); M2 RN @ Ny DT

(1N );.
Using that M =+ Nj as (i, ['g)-modules over S, and the description of filtration on M in Section
3.3.2, it follows that C* — D§. Moreover, it is clear that we have H*(D®) = @f;olHk(D;). In
particular, the natural map H*(S*(M)) = H*(C®) — H¥(D®) <~ H¥(S*(N)) is injective for
each k = 0,1,2. Now, for k = 0, note that since we have Fil’M = (FilON)F; as (i, o)-modules
over S, therefore, by using Lemma 4.5 we get that

HY(S*(M)) =5 (Fil°M)#=17=1 = (FilO N)#=17=LFp

_ N¥=Ly=LF; _ Ne=LTr .~ HO(S'(N)).

Finally, for k£ = 1, let us consider the following diagram:

(4.8)

1/ Qe 1
HY(S* (M) — Bxt{_ o0 (S, M)
| L
1(Ge (4.3) 1 +
H(S8*(N)) —<— Ext 1o (A, V),

(.0 r)-Mod 7’

F

where the left vertical arrow is the natural map constructed above, and the right vertical arrow
is an isomorphism induced by the functor in (3.3) of Theorem 3.7, which preserves short exact
sequences. The diagram commutes by definition, and it follows that the left vertical arrow is an
isomorphism. This allows us to conclude. |

Remark 4.14. From the injectivity of the map H?(S®*(M)) — H?(S*(N)), it follows that we
have H2(S*(M))[1/p] = H?(S*(N))[1/p] = 0 (see Proposition 4.8).

Theorem 4.15. Let M be a Wach module over S and V- = Tr(M)[1/p] the associated p-adic
crystalline representation of G from Theorem 3.153. Then, we have a natural isomorphism, for
each k € N,

H*(8*(M))[1/p] = H}(GF, V),

Proof. The claim follows by combining Proposition 4.13, Remark 4.14 and Theorem 4.2. |

Remark 4.16. Similar to Remark 4.3, let us consider the following diagram of complexes:

poFil 1 OO Rt @ oM L2
pil0y O it e 2T (4.11)

| l

Filo(M/poM) ————— M/poM,

where the vertical arrows are natural maps, and the complex in the middle row is isomorphic
to the complex S®*(M) in (4.7) and may be seen as a subcomplex of the Fontaine-Herr complex
in (2.6). Now, let V := Tp(M)[1/p] from Theorem 3.13. Then, after inverting p and using
Theorem 3.24, we see that the complex in the bottom row of (4.11) is the same as the complex
D*(Deis(V)) in (2.9). Moreover, note that in (4.11) the middle column is exact by Theorem
3.24, and the left-hand side column is exact by (3.11) in Lemma 3.25. Hence, by Theorem 4.15
and Corollary 2.7, it follows that the diagram (4.11) induces a natural quasi-isomorphism of
complexes S®*(M)[1/p] =~ D*(Deris(V)).
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