PRISMATIC F-CRYSTALS AND WACH MODULES

ABHINANDAN

ABSTRACT. We show a direct equivalence between the category of analytic/completed prismatic
F-crystals on the absolute prismatic site of a small (unramified at p) base ring and the category of
relative Wach modules from the theory of (¢, I')-modules. The result is obtained by showing that the
data of the Galois action on a Wach module is equivalent to the data of a prismatic stratification on
the underlying (-module.

1. INTRODUCTION

Recent groundbreaking advances in integral p-adic Hodge theory have been brought on by the seminal
works of Bhatt, Morrow and Scholze on Aj,s-cohomology in [BMS18; BMS19], and of Bhatt and
Scholze on prismatic cohomology in [BS22]. In the latter theory, the study of prismatic F-crystals has
led to exciting applications towards the classification of p-divisible groups [AL.23], and more generally,
of all p-adic crystalline local systems over smooth p-adic formal schemes [BS23; DLMS24; GR24].
However, similar to the crystals appearing in the theory of crystalline cohomology of Grothendieck
and Berthelot, the prismatic F'-crystals are mysterious objects.

To unravel these objects, a common idea is to describe them is terms of certain equivalent and
computable data, for example, in the crystalline cohomology theory, one usually replaces crystals
with modules equipped with a flat connection as in [Ber74]. In the prismatic theory, several successful
attempts have been made to understand prismatic crystals in terms of more explicit data in various
settings, for example, crystals on the relative prismatic site in terms of generalised representations,
g-de Rham complexes and g-Higgs fields in [MT20; Tsu24], crystals on the relative/absolute prismatic
site in terms of twisted/absolute differential calculus in [GLO)22; GLQO23], Hodge-Tate crystals in
terms of Higgs fields in [Tia23] and prismatic (Laurent) F-crystals in terms of étale (p,I")-modules
and similar objects in [Wu21; DL21; MW21].

The aim of this article is to describe analytic/completed prismatic F-crystals of [DLMS24; GR24]
in terms of more explicit data. More precisely, our main result provides a direct equivalence between
the category of prismatic F-crystals over the absolute prismatic (ringed) site of a small (unramified
at p) base ring and the category of relative Wach modules (certain (p,I')-modules) introduced in
[Abh23b] (see Theorem 1.1). Morally, our result is obtained by showing that the data of the Galois
action (i.e. I'-action) on a Wach module is equivalent to the data of a prismatic stratification on
the underlying p-module (see Theorem 1.3). Note that the proof of the preceding equivalence is
highly non-trivial and constitutes the heart of this article. Moreover, our approach is different and
independent of all previous methods and (categorical equivalence) results in [BS23; DLMS24; GR24]
and [Wu2l; DL21; MW21].

Let us note that in the case that the base ring is a complete discrete valuation ring with perfect
residue field, Wach modules were studied in [Fon90], [Wac96; Wac97], [Col99] and [Ber04]. In this
case, using our methods, we also show that the classical Wach modules from [Wac96; Ber04] descend
to a smaller ring, beyond the Fontaine-Laffaille case treated in [Wac97] (see Theorem 1.5 and Remark
1.6). Furthermore, let us note that the theory of Wach modules (in the context of (¢, I')-modules) and
its relationship with crystalline representations in different settings was studied in [Abh21; Abh23a;
Abh23b].
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Besides being an explicit description of prismatic F-crystals, the usefulness of Wach modules stems
from its applications towards the computation of p-adic vanishing cycles via syntomic complexes. In-
deed, in order to generalise the computation of p-adic vanishing cycles via crystalline syntomic com-
plexes of [CN17], to the case of crystalline coefficients, in [Abh23c] we used the theory of Wach modules
from [Abh21] as an important ingredient. However, the results obtained in [Abh21] and [Abh23c] were
restrictive. Furthermore, note that in [BMS19], the authors defined a prismatic syntomic complex
for smooth p-adic formal schemes and compared it to the complex of p-adic vanishing cycles inte-
grally. Beyond the smooth case, similar comparison results have also been obtained in [AMMN22]
and [BM23], where the latter uses the theory of prismatic cohomology. The preceding results were
obtained for the case of constant coefficients and it is natural to ask the following: is it possible to
generalise [BMS19, Theorem 10.1] to arbitrary crystalline coefficients, i.e. can one define a prismatic
syntomic complex with coefficients in a prismatic F-crystal and compare it to the complex of p-adic
vanishing cycles? In our approach to providing an answer to the preceding question, the prismatic
interpretation of Wach modules from the current paper and the relationship between Wach modules
and crystalline representations from [Abh23b] will serve as crucial inputs.

1.1. A categorical equivalence. Let p be a fixed prime, x a perfect field of characteristic p
and Op := W(k), the ring of p-typical Witt vectors with coefficients in x and equipped with the
natural Witt vector Frobenius endomorphism. Let R denote the p-adic completion of an étale algebra
over the p-adically complete Laurent polynomial ring OF<X1i1, e ,de} such that its special fiber
Spec (R/pR) is connected. We take X := Spf R to be an affine p-adic formal scheme and consider its
absolute prismatic ringed site (X ,O ) in the sense of [BS22] (see Section 2.1). Let Vect®™¥(X )
denote the category of analytic prismatic F-crystals from [GR24] (note that one could also work
with the equivalent notion of completed prismatic F-crystals from [DLMS24], see Subsection 2.3 for
definitions and explanations).

Let R denote the R-algebra obtained by adjoining to R all p-power roots of unity and p-power
roots of X, for all 1 < i < d. Then R [l/p] is Galois over R[1/p] with the Galois group I'p :=
Gal(Roo[1/p]/R[1/p]) = Zp(1)? x ZX. Let Aint(Ro) := W(RY,), where R’ denotes the tilt of Ru
(see Subsection 1.6). Note that Ai,(Ro) is equipped with a Witt vector Frobenius endomorphism
¢ and a continuous action of I'p (see Subsection 3.1). Moreover, we have a subring Ag C Ajnf(Rso)
which is stable under the the action of (¢, I'r) on the latter (see Subsection 3.1.1); we equip Agr with
the induced structures. Let € := (1,(p,...) denote a compatible system of p-power roots of unity in
R’ and let ¢ := [¢] denote its Teichmiiller lift in Ajyf(Roo); set g := ¢—1 and [p], := (¢ —1)/(¢—1) in
Ainf(Roo). We denote the category of Wach modules over Agr (see Definition 4.1) as (¢, I’ R)—Mod[j];.

Now, let us note that the pair (Ag, [p],) is a prism, an object of X (see Lemma 3.10) and a cover
of the final object of the topos Shv(X ) (see Lemma 3.11). Moreover, the action of I'g on Ar induces
automorphisms of (Ag, [ply) in X (see Lemma 3.12). Evaluating an analytic prismatic F-crystal on
the prism (Ag, [p]q) gives a Wach module (see Proposition 5.1), and we have a well-defined evaluation
functor,

eV, VeCtan’gO(X ) — (‘vaR)_MOd[X}}Z (1 1)
F — F(AR,[plg)-

Our main result is the following claim:

Theorem 1.1 (Theorem 5.5). The evaluation functor in (1.1) induces an equivalence of categories
ev,, « Vect™ (X ) o (go,FR)—Mod[g];.

Our proof of Theorem 1.1 is direct, in particular, we do not assume the equivalence between crys-
talline Z,-representations and Wach modules over Ar from [Abh23b], or the catgeorical equivalence
results from [BS23; GR24; DLMS24]. As mentioned earlier, we show that “the Galois action on a Wach
module, i.e. the action of I'g, is equivalent to a prismatic stratification on the underlying ¢-module”.
Our approach is inspired by the work of [MT20], where the authors study coefficients for relative
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prismatic cohomology. However, the results obtained and the techniques employed in our proofs are
vastly diffferent from loc. cit. This stems largely from the fact that our respective settings are quite
different: we work over the absolute prismatic site of R and consider analytic prismatic F-crystals,
whereas in loc. cit., the authors work over the relative prismatic site and consider prismatic F-crystals
of vector bundles.

1.2. Crystals as modules with stratification. In order to prove Theorem 1.1, our first

course of action is to bring the source of the functor ev,  in (1.1) on an equal footing with the target
of that functor. This is achieved by interpreting analytic prismatic F-crystals crystals as certain
modules with stratification.

More precisely, let us note that (Ag, [plq) is a cover of the final object of the topos Shv(X ) (see
Lemma 3.11). We set Ar(e) to be the cosimplicial ring obtained by taking the prismatic Cech nerve
(Ag(e),I(e)) of (AR, [p]y) in X . Then, it is possible to describe the n't-term of Ag(e) in the site X
(see Construction 3.13), and in case n = 1, 2, we can describe Ar(n) very explicity (see the discussion
after Lemma 3.14). Now, let Strat®¥(Ag(e)) denote the category of “analytic” p-modules over Ar
equipped with a stratification with respect to Ar(e) (see Definition 5.6). Then by the general theory of
crystals, evaluation of analytic F-crystals on the simplicial object (Ag(e), I(e)) induces the following
natural equivalence of categories (see Construction 5.7 and Proposition 5.8).

eV ape) : Vet (X O ) 7 Strat™?(Ag(e)). (1.2)

1.3. Prismatic stratifications and Galois action on Wach modules. Our next course
of action is to relate ¢p-modules over Agr equipped with a stratification to Wach modules over Ar. So
let (N, £) denote an object of the category Strat® ¥ (Ag(e)), where N is a finitely generated Az-module
satisfying certain conditions and ¢ is a stratification on N with respect to Ar(e). Moreover, let us
note that the action of I'g on (Ag, [p]4) induces a natural action of Fé(nﬂ) on Ag(n), for each n € N.
Then, by using the action of F%{ on Agr(1) and the stratification €, we equip N with a continuous
action of I'p satisfying the properties of a Wach module over Ag from Definition 4.1 (see Construction

5.10). In particular, we have a well-defined natural functor,

eviimt : Strat™™?(Ap(s)) — (o, I'r)-Mod}, (1.3)

L
and we show the following:

Proposition 1.2 (Proposition 5.11). The following diagram is commutative up to canonical isomor-
phisms:

evAR(.>(1.2)

~

Vect®™#(X ) Strat®™ ¥ (Ag(e))

(1.3) [eviiat
evAR(lAl)

(¢, FR)—ModEf]}g.

From the diagram in Proposition 1.2, we see that in order to show that (1.1) induces a categorical
equivalence, it is enough to show that (1.3) induces a categorical equivalence. Therefore, we show the
following:

Theorem 1.3 (Theorem 5.12). The functor in (1.3) induces a natural equivalence of categories

R .

eIt Strat™™? (AR () < (9, T'r)-Mod}.
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In order to prove Theorem 1.3, we define a quasi-inverse to the functor in (1.3). More precisely,
given a Wach module N over Ag, we use the action of I'r on N to build a stratification on N with
respect to Ar(e) and obtain a natural quasi-inverse to the functor in (1.3),

Stratae) : (¢, Tr)-Mod ! —s Strat™#(Ag(e)). (1.4)

The construction of the stratification on a Wach module, using the action of I'g on it, is the main
technical heart of the paper. Our construction is given via a “3-step” argument. The three steps
correspond to the three subgroups of different nature making up the Galois group I'r. More precisely,
recall that T — Z,(1)% x Z; . Furthermore, Z 7 fits into the following exact sequence:

1—To—2Z) — Tior — 1,

where, for p > 3, we have that 'y — 1+4pZ, and for p = 2, we have that I'y — 1+44Z,. Moreover, for
p > 3, we have that T'ior — F;, and for p = 2, we have that I'to, — {£1}, as groups. Then the three
steps of our argument correspond to the groups Zp(l)d, I'tor and I'g. The case p = 2 is different from
the cases p > 3 and requires entirely different and quite technical arguments. While the arguments
involving Zp(l)d and I'g are “prismatic/crystalline” in nature and feature g-de Rham complexes, the
arguments involving the group I'to, feature some techniques commonly used in Iwasawa theory (see
Appendix A.2). We refer the reader to Subsection 5.2 for precise details on the construction of the
functor in (1.4).

1.4. Some descent results for Wach modules. The most important input for the con-
struction of the functor in (1.4) is the following comparison result (notations are explained after the
statement):

Theorem 1.4 (Theorem 4.5). Let N be a Wach module over Ar and consider the R-module M :=
(AR(1)/p1(p) ®py .4 N)TE, equipped with the tensor product Frobenius. Then M is a finitely generated
p-torsion free R-module and we have a natural (¢, 'g)-equivariant isomorphism

Ar(1)/p1(p) @py .- M — AR(1)/p1(1) @py,ap, N

Moreover, the preceding isomorphism induces a p-equivariant (after inverting p) isomorphism of
R-modules M — N/uN.

In Theorem 1.4, note that (Ar(1), [p]y) denotes the self product of (Ag, [p]y) in X and pi,p2 :
Ap — ARr(1) are the two projection maps to the two components (see Construction 3.13).

The statement in Theorem 1.4 is a descent statement for the action of I'g and involves the ring
Ag(1)/p1(u). Therefore, in order to prove the statement, one requires an understanding of the action
of I'r on the objects appearing in the statement and an explicit description of the ring Ar(1)/p1(u).
The latter is achieved in Proposition 3.25, where we use some computations of Tsuji on prismatic
envelopes and divided power rings (see Appendix B). Next, similar to the discussion in the previous
subsection, note that the descent for the action of I'g is quite technical. Our strategy is to prove the
statement via a “3-step descent” argument. The case p = 2 is different from the cases p > 3 and
requires entirely different and quite technical arguments. Note that while the arguments involving
Zp(l)d and I’y are “crystalline” in nature and feature de Rham complexes, the arguments involving
the group I, feature some techniques commonly used in Iwasawa theory. We refer the reader to
Subsections 4.2 and 4.3 for precise details on the descent isomorphism.

Now, let us assume that p > 3 and note that as a consequence of the proof of Theorem 1.4 (namely,
the descent step for the action of I'toy = F)), we obtain a descent statement for (classical) Wach
modules (see Remark 1.6). More precisely, note that we have Ar — R[u] as rings (see Subsection
3.1.1), and by transport of structrure, we equip the target with a Frobenius endomorphism and an
R-linear action of I'p. Let N be a Wach module over Ag, i.e. a finitely generated module over R[u],
equipped with an R[u]-linear Frobenius isomorphism ¢*(N)[1/[pl,] — N[1/[p],] and an R-linear and
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continous action of I'p commuting with Frobenius and such that the action of I' is trivial on N/uN.
Let us set,

po = =P+ Yaer,(L+ @)l and 5= po +p,

as elements of R[u] Fo Then, from Lemma 3.4, we have a (¢, '¢)-equivariant isomorphism of rings
R[uo] = R[u]F" and we show the following:

Theorem 1.5 (Proposition 4.19). Let N be a Wach module over Ar. Then Ny := NF? isa finitely
generated R[po]-module, equipped with a continuous and R-linear action of Ty such that the action
of Ty is trivial on No/poNo — N/uN, and we have a natural (¢, T r)-equivariant isomorphism of
R[u]-modules R[u] ®gpu,) No — N. Moreover, Ny is equipped with an R[uo]-linear isomorphism
©*(No)[1/p] = No[1/p], compatible with the action of Ty.

Remark 1.6. In Theorem 1.5, setting R = O shows that classical Wach modules over Ap = Op[u]

canonically descend to Wach modules over Op[uo] — A;” . Using somewhat different arguments,
this claim has also been proven in [Abh24, Theorem 1.7].

1.5. Relation to previous works. The theory of prismatic F-crystals was introduced in [BS23]
and its generalisation to analytic/completed prismatic F-crystals was studied in [DLMS24; GR24].
The theory of classical Wach modules was introduced and developed in [Fon90; Wac96; Col99; Ber(4]
and its generalisation to the relative case was introduced and developed in [Abh21; Abh23a; Abh23b].
Now, let us consider the following diagram (notations explained immediately afterwards):

EEN/T 1®op 7 10 (/T 1)

Vect?™ (X ) Vect?(X ,0 [1/1 1))
% Tet,
ev, (L1 |2 RepCZ‘";S(GR) — Repzp(GR) tevy, (1.5)
Nr Dgr

N?—)N@ARBR

(¢, FR)—Mod[ﬁ}}g (¢, FR)—ModéBtR.

In top row of the diagram (1.5), the top right corner denotes the category of Laurent F-crystals over
X (see [BS23] or Definition 1.5); in the middle row, Gr denotes the étale fundatmental group of
R[1/p] (see Subsection 1.6), the right-hand-term denotes the category of Z,-representations of G
and the left-hand-term denotes the category of lattices inside p-adic crystalline representations of
GR (see [Bri0g]); in the bottom row we have Br := Ag[l/u], equipped with an induced action
of (p,I'r) and the bottom right corner denotes the category of étale (p,I'r)-modules over Bpr (see
[And06]). The top horizontal arrow is a natural embedding from [GR24], the middle horizontal arrow
is easily seen to be a natural embedding and the bottom horizontal arrow is a natural embedding from
[Abh23Db, Proposition 3.15]. From the first to the second row, the slanted arrow Ty is the natural étale
realisation functor and an equivalence from [BS23] (see Lemma 2.13), and the slanted arrow 74" is an
equivalence from [GR24] (see Definition 2.25 and Remark 2.27); the upper square commutes using loc.
cit. From the middle row to the bottom row, the slanted arrow Dy is the natural étale (¢, I')-module
functor and an equivalence from [And06], and the slanted arrow Npg is the natural Wach module
functor and an equivalence from [Abh23b, Theorem 1.7]; commutativity of the bottom square follows
from the compatibility between the results of [Abh23b] and [And06]. Next, in the diagram (1.5), the
leftmost and the rightmost vertical arrows are evaluation functors, i.e. evaluation of an analytic (resp.
Laurent) prismatic F-crystal over the prism (Ag, [plq); the left vertical arrow is an equivalence from
Theorem 1.1. Note that the left-hand-side triangle commutes by comparing the explicit formulas for
the slanted arrow T§" in Definition 2.25 and the composition of the left vertical arrow ev,  in (1.1)
with the quasi-inverse of the slanted arrow N described in [Abh23b, Theorem 1.7], and similarly, for
the right-hand-side triangle. In particular, we obtain that the right vertical arrow is an equivalence
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(also see [Wu2l; MW21]) and the outer square commutes by the definition of the arrows. Hence, it
follows that the results of this article are compatible with previous constructions.

As mentioned earlier, our proof of Theorem 1.1 is direct and we do not assume the equivalence
between crystalline Z,-representations and Wach modules over Ar from [Abh23b], or the catgeorical
equivalence results from [BS23; GR24; DLMS24] and [Wu2l; MW21; DL21]. Furthermore, our ap-
proach is inspired by the work of [MT20], however, the results obtained and the techniques employed
in our proofs are different: we work over the absolute prismatic site of R and consider analytic pris-
matic F-crystals, whereas in loc. cit., the authors work over the relative prismatic site and consider
prismatic F-crystals of vector bundles, in particular, in this article we work with a non-commutative
group I'p which has an “arithmetic” part (see I'r in Subsection 1.6), in contrast with the commutative
and “geometric” I' considered in loc. cit.

1.6. Setup and notations. In this subsection we will describe the setup for this paper and fix
some notations which are essentially the same as in [Abh23b, Subsection 1.4]. We will work under the
convention that 0 € N, the set of natural numbers.

Let p be a fixed prime number, k a perfect field of characteristic p, let Op := W (k) denote the
ring of p-typical Witt vectors with coefficients in k and F' := Op[l/p], the fraction field of Op. In
particular, F' is an unramified extension of Q, with ring of integers Op. Let F denote a fixed algebraic
closure of F' so that its residue field, denoted as %, is an algebraic closure of k. Further, we denote by
Gr = Gal(F/F), the absolute Galois group of F.

Let Z = (Zy,...,Zs) denote a set of indeterminates and k = (k1,...,ks) in N® be a multi-index
and set Z¥ := Zfl - ZFs . We will write k — 400 to denote 3 k; — +o0. For a topological algebra
S, define

S(Z) = { Y kens ax Z¥, where ay € S and ax — 0 ask — +00}.

Fix d € N and let X1, Xs,..., X4 be some indeterminates. Let R be the p-adic completion of an
étale algebra over RY = Op(X{!,. .. ,Xdi1> with non-empty and connected special fiber. We fix an
algebraic closure Frac(R) of Frac(R) containing F. Let R denote the union of finite R-subalgebras

R’ C Frac(R), such that R'[1/p] is étale over R[1/p]. Let 7 denote the fixed geometric point of
the generic fiber Spec R[1/p| (defined by Frac(R)) and let Gr denote the étale fundamental group
7t (Spec R[1/p], 7). We can write this étale fundamental group as the Galois group (of the fraction

field of R[1/p] over the fraction field of R[1/p]), i.e.
Gr = 77" (Spec (R[1/p]),7) = Gal(R[1/p]/R[1/p)).

Next, set Foo := F(pp>), R 1= Uflle[,upoo,X-l/pw] C R and we will consider the following groups

(2

(see [Abh21, Subsections 2 & 3] and [Abh23a, Section 2]),

Hp = Gal(R[1/pl/Rec[1/p]), Hp = Gal(F/Fx)
T i= Gr/Hg = Gal(Ruo[1/p)/R[1/p]) = Z,(1)? % Z%, T := Gal(Fa/F) = Z
r := Gal(Roo[1/pl/ Ry )[1/p]) = Zp(1)?, Gal(R(pp)[1/pl/R[1/p]) = Tr/TR = T'r.

Note that the isomorphism x : I'r — Z; is given via the p-adic cyclotomic character, and therefore,
I'r fits into the following exact sequence:

1—Ty—Tpr—Tier—1, (1.6)

where, for p > 3, we have I’ — 1 + pZ, and for p = 2, we have 'y — 1+ 4Z5. Moreover, for p > 3,
we have Tyop — F,, and the projection map in (1.6) admits a section 'ty = F— Z) & Ty,
where the second map is given as a — [a], the Teichmiiller lift of a. Furthermore, note that for p = 2,
we have T'yoy — {F1}, as groups.

Let ¢ : RY — R denote a morphism extending the natural Witt vector Frobenius on O by
setting ¢(X;) = X7, for all 1 < i < d. The endomorphism ¢ of R is flat by [Bri08, Lemma 7.1.5] and

faithfully flat since p(m) C m, for any maximal ideal m C RY. Moreover, it is finite of degree p? using
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Nakayama Lemma and the fact that ¢ modulo p is evidently of degree p?. Recall that the Op-algebra
R is given as the p-adic completion of an étale algebra RY, therefore, the Frobenius endomorphism
¢ on RY admits a unique extension ¢ : R — R such that the induced map ¢ : R/p — R/p is
the absolute Frobenius = +— 2P (see [CN17, Proposition 2.1]). Similar to above, we again note that
the endomorphism ¢ : R — R is finite and faithfully flat of degree p?. Next, for k& € N, let Q]f%
denote the p-adic completion of module of k-differentials of R relative to Z. Then, we have that
Ok = @l | R dlogX; and Q% = AkQL.

Finally, let A = Roo or R. Then the tilt of A is defined as A” = lim, A/p and the tilt of A[1/p]
is defined as A[1/p]> = A’[1/p’], where p’ = (1,p"/?,...) in A® (see [Fon77, Chapitre V, Subsection
1.4]). Finally, let B be a Z,-algebra equipped with a Frobenius endomorphism ¢ lifting the absolute
Frobenius on B/p, then for any B-module M, we set ¢*(M) := B ®, 5 M.

1.7. Outline of the paper. In Section 2 we recall some basic definitions and results from
the prismatic theory. In particular, in Subsection 2.1, we recall the definition of prismatic site and
prismatic crystals from [BS22; BS23], and in Subsections 2.2 and 2.3 we recall the notion of prismatic
F-crystals and its variations from [B523; DLMS24; GR24], as well as, describe the étale realisation
functors. Section 3 is devoted to the study of the prism (Ag, [p]y) in detail. In Subsection 3.1, we
describe the ring Ar and study the structural properties of some of its subrings. In Subsection 3.2, we
show that (Ag, [p]q) is an object of (Spf R) , explicitly compute first few terms of its prismatic Cech

nerve (Ag(e),I(e)) in (Spf R) , and then study the action of I‘E(nﬂ) on Ar(n). Then in Subsection
3.3 we provide an explicit description of the ring Ar(1)/p1(p), where p; : A — A(1) is the first
projection map, and study the action of 1 x I'p C F%z on it. Finally, in Subsection 3.4 we study the
action of I'; on Ag(1) and carry out the “3-step” argument, described after Theorem 1.3, for constant
coefficients, i.e. the ring Ag, in order to compute various rings that will appear at various stages of
the proof of Theorem 1.3 in Section 5.

The goal of Section 4 is to state and prove Theorem 1.4. We begin by recalling the definition
of Wach modules and some of its properties from [Abh23b] and in Subsection 1.4 we describe the
g-connection on a Wach module and its scalar extensions originating from the natural action of I'g.
Then, in Subsection 4.2, we carry out the first step of the proof of Theorem 1.4, i.e. the descent for
the action of I, and in Subsection 4.3 we show the second and third steps, i.e. the descent for the
action of 'y = I'g x I'or. Note that the Subsection 4.3 is divided into two parts: the first part
deals with the case p > 3 where we also prove Theorem 1.5, and the second part deals with p = 2
which requires completely different arguments. Finally, in Subsection 4.4 we put everything together
to prove Theorem 1.4.

In Section 5, we state and prove Theorem 1.1. We begin by describing the functor ev 4, and then in
Subsection 5.1 we describe the relation between analytic/completed prismatic F-crystals and modules
with stratification, as well as, prove Proposition 1.2. Subsection 5.2 is dedicated to the construction
of stratification on Wach modules using the action of I'p via the “3-step” argument. This completes
the proof of Theorem 1.1.

In Appendix A.1, we recall some standard definitions that have been used throughout in the text.
Then in Appendix A.2 we describe the structure of modules admitting a continuous action of Z by
recalling some standard constructions of Iwasawa [Iwa59]. Appendix B has been adapted from some
notes of Tsuji and in that section we study the structure of certain §-rings and their reduction modulo
i, which is a crucial input for determining the structure of Ar(1)/p1(p) is Subsection 3.3.
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2. PRISMATIC SITE AND PRISMATIC F-CRYSTALS

In this section, we will recall some fundamental definitions and results on prismatic site and pris-
matic F-crystals from [B522; BS23] and analytic/completed prismatic F-crystals from [DLMS24] and
[GR24]. For some standard definitions used in this section, we refer the reader to Appendix A.1. We
start with the following:

Definition 2.1. A §-ring is a pair (A, ) where A is a commutative ring and § : A — A is a map of
sets with 0(0) = (1) = 0 and satisfying:

d(zy) = 2P6(y) + yPo(x) + pd(x)d(y),
P +yP — (v + y)p. (2.1)

Sz +y)=0d(x)+d(y)+ »

Remark 2.2. Given a é-ring (A, 0) define ¢ : A — A by the formula ¢(x) = 2P + pd(z), for any = in
A. This determines a lift of the absolute Forbenius on A/pA. Conversely, if A is p-torsion-free then
any lift ¢ : A — A of the absolute Frobenius on A/pA determines a unique d-structure on A.

Definition 2.3. An element d of a §-ring A is distinguished if §(d) is a unit.

2.1. Prismatic site and crystals. Let A be a d-ring, I C A an ideal; we will refer to (A, I) as
a d-pair.

Definition 2.4 (Prism, [BS22, Definition 3.2]). A d-pair (A, ) is called a prism if I C A defines a
Cartier divisor on Spec (A) such that A is derived (p, I)-complete and p € I + p(I)A. The category of
all prisms is the corresponding full subcategory of all d-pairs. The prism (A, I) is called perfect if A is
a perfect d-ring, i.e. ¢ : A — A is bijective. Finally, (A, I) is bounded if A/I has bounded p°-torsion.
A map (A, I) — (B, J) of prisms is (faithfully) flat if the map A — B is (p, I)-completely (faithfully)
flat.

Remark 2.5. If (A, 1) is a bounded prism then A is classically (p, I)-complete (see [BS22, Lemma
3.7]). A morphism of prisms (A, I) — (B, J) we induces an isomorphism I ® 4 B — J, in particular,
we have that IB = J (see [BS22, Lemma 3.5]).

Lemma 2.6 (Absolute prismatic site, [BS22, Corollary 3.12]). Let Spf (Z,) denote the category
opposite to that of the category of all bounded prisms (A,I) and endow it with a topology for which
covers are determined by faithfully flat maps of prisms. Then, Spf (Z,) forms a site. Moreover, the
functor O : Spf (Z,) — Rings (resp. I ) defined via (A,I) — A (resp. (A, I)— I) forms a sheaf
for this topology with vanishing higher Cech cohomology.

Definition 2.7 (Absolute prismatic site of X, [BS23, Definition 2.3]). Let X be a p-adic formal
scheme. Define the absolute prismatic site of X, denoted as X , to be the category opposite to that
of bounded prisms (A, I) which are equipped with a map Spf (4/I) — X, and endow X with the
topology induced by the flat topology on prisms. We will write O for the structure sheaf and denote
the ideal sheaf of the Hodge-Tate divisor by Z C O . Denote by Shv(X ) the co-category of sheaves
on X .

Proposition 2.8 ([BS23, Proposition 2.7]). Let X be a p-adic formal scheme and let Vect(X ,0O )
denote the category of vector bundles of O -modules. Then there is a natural equivalence

Vect(X ,0 )~ lim_ Vect(A).
(A eXx

Moreover, a similar statement holds after replacing O with O [1/T 7.

Let X be a quasisyntomic p-adic formal scheme. Then one can describe crystals on (X ,0 )
using the quasisyntomic site of X.



Prismatic F-crystals and Wach modules 9

Definition 2.9 (Quasisyntomic site of X, [BS23, Definition 2.9]). Define the quasisyntomic site of X,
denoted as Xqsyn, to be the category opposite to that of quasisyntomic morphisms Spf (R) — X and
endow Xqsyn With the topology induced by the quasisyntomic topology (see [BMS19, Definition 4.10
and Variant 4.35]). Define Xqrsp C Xqsyn to be the full subcategory spanned by objects Spf (R) — X
with R quasiregular semiperfectoid (see [BMS19, Definition 4.20 and Variant 4.35]).

Remark 2.10. By [BMS19, Proposition 4.31 and Variant 4.35], restriction of sheaves induces an
equivalence Shv(Xysyn) — Shv(Xqsp). The functor defined by sending any (Spf (R) — X) in Xgsp
to the initial prism g (see [BS22, Proposition 7.2]) gives a sheaf of rings o on Xqeyn; we write
I C ., for the ideal sheaf of the Hodge-Tate divisor.

Lemma 2.11 ([BS23, Proposition 2.14]). Let X be a quasisyntomic p-adic formal scheme. Then
there are natural equivalences Vect(X ,0 ) = Vect(Xgsyn, o) — limpex,,., Vect( g).

2.2. Laurent F-crystals. Let X be a bounded p-adic formal scheme and let X, denote the
generic fiber of X, regarded as a presheaf on perfectoid spaces over Q,.

Definition 2.12 (Laurent F-crystals, [BS23, Definition 3.2]). Define the category of Laurent F-crystals
of vector bundles on (X ,0 [1/Z ]}) as

Vect(X ,0 [1/T ]Q)s@=1 — (Alli)rgX Vect(A[l/I];,\)“":l,

i.e.any &€ in Vect(X ,O [1/Z ]}) is equipped with an isomorphism ¢g : ¢*& = E.

Lemma 2.13 ([BS23, Corollary 3.8]). Let Loc(X,,Z,) denote the category of étale Z,-local systems
on X,. Then there is a natural equivalence

Ty : Vect(X O [1/T ]0)¥=" =5 Locz, (Xy).
Passing to the associated isogeny categories we obtain

Vect(X ,0 [1/T ))?=! ®z, Qy — Locz, (Xy) ®z, Qp.

2.3. Prismatic F-crystals. In thissubsection we will recall the definition of prismatic F-crystals
and its analytic/completed variants.

2.3.1. Vector bundles. Let X be a p-adic formal scheme and let (A, I') denote a prism with ¢ its
Frobenius endomorphism.

Definition 2.14 (Prismatic F-crystals, [BS23, Definition 4.1]). Define the category Vect?(A) of
prismatic F-crystals of vector bundles on A as follows: an object is a pair (M, @) with M a finite
projective A-module equipped with an A-linear isomorphism @y @ (@*M)[1/I] — M][1/I]. Mor-
phisms between two objects are given as A-linear maps compatible with ¢ps. Say that (M, par) is
effective if ¢y carries ¢* M into M.

Define the category Vect?(X , O ) of prismatic F-crystals of vector bundles on X as follows:
an object is a pair (&, pg) with £ a vector bundle on (X ,O ) equipped with an isomorphism ¢g¢ :
(p*E)[1/Z ] = E[1/Z ]. Morphisms between two objects are maps of vector bundles compatible
with pg. Say that (£, pg) is effective if pg carries ¢*& into £.

~

Remark 2.15. From Proposition 2.8 and Lemma 2.11 we have equivalences Vect¥(X ,0 ) —
lim(AJ)EX Vectw(A) l) hmRGersp Vect‘P( R).
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2.3.2. Completed F-crystals. Let O be a finite ramified extension of O and take 7 in O to
be a uniformizer and E(u) in Op[u] to be its minimal polynomial.

Definition 2.16 (Completed prismatic crystals, [DLMS24, Definition 3.11]). Let X be a smooth
p-adic formal scheme over O . Define the category CR"(X ) of finitely generated completed crystals
of O -moduleson X as follows: an object is a sheaf £ of O -modules on X satisfying the following:

(1) For each (A,I)in X | the evaluation of £ on (4,1), i.e. £(A) := E(A, I), is a finitely generated
and (p, I)-complete A-module.

(2) For every morphism (A, 1) — (B,IB)in X , the natural map B®4E(A) — £(B) is an isomor-
phism, where we set BR4E(A) := lim, (B ®4 E(A))/(p, )"

Morphisms between two objects are morphisms of @ -modules compatible with completed base
change.

Remark 2.17. The category of completed crystals on X , denoted as CR"(X ), satisfies descent for
Zariski and étale topologies on X (see [DLMS24, Lemma 3.39, Remark 3.40]).

A p-adically completed Og-algebra S is called small if it is p-adically completed étale over a
p-adically complete Laurent polynomial Ox-algebra Og (X fﬂ, o ,Xdil), for some d € N. For such an
S there exists a unique Op-algebra R such that Ok ®o, R — S and R admits a lift of the absolute
Frobenius modulo p, which we take to be the one extending the Witt vector Frobenius on O and
such that ¢(X;) = X7?; denote the lift of Frobenius as ¢ : R — R. Let & = R[u] equipped with a
Frobenius endomorphism ¢ which extends the Frobenius on R by setting ¢(u) = uP. Then (&, E(u))
is an object of (Spf S) and called the Breuil-Kisin prism ([DLMS24, Example 3.4]).

Definition 2.18 (Completed prismatic F-crystals, [DLMS24, Definition 3.16, Definition 3.42]). Let
X := Spf S for S a small Og-algebra. Define the category CR™¥?(X ) of completed F-crystals of
O -modules on X as follows: an object is a pair (£, pg) with £ a completed prismatic crystal on
X such that we have an isomorphism ¢ : ¢*E[1/Z | = E[1/Z ]. Moreover, for the Breuil-Kisin
prism (&, E) in X , assume that the G-module £(&) is torsionfree, £(&)[1/p] (resp. £(S)[1/E]) is
finite projective over &[1/p| (resp. &[1/F]) and £(6) = £(S)[1/p] N E(S)[1/E] C E(S)[1/p,1/E].
Morphisms between two objects are given as maps of @ -modules compatible with ¢¢. Say that
(€, p¢) is effective if pg carries ¢*E into £.

Let X be a smooth p-adic formal scheme over Of. Define the category CR™¥(X ) of completed
F-crystals of O -modules on X as follows: an object is a pair (€, ¢¢) with £ a completed prismatic
crystal on X such that we have an isomorphism g : *E[1/Z | = E[1/Z ]. Moreover, there
exists an affine open covering X = Uyca U, by affine p-adic formal schemes, where Uy = Spf (5)) is
connected and small over Oy, and such that (£,¢¢)|y, is an object of CR™?(U A, )- Morphisms
between two objects are given as maps of @ -modules corﬁpatible with p¢. Say that (€, pg) is effective
if pg carries ¢*&€ into £.

Remark 2.19. Note that Definition 2.18 is slightly more general than loc. cit. in the sense that we
do not restrict ourselves to effective completed F'-crystals.

2.3.3. Analytic F-crystals. Let X be a p-adic formal scheme.

Definition 2.20 (Analytic prismatic crystals, [GR24, Definition 3.1]). Define the category of analytic
prismatic crystals of vector bundles over X as

Vect™(X ) := (A71[1)ré1X Vect(Spec (A) \ V(p, I)).

Lemma 2.21 ([GR24, Lemma 3.3]). Let X be a quasisyntomic p-adic formal scheme. Then, there
is a natural equivalence Vect™ (X ) = Vect™ (Xqsyn) 1= limpgex,,., Vect(Spec( g) \ V(p,I)).
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Let (A, I) be a prism and let ¢ denote the Frobenius endomorphism on A. Then we have that
o(l) C (p,I), since p(x) = 2P + pd(z) is in (p,I), for each = in I. In particular, the Frobenius
endomorphism ¢ on A preserves the subscheme Spec(A) \ V(p,I) and we will denote the induced
endomorphism on Spec (A) \ V(p, I) again by .

Definition 2.22 (Analytic prismatic F-crystals, [GR24, Definition 3.6]). Define the category Vect*™¥(A)

as follows: an object is a pair (M, ¢)s) with M a vector bundle on Spec (A) \ V(p, I) equipped with

an A-linear isomorphism ¢y : (9*M)[1/I] = M[1/I]. Morphisms between two objects are given as

maps of vector bundles compatible with ;. Say that (M, o) is effective if pps carries ¢* M into M.
Define the category of analytic prismatic F-crystals on X as follows:

we(x )= i v A 1)).
Vect™#(X ) 1= lim  Vect?(Spec(4) \ V(p. 1)

Say that (&, p¢) is effective if ¢ carries p*& into £.

Remark 2.23. From Lemma 2.11 we have an equivalence Vect® ¥ (X ) — Vect™¥(Xqgyn) :=
limpe Xy, Vect?(Spec( r)\ V(p, 1))

Remark 2.24. Let X = Spf (OF), then from [GR24, Proposition 3.8] note that the restriction functor
induces equivalence of categories Vect?(X ,O ) — Vect®#(X ).

2.3.4. Etale realisation functors. Now we introduce the étale realisation functors from the cate-
gory of (completed /analytic) prismatic F-crystals using Lemma 2.13. Let X be a p-adic formal scheme
and (£, ¢¢) and object of Vect® ¥ (X ). Consider the open embedding Spec(A[1/I]) C Spec(A) \
V(p,I), for any prism (A, I)in X ,andlet £[1/Z | denote the pullback of £ along this embedding, i.e.
it is an object of Vect?(X ,O [1/Z |]). Using the equivalence Vect?(X ,0 [1/Z ]}) — Locz,(X;)
from Lemma 2.13, we have the following:

Definition 2.25. Define the étale realisation functor for completed F-crystals as,
T¢ : CRM (X ) — Locz, (X5;)
(€, e) — (E1/T J®op/z 1O /T )77,
Similarly, define the étale realisation functor for analytic F-crystals as,
TE" : Vect™™ ¥ (X ) — Locz, (X))
(€.08) — (EN/T Jopz 1O /T )7

Remark 2.26. The étale realisation functor from Vect?(X ,O ) in [BS23, Construction 4.8] natu-
rally factors through the functor T/ (see [DLMS24, Proposition 3.43]) and T3" (see [GR24, Construc-
tion 3.9]) in Definition 2.25.

Remark 2.27. The essential images of T/ and T4" coincide and we have natural equivalences of
categories (see [DLMS24, Theorem 1.3] and [GR24, Theorem A]):

an

Th . 2
CRM?(X )—>:t Locz *(Xy) %:t Vect™™#(X ),

cris

where LocZ (X3) is the category of Zy-local systems L on X, such that L ®z, Q, is crystalline.

3. THE PRISM (Ag, [p],)

In this section, we will define and study a prism (Ag, [p],), which is of fundamental importance in
stating and proving the results in Sections 4 and 5. We will use the setup and notations from Subsection
1.6.
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3.1. Some important rings. Let R’ and R’ denote the tilt of R and R, respectively (see
Subsection 1.6). Set Ajnf(Roo) := W(R?) and Ap(R) = W(Eb) to be the ring of p-typical Witt
vectors with coefficients in RZO and Eb, respectively, and equipped with the Frobenius endomorphism
on Witt vectors and continuous (for the weak topology) I'g-action and G g-action, respectively (see
[And06, Proposition 7.2]). Moreover, from loc. cit., we have that Aj,f(Re) = Apng(R)HR. We fix
fii=e—1, where e := (1,(p, (2, ...) isin R’_ and let ¢ := [¢] be the Teichmiiller lift of € in Ajs(Roo).
Let p:=q—1and ¢ := pu/¢o (1) be some fixed elements of Aj,¢(Roo) and note that u = 7 mod p.
Then from the description of the weak topology on Ajnt(Reo) and Aje(R) in loc. cit., it is easy to see
that the weak topology on these rings is the same as the (p, u)-adic topology. Next, let us note that
we have (q) = ¢P and for any g in G, we have that g(¢) = ¢X\9), where  is the p-adic cyclotomic
character, in particular, we see that (1) = (1+ )P — 1 and g(1 4 ) = (1 + p)X(9). Furthermore, we

have a G g-equivariant surjection 6 : Aj,s(R) — C(R), where C(R) := R[1/p] and Ker 6 = £Ajy¢(R).
The map 6 further induces a I'g-equivariant surjection 6 : Aj¢(Roo) — }A‘Zoo, with Ker § = Ajnt(Roo)-

For 1 < i <d, we fix X! = (XZ-,XZ-l/p, Xil/pQ, ...) in R and we take {y1,...,74} to be topological
generators of I, such that 'yj(Xib ) = eX?, if i = j and 0 otherwise. Moreover, we may view I'p as
a subgroup of I'g and for any ¢ in I'r, we have gy;g~! = %?((g), forall 1 < ¢ < d. Let us also fix
Teichmiiller lifts [X?] in Ajnf(Roo)-

3.1.1. Thering Ar. Let Agdenote the (p, u1)-adic completion of the ring O [1] [X3]*FY, ..., [X7]F!].
Note that we have a natural embedding A C Ajuf(Rs) and Ap is stable under the induced Frobenius
endomorphism ¢ and the action of I'g (see [Abh21, Section 3]); we equip A with induced structures.
Moreover, we have an embedding ¢ : R¥ — Ap, via the map X; — [le ], for 1 < i < d, and it extends
to an isomorphism of rings R~[u] = Ag. Equip RP[u] with a Frobenius endomorphism ¢ extending
the Frobenius on R by setting ¢(u) = (1 4 p)? — 1 and note that the map ¢ is finite and faithfully
flat of degree p?*!. Additionally, equip R[] with an RP-linear continuous action of I'z by setting
g(1+p) = (1 + p)X9, for g in Tp. Then the embedding ¢ and the isomorphism RP[u] — A are
Frobenius and I' p-equivariant.

Let A denote the (p, 1)-adic completion of the unique extension of the embedding AE — Ainf(Roo)
along the p-adically completed étale map RZ — R (see [Abh21, Subsection 3.3.2]). Then we have a
natural embedding Ar C Ajuf(Ro) and note that Ap is stable under the Frobenius and I'g-action on
the latter; we equip it with induced structures. Moreover, note that the embedding ¢ : R~ — AJDr C Ap
and the isomorphism R°[u] = A} C Ag extend to a unique embedding ¢ : R — Ag and an
isomorphism of rings R[u] — Ag. Equip R[u] with a Frobenius endomorphism ¢ uextending the
Frobenius on R by setting ¢(u) = (1 + )P — 1 and note that the map ¢ is finite and faithfully
flat of degree p?*!l. Additionally, equip R[u] with an R-linear continuous action of I'z by setting
g1+ p) = (14 )X, for g in Tp. Then, it is clear that the embedding ¢ and the isomorphism
R[u] = Ag are Frobenius and I p-equivariant. In particular, the Frobenius endomorphism ¢ on Ag
is finite and faithfully flat of degree p?*! and we have p*(AR) = Ar @, An AR — Dap(AR)Uq, where
Uy = (14 p)*[X3]% - [X))% and @ = (ag, a1, . .,0q) is a (d + 1)-tuple with a; taking values in
{0,1,...,p— 1} for each 0 < i < d.

Remark 3.1. For R = Op, we will denote the ring Ar by Ap which is equipped with a Frobenius
endomorphism ¢ and a continuous action of I'p.

Next, let us fix the following elements inside Apg:

p_
[p]q = qqfll = %’
po = Dgepz (L+ w4 —1) = —p+ e, (1+ 1), (3.1)

Pi=ho+p=Taer,(1+ .

Remark 3.2. Note that for p = 2, we have po = p and [p]; = + 2 = p. However, such equalities do
not hold for p > 3. Let us also remark that we denote the sum —p + Zaer(l + )l as pg following
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[Fon94, Subsection 5.2.5], where Fontaine denotes our p by 7 and po by mp. Moreover, the notation
for p = po + p comes from [BL22, Subsection 3.8].

Lemma 3.3. The element p is the product of [pl, with a unit in Ap, in particular, both p and [p],
generate the same ideal inside Ap.

Proof. Note that Ap/[p]; = Op[(y] and we have [a] = a mod pZ,. Since ¢f =1 and p = > ,cr, (1 +

Wl we see that p = > acF, I[f} = EZ;(I) ¢y = 0 mod [py. In particular, p = [p],, for some z in Ap.
Moreover, since [p]; = p mod p and py = 0 mod p, we conclude that = 1+ py for some y in Ap, i.e.
z is a unit in Ap. This proves the claim. |

3.1.2. The ring R[uo]. From Subsection 3.1.1, recall that the ring R[] is equipped with a contin-
uous and R-linear action of I'r. Moreover, note that py = Zaer(l + )l is an element of R[u] and
it is invariant under the action of the subgroup F;; of I'r (see the discussion after (1.6)). Furthermore,
from Lemma 3.3, the element p is the product of [p], with a unit in R[u].

Now, consider an injective morphism of R-algebras R[z] — R[u] defined by sending z +— pup.
Denote the image inside R[u] by R[uo] and we will view the latter as the ring of formal power
series over R in the variable pg. Note that the canonical injective homomorphism of R-algebras
R[uo] — R[p] is continuous for the (p, up)-adic topology on the former and (p, o) = (p, 1)-adic
topology on the latter. Moreover, from the explicit description of g in (3.1), it follows that R[uo] is
stable under the Frobenius endomorphism and the continuous action of I'y on R[[u]; we equip R[uo]
with the induced Frobenius endomorphism and continuous action of I'y.

Lemma 3.4. Taking invariants of R[u] under the action of F) induces a (p,I'o)-equivariant iso-
morphism of rings Rluo] — R[u]™ . Similarly, we have a (@, To)-equivariant and R[uo]-linear
isomorphism poR[uo] — (uR[u])"? .

Proof. Note that the map in the claim is (¢, I'g)-equivariant by definition. Moreover, by Remark 3.2,
the claim is trivial for p = 2. So, assume that p > 3 and consider the following (¢, I r)-equivariant
diagram:

0 —— Rfuo] _r, R[] R 0

| | J (3.2)

0 —— R[u] —2— R[u] — RI¢] — 0,

where the vertical arrows are natural inclusions and the bottom row is exact since we have R[[u]/[p], —
R[(p] and [p],R[u] = pR[p] using Lemma 3.3. Now, note that the top row is F)-invariant and for the
bottom row, consider the associated long exact sequence for the cohomology of F;-action and observe
that Hl(F; ,R[p]) = 0, since p — 1 is invertible in Z,,, and R[Cp]':; = R. In particular, from the long

exact sequence we obtain that R[uo]/(5) = R[u]% /(p). Since, R[uo] and R[u]™ are p-adically
complete and j-torsion free, it follows that R[uo] = R[u] .
For the second claim, we consider the following (¢, I'r)-equivariant diagram:

0 —— poR[uo] —— Rpwo] —— R —— 0

! |

0 —— pR[p] —— R[y] 1‘“’2 0,

where the vertical arrows are natural inclusions. Now, note that the top row is F; -invariant and for
the bottom row, consider the associated long exact sequence for the cohomology of F;-action and

observe that H'(F), uR[u]) = 0, since p — 1 is invertible in Z, and we have RF? = R and R[[u] =
R[u] Fo from the first part. Hence, it follows that the left vertical arrow induces a (¢, [p)-equivariant
isomorphism o R[uo] = (uR[u])"? . [
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Remark 3.5. Note that from (A.1), we have an F-decomposition as R[u] = EBf:_g R[p];i. Moreover,

from Lemma 3.4, it follows that we have R[] — R[1]™ = R[u]o and the preceding decomposition
is R[uo]-linear. In particular, for each 0 < i < p— 2, we have that R[u]; is a (p, po)-adically complete
module over R[u], equipped with a continuous action of I'y.

Lemma 3.6. Let g be any element of Ty, then (g — 1)po is an element of puoOr[uo]-

Proof. Recall that Op[ug] C Ar is stable under the action of I'y. So if g is any element of 'y, then
(9 — D)o is an element of (1Ap)r <= 1oOp[uo] (see Lemma 3.4). So let us write (g — 1)po = proz-
Now, let us consider the diagram in (3.2) with R = Op, where the projection map Op[uo] — O
sends po to —p. In particular, we see that (¢ — 1)up = —px mod pOp[uo]. Moreover, from the
I p-equivariance of the diagram, it follows that (¢ — 1)uo = 0 mod pOp[uo]. As O is p-torsion free,
therefore, we conclude that x must be an element of pOr[uo]. Hence, (¢ — 1)up is an element of
ProOr ol u

Lemma 3.7. The element g is the product of uP~! with a unit in Ap, in particular, both py and
uP~1 generate the same ideal inside Ap.

Proof. The idea of the proof is motivated from [Fon94, Proposition 5.2.6]. Let u1 = ] acF (14 p)led —

1) be an element of Ap. Then, by expanding the product, it is easy to see that p; = pP~'u for some
unit u in Ap. Moreover, y; is invariant under the action of F on Ap. Therefore, we get that p; is

also an element of Op[u]™ <= Op[uo] (see Lemma 3.4). So, let us write 1 = S keN QklE, where ay,
is an element of Op for each k € N. But since 1 = 0 mod pApr and po = 0 mod pAr, we conclude
that ag must be 0. In particular, in Ar, we have

PP =y = po(ar + s apug ) (3.3)

Since Ap is pg-adically complete, it is enough to show that in (3.3), the element a; is a unit in Op.
Note that from the expression of 1, it is easy to see that we have pg = pP~' mod pAp. There-
fore, reducing (3.3) modulo p, and using the preceding observation, we get that pou = po(a; +
oo apph 1) mod pAp. Now note that Ap/p = k[u] is po-torsion free. Therefore, from the pre-
ceding equation, we conclude that v = a; + ) ;59 app®P VD) mod pAp.  In particular, a; =
U — Yoo apuP DD mod pAp, is a unit in Ap/p = k[u]. Since a; is an element of Op, it fol-
lows that a; mod p is a unit in x and therefore a; is a unit in Op. Hence, from (3.3) we obtain that
pP~1 is the product of o with a unit in Ap. |

Remark 3.8. From Lemma 3.7 and its proof, it follows that Ap is a free Op[uo]-module of rank
p — 1. In particular, the natural ring homomorphism Op[uo] — A is faithfully flat and finite of
degree p — 1. Similarly, the natural ring homomorphism R[ug] — R[u] is faithfully flat and finite of
degree p — 1.

Lemma 3.9. Let us consider the ring Arp equipped with Frobenius endomorphism ¢ and its subring
Ormo] equipped with the induced Frobenius. Then we have the following:

(1) The ideal pAp C Af is d-stable in the sense of [BS22, Example 2.10].
(2) The ideal p1oOr[po] C Or[uo] is d-stable.
(3) We can write (o) = upopP~t, for some unit u in Op[uo]-

Proof. To prove (1), note that we have §(u) = W belongs to wAr. Then, using the product
formula for the J-structure from (2.1), it follows that for any x in Ap, we have d(ux) = pPdé(x) +
aPo(u) + pd(p)d(z), i.e. §(uz) belongs to pAp. Next, by induction on m € N and using the preceding
observation, it easily follows that §" (uz) also belongs to pAp.

To show (2), let us first note that since the action of I'r on Ap commutes with the Frobenius,
therefore, the action of I'r also commutes with the §-map, i.e. for any x in Ar and g in I'p, we have
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g(0(x)) = 0(g(x)). Now using (1), we have that for any y in Op[uo], the element 1oy belongs to uAr.
Therefore, for any m € N, we get that 6 (uoy) belongs to uAp. But 6™ (uoy) also belongs to Op[uo],
so we get that 0" (uoy) is an element of Op[uo] N uAr = (MAF)F; < woOF[uo] (see Lemma 3.4).
In particular, the ideal poOp[uo] € Op[uo] is d-stable.

The proof of (3) is similar to that of [Fon94, Proposition 5.2.6]. Using Lemma 3.3 and Lemma 3.7,
let us write [p], = vp and po = wpP~*, for some units v, w € Ap. Then, we have

o(p0) = e(wpP™) = p(w)e(u)P " = pw) P [P~ = e(w)oP WP PP = upept

where © = p(w)w 1 wP~! is a unit in Ap. Since, po and p belong to Op[uo], it follows that u =
©(10) /(0P 1) is an element of Op[[u]? <= Op[uo] (see Lemma 3.4). |

3.2. The prism (Ag,[p],). In this subsection, we will show that (Ag, [p],) is an object of the
site (Spf R) , covering the final object of the topos Shv((Spf R) ). Moreover, we will compute the
first few terms of its prismatic Cech nerve and study the induced action of I'g on these terms.

3.2.1. An object of (Spf R) . We begin with the following important observation:
Lemma 3.10. The pair (Ag, [ply) is a prism and an object of (Spf R)

Proof. Note that the ring Apr is p-torsion free and equipped with a Frobenius endomorphism ¢. So
from Remark 2.2 we get that Ap is a é-ring. Moreover, we have [p], = PPl ppP2 4 p,
so Apr is (p,[plg)-adically = (p, u)-adically complete. Now, since ¢(u) = [p]qp, therefore, we can
write p = @([plg) — (P~ [plb~! + ppP2[pl2~2 + - -+ p(p — 1)ulply/2), in particular, p is an element of
[plgAr+¢([plg)ARr. So we obtain that (Ag, [ply) is a prism in the sense of Definition 2.4. Next, we have
a ['p-equivariant surjective map AE —» A,J:,r /1plq -~ RV (¢ X 11 /p yeees X Cll/ P |, where the isomorphism
is obtained by sending p + ¢, — 1 and [Xf] — Xi1 /p , for 1 < i < d. The surjective map above extends
uniquely along the p-adically completed étale map R™ — R, i.e. we have a I'g-equivariant surjective
map

Ap — Ar/lply =5 R[G, X177, X3/, (3.4)
Clearly, we have the structure map R — R[(p, X 11 ’o ,X;/ P]'and Ag/[p], is p-torsion free. Hence,
(AR, [plq) satisfies the axioms of Definition 2.7 and it is an object of (Spf R) . [ |

From Lemma 3.10 we have that (Ag, [p],) is regarded as a prism via Ap — Ar/[p]qy < R. Moreover,
we have the following:

Lemma 3.11. The object (Ar, [plq) is a cover of the final object of the topos Shv((Spf R) ).

Proof. Let us first note that R, is a perfectoid R-algebra (see [BMS19, Definition 4.18]) and the pair
(Aint(Rx), [plg) is a prism and an object of (Spf R) since Ainf(Reo)/[plg — Roo. Furthermore, the
natural map Ar — Ajnf(Roo) is compatible with the prism structure on both rings, in particular, we
have a map (AR, [plg) = (Ainf(Rso), [p]q) of prisms in (Spf R) . So, to show that (Ag, [p]q) is a cover
of the final object of the topos Shv((Spf R) ), it is enough to show that (Ajn(Roo), [plg) is a cover of
the final object of the topos Shv((Spf R) ). Now, note that the natural map R — Ry is faithfully

~

flat and the p-complete Tor amplitude of the cotangent complex Ly /R in D(Ry) (see Appendix

A1), is in [—1,0] because R is a p-complete smooth Z,-algebra and R is a perfectoid Z,-algebra,
hence, quasisyntomic by [BMS19, Proposition 4.19]. Therefore, from [BS22, Proposition 7.11], we
obtain that (Ainf(Rs), [plg) is a cover of the final object of the topos Shv((Spf R) ). This allows us
to conclude. |

Lemma 3.12. Let g € I'g, then the action of g on Agr induces an automorphism of (Ag, [plq) in
(Spf R) . Moreover, we have (9 —1)Ar C uAg.
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Proof. As the action of I'r on Apg is continuous, it is enough to check the claim for the topological
generators {71,...,7q4} of Iy and each g € I'p. Note that for 1 < i < d, using the description of Ap
from Subsection 3.1.1 and explicit computations, it easily follows that we have (y; —1)Ar C pAg and
Yi([plgAR) C [pl4AR. For any g in ', note that we have (g — 1) = (14 p)X\9) —1 — pu = x(g)pu — p,
for some unit v in Ap, therefore, it follows that (y — 1)Ar C pAg. Similarly, note that g([pl,) =
g(e(p)/ 1) = p(pu)/(pu), which belongs to [plqAr. This proves both the claims. [ |

3.2.2. Prismatic Cech nerve of (Ag,[p],). In this subsubsection, we will provide a description
of the simplicial object (Ag(e),I(e)) in (Spf R) . Such a description wowuld help in describing any
prismatic F-crystal over (Spf R) in terms of an Agr-module with stratification.

Construction 3.13. Let Ar(e) denote the cosimplicial ring obtained by taking the prismatic Cech
nerve (Ag(e),I(e)) of (Ag,[ply) in (Spf R) . Clearly, we have that Ap(0) = Agr. As products in
(Spf R) are computed by prismatic envelopes (which exist in our case), we can describe Ar(n) a bit
more explicitly. For n € N, let (Az)®(™+1) denote the (n + 1)-fold tensor product of Ag over Op and
we consider the Ag-algebra structure on (Az)®™+1) via the first component, i.e. a — a ® 1. Let

~

(AR)®2(*+1) denote the (p, [p],)-adic completion of (Ag)®( 1) which can be given as the (p, [p],)-adic
completion of an étale algebra over a polynomial ring in finitely many variables defined over a power-

series Ag-algebra in finitely many variables, in particular, we see that (Az) 21 is (p, [p] q)-completely
flat over (ARg, [plq). In other words, for each m € N>, we have that the natural map Agr/(p, [ply)™ —

(Ag)®+1) /(p, [pl, ® 1)™ is flat. Since Ag is noetherian, from [Sta23, Tag 0912], it follows that the

A~

map Ar — (Ag)®" Y is flat. Now, for each n € N, we have a surjection
@(n 1 1/p1®(n+1
(AR)® D s R[¢,, X177, ..., x /P20 (3.5)

where on the right hand term, the tensor product is taken over R. For 1 <i<n+1,let n; : Agp —
(AR)®(*+1) denote the map, sending a — 1®--- ®a®--- ® 1, in the i*" position. Then the kernel of
(3.5) is given by the ideal

~

J(n) = (ni([ply), ni ([X2P) — ni([X2P) for 1 < s < d, 1 <i,5,k <d,j #k) C (Ag)®"D,

Note that from the proof of Lemma 3.10, we have that Ag/[p], — R[Cp,Xll/p,...,X;/p} (see
(3.4)). Therefore, it easily follows that the sequence {p,n;([pls),n;([X2]P) — ng([X2]P) for 1 < s <
d,1 <i,j,k <d,j # k} is regular on (AR)@”H). So, from [BS22, Proposition 3.13], we get that
(Ag(n),n1([plq)) is the prismatic envelope of ((AR)@”H), J(n)) over the bounded prism (Ag, [plq)-
By the universal property of prismatic envelopes, the maps n; from above extend uniquely to n; :
Ar — ARr(n), for 1 <i <n+ 1. Let us denote the cosimplical ring Ar(e) by the usual diagram

Ap(e) : Ap(0) A Ap(1) p1s Ap(2) -+,
\/ \\i//
p1 D12

where explicitly we write p; = 17 : Agr(0) — Ar(1) for the map a — a®landps = 12 : Ar(0) — Agr(1)
for the map a — 1 ® a. Similary, we define maps pi12, p13 and ps3. To avoid confusion, we will write
rj = 2; : Ap = ARg(2) for the map sending a to the 4™ position for j = 1,2, 3. |

Lemma 3.14. The pair (Ar(n),ni1([ply)) is a prism and an object of (Spf R) . Moreover, we have
that (Ar(n),n1([plq)) is the n-fold self product of (Ar,[plq) over the final object of Shv((Spf R) ).

Proof. From [BS22, Proposition 3.13] we have that (Ar(n),n1([plg)) is a prism and moreover, it is
(p, [plq)-completely flat over (Ag, [plq), in particular, (Ar(n),n1([p]y)) is a bounded prism by [BS22,
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Lemma 3.7]. Furthermore, we have that Ag(n)/(ni([ply)) — R[Cp,Xll/p,...,X;/p](g(n“) + R,
i.e. (Ar(n),ni([plq)) is an object of (Spf R) . Finally, from [BS22, Proposition 3.13], self products
are computed via prismatic envelopes (when they exist), so from Construction 3.13, it follows that
(Agr(n),n1([plq)) is the n-fold self product of (Ag, [ply) over the final object of Shv((Spf R) ). [ |

For later calculations it will be convenient to have an explicit presentation of Ar(1) and Ar(2).
Recall that the ideal J(1) = ([pl, ® 1,1 ® [pl,, [X]P @1 - 1@ [X?]P for 1 <i < d) C Ag®o,Ag, is
the kernel of the map in (3.5) for n = 1. Consider a free d-algebra over AR®OFAR in d + 1 variables

~ _ PPl b
given as (AR®OFAR){ [ﬁq[g‘i, [X?]p%qé?wiﬂp, ce [Xd}p@[;)l]qé?[)(d]p }6' Then, from [BS22, Proposition
3.13], we have

—(ALD 18, [(X]PR1-19[X}]P [XoPe1-1e[X5P A
Ar(D) = (ArBor Ar){ 18t " et et }(p,mq@n’ (3.6)

i.e. Ar(1) is the (p,[plq ® 1)-adic completion of the free d-algebra (AR®OFAR){ [p‘ﬁgl }5‘ Similarly,

using the ideal J(2) C (AR)@;, from [BS22, Proposition 3.13], we have
A

_ R3f J(2)
Agr(2) = (AR)® {m}(p,[lﬂq@l)’

i.e. Ag(2) is the (p, [p]q ® 1)-adic completion of the free §-algebra (AR)@?’{ [;i(f@))l }6.
Lemma 3.15. The Ag-linear morphisms n; : Ar — Ar(n), for 1 < i < n+ 1, are faithfully flat.

In particular, the morphisms p; for i = 1,2 and r; for j = 1,2,3 are faithfully flat. Moreover, the

element Z;(([[Z;}}‘;)) is a unit in Ar(n), for 1 <i <n+1. In particular, [ﬁ%i

is a unit in Ar(1).

Proof. Note that from Lemma 3.14 and [BS22, Proposition 3.13], the map n; : Ap — Agr(n) is
(p, [plq)-completely flat. In particular, n; : Ar/(p, [plg)™ — Ar(n)/(p, [plq ® 1)™, is flat for each
m € N>1. Since Apg is noetherian, from [Sta23, Tag 0912], it follows that n; is flat. Moreover, as we
have Aon; = id, therefore for an Ag-module M, we see that Ar(n) ®y,; 4, M = 0if and only if N = 0.
Hence, the morphisms n; for 1 < ¢ < n + 1 are faithfully flat. Finally, it is easy to see that n;([p]q)

is a distinguished element of Ag(n) and writing n;([p],) = ”1([P]q)3i((i]ﬁ))’ from [B522, Lemma 2.24],

Zii[[i]fé’) is a unit in Agr(n). )

we get that

Remark 3.16. From now on we will denote the prism (Ag(1), [p]ly ® 1) simply as (Ar(1),[plg). In
light of Lemma 3.15 this simplification should not cause any confusion to the reader.

3.2.3. Galois action on (Ag, [p];). Note that for n € N, the product I‘E(nﬂ) of n+1 copies of 'y,
naturally acts on the -ring (A g)®™ and the ring homomorphism (Ag)®" — R[(,, Xll/p, cee Xcll/p} ®(nt1)

(n+1)

from (3.5) is easily checked to be F}XDL -equivariant. So, by the universal property of prismatic en-

velopes, the continuous action of FE("H) on (Agr)®" naturally extends to a continuous action on

Ag(n). Moreover, since the action of I'g is identity on Ag/u, we claim the following:

Proposition 3.17. The action of the i"-component of FE(nH) is trivial on Ar(n)/(ni(p)).

(n+1)

Proof. From the definition of the action of 'y, on (Ag)®™, it is easy to see that the i*"-component

acts trivially on (AR)®”/(ni(,u)). Then, from Construction 3.13, we note that to get the claim, it is
enough to show that for any x in the set of generators {n;([ply), nx ([X2]P) — ny([X2]P)}, for 1 < s < d,

1<j,k,l <dand k # 1, of the ideal J(n) C (AR)QA@”, we have that

(9 = 10" (o) € mi(WAr(n), (3.7)
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for each m € N and any ¢ in the i**-component of F]X%(nﬂ). We can reduce this claim further as follows.
Using Lemma 3.9 (1), let us first note that n;(x)Ar(n) is a d-stable ideal of Ar(n) in the sense of
[BS22, Example 2.10]. Then, by using Lemma 3.19 for A = Agr(n) and a = n;(u), we see that to
prove our main claim, it is enough to show (3.7) for m = 0, i.e. (g — 1)(#%)) belongs to n; (1) Ar(n).

Let us first assume 1 < i < n+1 and since the action of I' g = i*"-component of FE("H), on Ar(n)

is continuous, it is enough to check the preceding claim for the topological generators {71, ...,7q4} of
I, and each g € T'r. Now, take z = ng([X2]P) — n([X2]P) in J(n). Then, the claim is obvious for
k #£ i and [ # i. So, assume k = ¢ and [ # k and note that we have

1)(7L1(3Ep]q)) — (1 ()P ((X]P) —ni ((X2]P) _ na([plg)ni(w)ni ((X2]P) c ni(,u)AR(n),

(7 — w1 (pl) = w1 (pla)

where we have used the fact that ™i{(le)
n1([plq)

then for any g in I'r, we have that

is a unit in Ar(n) (see Lemma 3.15). Next, let z = n;([ply),

where the first equality follows from Lemma 3.18. Therefore, by using Lemma 3.19 for A = Agr(n)
and o = n;(p), it follows that we have shown (3.7) for all generators of J(n) and 1 < i <n+ 1.

Let us now assume i = 1 and again note that since the action of 'y = 15*-component of FE(RH), on
AR (n) is continuous, therefore, it is enough to check the preceding claim for the topological generators
{71,...,74} of Iy and each g € T'p. An argument similar to above, shows that for all z in J(n) and
1 < s < d, we have that (s — 1)(#[]%)) belongs to ni(p)Ar(n). Now take any g € I'r and x an

element of J(n). Then we have that

T _ 1 1 .
(9= D) = 2 GaGry — mam) € i Arn),

using Lemma 3.18. Therefore, by using Lemma 3.19, it follows that we have shown (3.7) for all
generators of J(n) and i = 1. This allows us to conclude. |

The following observation was used above:

Lemma 3.18. Let g € I'p, then (g — 1)[p]q belongs to [plypuAr and (g — 1)(@) belongs to @L}QAF'

Proof. Let us first observe that g(p) = x(g)ugp, where x is the p-adic cyclotomic character, and
ug = 1+ x4, for some z, € Ap, is a unit in Ap. Then we have

(9 - Dlply = (g — 1) = 2ol _ £l — (la) _ 1)l € [plopdp.

Next, observe that

V(LY 1y g o ug 4y 1 o op
(9 =D(gr) = 0= Dzn = 26 ~ o = Gy — Vg € pLAF
This proves the lemma. |

We prove a general statement for §-rings admitting an action of I'p, which also be useful in
Subsection 3.4.3.

Lemma 3.19. Let A be a p-adically complete p-torsion free 0-ring such that A admits a continuous
and p-equivariant action of T'r and let a be an element of A such that the ideal (o)) C A is d-stable
in the sense of [BS22, Example 2.10]. Assume that for some x € A and g an element of F]X%(nﬂ), we
are given that (g — 1)z is in (). Then for each m € N, we have that (g — 1)0™(x) belongs to («) as
well.
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Proof. Let us fix some z € A and g an element of F]X%(n“) such that (¢ — 1)z lies in (o). We will
proceed by induction on m € N. So for some m € N, let us write (¢ — 1)0""z = ay. Then, observe
that

(9= D) = (g — 1) BT
= 3(ellg = D0™2) = (g = ("))
= 3le(a) = (9= 13"z + 572" + (572" (3.8)
= 3(elay) = Xy () () (™))

I
(o9
—

ay) = Zk:l (7) (aw)* (8™ )P~*

Using the product formula for the delta map from (2.1), it follows that d(ay) belongs to («). Hence,
(g — 1)(6™*1x) belongs to («), thus proving the claim. [ |

Remark 3.20. For n € N, the §-ring (A R)®” is equipped with a Frobenius endomorphism given as
tensor product of Frobenius on each component. By compatibility of d-structures between (A R)@I
and Ar(n), we deduce that the Frobenius endomorphism on Ag(n) is compatible with the one on
(A R)@n. Then, by the description of the Galois action on Ag(1), it easily follows that the natural map
pi: Agp — Ar(1) is (i, FQR)—equivariant for i = 1,2, where F% acts on the source via projection on to
the it coordinate. Similarly, the natural map r; : Ag — Ag(2) is (¢, ['})-equivariant for j = 1,2, 3,
where I’?I’% acts on the source via projection on to the j™ coordinate.

3.3. The ring Ag(1)/p1(p). From Remark 3.20 recall that we have a (¢, I'%)-equivariant maps
pi : Agp — Ag(1) for i = 1,2, where Ag is equipped with a T'%4-action via projection on to the i*!
coordinate. Moreover, we note that there is an induced action of I'% on Ag(1)/p1(u), where the
action of the first component is identity. Additionally, from Subsection 3.1 recall that we have fixed
topological generators {71, ...,7q4} of I'. The goal of this subsection is to give an explicit description
of the ring Ar(1)/p1(p) and explain some of its properties. We start with some computations.

3.3.1. Some divided power calculations. The goal of this subsubsection is to show the following
claim:

Proposition 3.21. The following natural map is a p-equivariant isomorphism of p-torsion free rings
B: Ag = Rlu, (W~ /)M, k € NJp = R[u][(u~" /p)™, k € NI (3.9)
Notation. For any element z, we use 2! to denote 2*/(k!), for all k € N.

Proof. Let B denote the divided power envelope of the R[u]-subalgebra R[u up_l /p] C Rlu][1/p],
with respect to the ideal (u?~'/p) C Ru,u?~'/p], ie. B = Rlu, (W?~'/p)*,k € N]. Similarly,
let B’ denote the divided power envelope of the R[u]-subalgebra Rﬂu]] [Pt /p] C R[p][1/p], with
respect to the ideal (u?~1/p) C R[u][p?~"/p], i.e. B = R[u][(u*~"/p)*¥l,k € N]. Note that the
source and target of (3.9) are the p-adic completions of B and B’, respectively. Moreover, we have a
natural morphism of rings B — B’ induced by the inclusion R[u ][1 /p] C R[p][1/p]. Evidently, the
rings B and B’ are p-torsion free, the natural map B — B’ is injective and to show that (3.9) is an
isomorphism, it is enough to show that the natural map B — B’ induces an isomorphism of rings
B/p = B'/p. Since, pP~! = p(uP~1/p) in B and B’, therefore B/p = B/(u*~1,p) = (B/uP~1)/p and
B'/p=B'/(u*~1,p) = (B'/uP~1)/p. Now, from Lemma 3.22, using the explicit description of B and
B’, we have a natural commutative diagram

((Rlu]/pwP~1)[Yo, Y1, .. ]/ (pYo — 1P, pYig1 — Yi)wen)/p —— B/p

| |

((R[p] /1P~ 1)[Yo, Y1, .../ (pYo — 1, pYies1 — Y )ken)/p —— B'/p,
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where the vertical arrows are natural maps, the top horizontal arrow is reduction modulo p of the
isomorphism in (3.10) and the bottom horizontal arrow is reduction modulo p of the isomorphism in
(3.11). Since R[u]/pP~t =+ R[u]/uP~1, it follows that the left vertical map is an isomorphism as well.
So we obtain that B/p — B’/p and hence (3.9) is an isomorphism of p-torsion free rings. Finally,
note that by definition the map  in (3.9) is p-equivariant. This concludes our proof. |

The following descriptions of B and B’ were used in the proof of Proposition 3.21:

Lemma 3.22. The following natural map is an isomorphism of rings

R[p][Yo, Y1, -]/ (pYo — P~ 1, pYey1 — Ya)ken — B, (3.10)
where Yy — (,upfl/p)[pk]. Similarly, the following natural map is an isomorphism of rings

R[] [Yo, Y1, .- )/ (pYo — 4P~ 1, pYey1 — Ya)ren — B, (3.11)

where Yy, — (uP~1/p)P"l.

Proof. We will only show that the map in (3.10) is bijective, the claim for (3.11) follows by a similar
argument. Define an R|[u]-linear map

Rlpl[Yo.Yi,..] — B, Y (&) (3.12)
Let us first note that this map is surjective. Indeed, let n € N and write n = >_1_,n;p® in base p, with
0 <n; <p-—1. Then we have,

p—1 p—1 r ) SN p—1 (i
(M5 = b (M) im0 TP = O T o ()™ [T (M5) 1.
An easy computation shows that the p-adic valuation of [[}_,(p!)" equals the p-adic valuation of
n!l. So, it follows that (3.12) is surjective and it is clear that the kernel of (3.12) is given by the ideal
(pYo — P~ pYii1 — Yi)ken C R[p][Y0, Y3, .. .]. This proves the claim. |

Remark 3.23. Let Ap := Op|u, (1P~ /p), k € NI = Op[u][(u?~1/p)¥, k € N]/ and from Propo-
sition 3.21 note that it is a p-torsion free algebra over Ap = Op[u]. We equip Ap with a continuous
(¢, p)-action by extending the (¢,I'r)-action on Ap and using the formulas @(pP~1) = [pp=1pP~!
and g(uP~1) = x(g9)P~tuP~tu, for some unit u in (Ag)*. Now recall that from Subsection 3.1.1 we have
a (o, D'p)-equivariant isomorphism of rings ¢ : R[u] — Ag. This extends to a (¢, 'r)-equivariant
isomorphism

L R[[M]]@)OF[[M]]AF L) ARQA{)AFAF, (3.13)

where we take tensor product action of ¢ and I'r and completion is with respect to the p-adic topology.
Furthermore, using the completed tensor product description, we get that the isomorphism (3.9) in
Proposition 3.21 is a (¢, 'p)-equivariant isomorphism of rings

B: AR :=RR0,Ar = R[u]@0 A F- (3.14)
For any k € N, let k = (p — 1)f(k) + r(k), with 7(k), f(k) in N and 0 < r(k) < p— 1. Set
k
plkt = W, and note that we have Ap = Op[u, (WP~ /p)F k € N]) = Op[u, pt k€ N];. In

particular, for any = in Ar we have a unique presentation x = >, -y app® in Ap with ay, in Op for
all £ € N and p-adically a, — 0 as £ — +00. We note an important observation which will be used
throughout.

Lemma 3.24. The element t = log(1l + pu) = ZkeN(_l)k% converges in pAp. Moreover, the
elements t/p, [plq/p and p/p are units in Ap.
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. k .
Proof. Formally, write t/u = ZkeN(_l)kkLH = Y penarpt and p/t = m = Y pen bipk, with
vp(ag), vp(br) > —Z%, for all k € N. From the discussion before the lemma, recall that pt¥t =

Wzﬂk)' Then we have

vp (i) = —521 + up(F(R)Y) + £ (k) > wp(l557]) — 1,

which goes to +00 as k — +00. Similar claim holds with a; replaced by by above. Hence, we conclude
that t/p and p/t converge in Ap as inverse to each other. Moreover, we have [p], = ¢(n)/pn =
po(p/t)t/pin Ap, so [ple/p is a unit in Ap. Furthermore, using Lemma 3.3, we get that p/p is a unit
in Ap. |

3.3.2. Explicit description of Agr(1)/pi(u). In the subsubsection, the Ag-algebra structure

on Agr(1)/p1(p) is given by the composition Ap 22 Ar(1) — Ag(1)/p1() and the I'z-action on
Agr(1)/p1(un) means the continuous (for the p-adic topology) action of 1 x I'r on Ag(1)/p1(n). Let
us consider the divided power Ag-algebra Ag|[[Ixend+1 (1P~1/p) [kO]Tl[kl] e Tc[lkd}} , where T4, ... T, are
variables. We equip this ring with a continuous (for the p-adic topology) action of I'p by extending
the I'g-action on Ag by setting v;(T;) = u[X?] + T;, for j = i or T} otherwise. Moreover, we have
o(pp=1) = [p]gflupfl, so we can further equip this ring with a Frobenius endomorphism ¢, extending
the Frobenius on Ap by setting ¢([X?] — T;) = ([X?] — T;)P. Then we have the following description

of Ar(1)/p1(p):

Proposition 3.25. There exists a natural (p,I'r)-equivariant isomorphism of p-adically complete
and p-torsion free Ar-algebras

ot AR(1)/pr(1) <> Ap[Tlienen (2~ /p) Rl (3.15)

where pa(11) = p, p2([X7]) = [X7] and p1([X7]) = [X7] — Ti.

Proof. The map in (3.15) is evidently (¢, I'g)-equivariant and we need to show that it is bijective. To
show the bijectivity of (3.15), we will use the results of Appendix B. Let A := Ar®p, Ar denote the
(p, p1(p))-adic completion of Ap ®0, Ar equipped with the tensor product Frobenius, in particular,
A is a p-torsion free §-ring. Moreover, note that ¢"(pi(u)) is a nonzerodivisor on A, for each n € N,
and A/p1(u)A =+ Ap is p-torsion free. Therefore, by setting q to be p1(u) + 1, we see that the
ring A satisfies Assumption B.1. Next, let B := Ar®o, Ar denote the (p, p1(1))-adic completion of
AR ®0, Ar equipped with the tensor product Frobenius, in particular, B is a p-torsion free §-algebra
over A. Note that ¢™(p1(u)) is a nonzerodivisor on B, for each n € N, and B/p1(u)B — R®0, Ar,
as the p-adic completion of R ®0, Ag, is p-torsion free. Set Yy := pa([ply) — p1([plq) and Y; :=
pa([X2]P) — p1([X2]P), for each 1 < i < d, as elements in B. Then, it is clear that the sequence
{Y1,..., Yy} isregular on B and B/pB. Moreover, from the discussion in Construction 3.13, recall that
the sequence {p, p1([plq), p2([Plg), Y1, - - -, Y4} is regular on B and since [p], = pP~! mod p, therefore, it
follows that the sequence {p, p1(1), p2([plg), Y1, - .., Ya} is also regular on B. In particular, we see that
{Yo, ..., Y} isregular on B/pi([p]y)B and on B/(p, p1(p))B. Therefore, we obtain that the A-algebra
B satisfies Assumption B.4.

Now, let I denote the set of natural numbers {0,...,d} and for each i in I, let y; := Y;/p1([p]q) be
an element of B[1/pi([plq)]. Set Ep to be the B-subalgebra of B[1/pi([ply)] generated by {y;,i € I}
(see the discussion before Lemma B.6) and E to be the d-subalgebra of Eo[1/p, 1/¢™(p1([plq)),n € N]
generated over B by {y;,i € I} (see the discussion before (B.4)). From the discussion before (3.6), note
that the ring Ag(1) is given as the (p,p1([ply)) = (p, p1(1))-adic completion of E, therefore, the ring
Agr(1)/p1(p) is given as the p-adic completion of F/p;(u)E. Next, let A := A/uA and B := B/uB
equipped with the induced Frobenius, in particular, an associated é-structure, since A and B are
p-torsion free (see Remark 2.2). Let Eg := Ey/uEq and for each i in I, denote by Y; (resp. 7;), the
image of Y; (resp. y;) in Eq. Define E to be the §-subalgebra of Eo[1/p] generated by {y;,i € I}
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over B (see the discussion before (B.4)). Then, from (B.4), we have a natural surjective map F — E
inducing an isomorphism of p-torsion free d-rings E/uE — E, by Proposition B.10.

NOW for each 1 < i < d, set 7; := pa([X?]) — p1([X?]) as an element of Ey. Moreover, note that
p2(u)P~t =Y +pa for some a in pe (i) Eg, so we set 79 := p2(u)?~1/p = Py + a as an element of
Eo. Let us set E' := Ey| 1,[ li € I,n € N] as a divided power Eg-subalgebra of Eo[1/p]. We claim
that E = E' in Eo[1/p]. Indeed, to show the inclusion E' C E, note that for each 1 < i < d, we have

7 =Y,; — pd(i), where §(r;) is in Ey by Lemma 3.26, in particular, 77 /p =y, — §(7;) isin Fy C E.

Moreover, using the equalities above we have that ) = 7} + pb, for some b in Fy since pa(u)? is in
pEy, and by using Lemma 3.26 we have that 7 = () — pd(7,) is in pE. Therefore, we get that
75 /p =b+7h/pis in E. Hence, by using [BS22, Lemma 2.35], it follows that E CcE. Next, to show
the inclusion £ C El, since we have that 7, is in El, for each i € I, therefore, it is enough to show that
¢ on E[1/p] preserves E' and the resulting endomorphism of E' gives a d-structure, or equivalently,

that ¢ restricts to a lift of Frobenius on E'. Note that (T n ]) = pa([plg)" 7y ] i in pE’, and for each
1 € I, we can write

n 7! TP 4+pé(1:)) n n—
p(rMy = p(Tp) = CHROmD” _ e L () pky, k(s() —k
= Yop_ PR ) Pkl 5 ok

An easy computation shows that all coefficients in the last term of the equation above lie in pZ,.

Therefore, it follows that ¢ preserves E' and (p(’]’i[n]) = 0 mod pE’, for each i € I and n € N>;.
Moreover, note that (Ti[n])p is also in pE,, for each n € N>1. So, it follows that the endomorphism
p on E' reduces modulo p to the absolute Frobenius on all generators, hence on all elements, of E.
Therefore, we obtain that E = E C Eo[1/p].

Finally, let us consider E as an Apg-algebra via the map ps and define a ring homomorphism
between Apg-algebras as follows:

E=F — Ap[Tkenen (! /p) P01 1,5,

by sending pa(p) = p, 78'/n! = (uP=1/p)™ /nl, pa([X}]) = [X7], pr([X]]) = [X}] = T; and 7" /n! —
T /nl. Evidently, the map above is bijective and passing to its p-adic completion gives the isomorphism
n (3.15). This finishes our proof. |

The following observation was used above:

Lemma 3.26. For eachi € I, the element p(7y;) is in pEg, and for each 1 < i < d, the element §(7;)
15 in Eo.

Proof. For 1 <1 < d, we have that

o(@;) = Lep2(1X2) — pr([X2])P))
= L((p2(1X2)" = pr([X2))P + pr (X)) — pr(IX2))7)
=1(( 2<[Xb]> — pr(X2)P)P) + 021 S(0) (pa([X21)7 = pa ([X2))P)pn (1X7])P "

="+ S P )T (X)),

is an element of pEy. Moreover, for i = 0, we have that

2
#@0) = ity — 1

(p2(q@)?—1+1)P—1 1
p(p2(q)P—1)

= P S D ey — D
=" 2(p2(q) = P (@ + )P+ 0205 (R) (p2(q) — DN (o + 1)
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For p > 3, it is clear that (7,) is in pFy, whereas for p = 2, note that pa(q) — 1 = pa(q) +1 -2 =
p2([plg) — 2 = 2y, i.e. ¢(Ty) is in pEy. This shows the first claim. Next, for 1 < i < d, note that

o(ri) = o(p ([Xb]) —pl([X'b]))
= 5 (pa( —pu (X)) = (pa([X7]
= _l(pl([X P+ (=p((X2)P) =

’EM—‘
Y —

-1 —
15 RPN (o (X)),
is evidently in E. This proves the second claim. |

Remark 3.27. In this remark we will use ® to denote the p-adic completion of the usual tensor
product. Let Ap = Op[u, (WP~ /p)F k € N, and note that it is a p-torsion free algebra over Ap =
Or[u] (see Proposition 3.21 for R = Op). Note that the target ring in the isomorphism (3.15) of
Proposition 3.25 is p-torsion free and by definition the ring Ag [ [Txena Tl[kﬂ - Tcgkd]] is p-torsion free
as well. Therefore, by checking modulo p, it is easy to see that we have a natural (¢, 'g)-equivariant
isomorphism of rings,

Ar[Tlene T+ T @ap A > Ar|[Tcenas (=1 /p) Pl i),

(3.16)

where we take the diagonal action of ¢ and I'g on the source. In particular, using (3.15) and (3.16) it
follows that Ag(1)/p1(p) is the p-adic completion of a PD-polynomial algebra over Ap® 4, Af.

Next, by an argument similar to (3.16), we note that the isomorphism in (3.13) readily extends to
a (p,I'r)-equivariant isomorphism

ki)

(2 RILLL]] [HkENd Tl[ . Tcgkd}} @OFILLLHAF L> AR [ HkENd Tl[kﬂ e T[kd]] ® AF

Furthermore, again arguing similar to (3.16), we note that the isomorphism in (3.14) extends to a
(¢, T'p)-equivariant isomorphism

B: R[Txena TV - TN @0, A p = RIp] [Teene TV -+ T @0,y A

Composing these with the isomorphism in Proposition 3.25, we obtain a (¢, I'r)-equivariant isomor-
phism

kil

B~ o oa: Ap(D)/pi() = R[Theena T - TN @0, Ap =: Ch. (3.17)

Let Pp := R[Ilxend Tl[kl] . -Tg[lkd]]g and note that the target ring of the isomorphism (3.17) can

also be written as Cp = Pr@pAr = Pgrlu, (1P~ /p)H k N]I/7\ = Ar[TTkend Tl[kll...TCEkd]]:. In
particular, Cg is the p-adic completion of a PD-polynomial algebra over Ar. Now for k£ € N, let
k= (p—1)f(k)+r(k), with 7(k), f(k)in Nand 0 < r(k) < p— 1. Set putF} =
Cr = Prlu, (P~ /p) k e N]) =

P
follows that for any = in Ag(1)/p1(11) we have a unique presentation (3~ o™ o) (x) = S e arputFt
in Cg, with aj in Pg for all k& € N and since Ag(1)/p1(p) — Cg are p-adically separated, we have
that ap — 0 as k — +oc.

k
W, then we have

Prlp, pl ke N} In particular, from the isomorphism (3.17), it

Remark 3.28. The target ring of the isomorphism « in Proposition 3.25 admits a natural I' g-equivariant
embedding into the crystalline period ring O A is(Roo). Indeed, first of all note that the embedding
AR — Ainf(Rso) from Subsection 3.1 extends to a natural (¢, I'g)-equivariant embedding Ag@ 4, Ar —
Aint(Roo)@4pAF = Acris(Roo), where the latter isomorphism follows in a manner similar to the proof
of [Bri08, Proposition 6.2.14]. Then, from the isomorphism (3.15) in Proposition 3.25 and from the
description of OAgis(Rso) as the p-adic completion of a PD-polynomial algebra over Agis(Roo) (see

(131108, Chapitre 6] and [Abh21, Subsection 2.2)), i.e. O Acyis(Roo) = Acris(Roo) [ TTena T4 -+ T4

it follows that we have a (¢, I'r)-equivariant injective map Ar(1)/p1(p) = OAcris(Roo)-



Prismatic F-crystals and Wach modules 24

Remark 3.29. Recall that there are are two Ag-algebra structures on Agr(1) written as p; : Ap —
Ap(1) for i = 1,2 (see Construction 3.13). Composing it with the injective map ¢ : R — Ag (see
Subsection 3.1.1), gives morphism of rings R — Ar - Ag(1). Reducing p; modulo y induces

an R-algebra structure on Ag(1)/p1 () via the composition R = Ap/pu - Ag(1)/p1(u), which
we again denote by p; and where the first isomorphism is induced by the map ¢. In particular,
we have (p; o a)(X;) = [X?] — T, for all 1 < i < d. Moreover, we will denote the composition

R-s Ap 25 A r(1) just by pa. Note that both p; and ps described above are g-equivariant.
Lemma 3.30. The morphisms p; : R — Ar(1)/p1(p) fori=1,2 are faithfully flat.

Proof. From Lemma 3.15 the map p; : Ag — Ag(1) is faithfully flat, therefore the map p; : R —
Ar/u — Agr(1)/p1(p) is faithfully flat. Now recall that we have A%, =+ RZ[u] (see Subsection 3.1.1)
and consider the following isomorphism of rings

f + AS [ Ticeness (2~ /p)RI T o ) Y 25 A [Ty (=Y /) Rl ey,

where [X;)* + [X?] + T}, T; — T; and p — pu. Extending this isomorphism along the p-adically com-
pleted étale map R — R (see Subsection 3.1.1) gives an automorphism f of the p-adically complete
PD-algebra Ag | [Txena+: (1P~1/p) [kO]Tl[kl] . -Tc[lkd}];\ and we consider the commutative diagram:

R —" Ap(1)/p1(p)
R Zla_lofoa (318)
Ar(1)/pr(p)-

Since p; is faithfully flat, from the diagram (3.18), it follows that ps is faithfully flat as well. |

3.3.3. g¢-connection on Ar(1)/pi(p). In this subsubection, we will interpret the action of the
geometric part of I'g, i.e. I as a g-connection on Ag(1)/p1(p). We start by recalling the definition
of g-connection from [MT20, Definition 2.1] and [Abh23b, Subsection 5.1].

Let D be commutative ring and consider a D-algebra A equipped with d commuting D-algebra
automorphisms 7 .. .,7q, i.e. an action of Z%. Moreover, fix an element ¢ in D such that ¢ — 1 is a
nonzerodivisor of D and v; = 1 mod (¢ — 1)A, for all 1 < i <d.

Definition 3.31 (¢-de Rham complex). Let qQ;‘/D = @ﬁzo qQZ/D be a differential graded D-algebra
defined as:

. qQ%/D = A and qQ}L‘/D is a free left A-module on formal basis elements dlog(Uj;).
e The right A-module structure on qQ}Ll/D is twisted by the rule dlog(U;) - f = vi(f) dlog(U;).
e dlog(U;) dlog(U;) = — dlog(Uj) dlog(U;) if i # j and 0 if ¢ = j.

« The following map, where I, = {i = (i1,...,ix) € N¥ such that 1 < i; < --- < i, < d}, is an
isomorphism of A-modules

icl;

(fi) = Zier,, fi dlog(Uiy) -+ dlog(U,).

o The 0 differential dg: A— qu‘/D is given as f +— Zle %Ef_# dlog(U;).

o The elements dlog(U;) € qQIIL‘/D are cocycles for all 1 < < d.

The data d; : A — qQL/D forms a differential ring over D, i.e. qQ}L‘/D is an D-bimodule and d, is
D-linear satisfying the Leibniz rule dy(fg) = dq(f)g + fdq(9).



Prismatic F-crystals and Wach modules 25

Remark 3.32. In Definition 3.31, we will denote the operator % : A — Aby V > and refer to

these as the g¢-differential operators in logarithmic coordinates. The operators Vgi= UzV;OZg, will be
referred to as the g-differential operators in non-logarithmic coordinates.

Remark 3.33. In most of the cases, we will fix units Uy, ...,Ug € A* such that v;(U;) = qU; ifi = j
orUjifi#j.

Example 3.34. Take D tobe Ap = Op[u], and A to be A equipped with the Ap-linear action of I'g
and let {71,...,74} be the topological generators of I'}; (see Subsection 3.1). Then setting ¢ =1+
and U; = [X?], for 1 < i < d, we have 4; = 1 mod uAg for all 1 < i < d. In particular, Ag satisfies
the hypotheses of Definition 3.31. Moreover, in this case, qQ}LlR JAp identifies with 9}43 JAp i.e. the
(p, n)-adic completion of the module of Kéhler differentials of Ag with respect to Ap. Furthermore,
note that we have an isomorphism of rings Agr/pu — R, so from [MT20, Remarks 2.4 and 2.10],
reduction modulo ¢ — 1 of the differential ring d, : Ap — 9}43 JAp> is the usual continuous de Rham

differential d : R — Q}Q.

Example 3.35. Take D to be Ap = Op[u, (1?1 /p)¥ k NJ; equipped with an action of (¢, T'r)
as in Remark 3.23 and take A to be APP := Ap[(uP~ 1/p)[k],k € N]]/D\ = Ar®a,AF, equipped with
the natural and continuous tensor product (¢, I'r)-action. From Remark 3.23, note that the structure
map Ap — APP is (¢, 'p)-equivariant and from (3.13) note that we also have a (¢, I'r)-equivariant
isomorphism of rings ¢ : A — APP. Moreover, the Ap-algebra APP is equipped with a Ap-linear
continuous (for the p-adic topology) action of I'; C I'r and we have {v1,...,74} as topological
generators of I', (see Subsection 3.1). Then setting ¢ = 1 + p and U; = [X]], for 1 < i < d, it
follows that v; = 1 mod uAFPP, for all 1 < i < d. In particular, APP satisfies the hypotheses of
Definition 3.31. Furthermore, in this case, QQLPD/AF identifies with Q}LlPD/AF, i.e. the (p, p)-adic =

(p, [p])-adic = p-adic (see Lemma 3.24) completion of the module of Kéhler differentials of APP With

respect to Ap. From Definition 3.31 the g-connection on APP. denoted Vq . APD 5 40! APD /A o

given as f — Zi 2 () )f dlog ([ X ’). Moreover, the g-connection V, on AFP is p-adically quasi-

nilpotent because we have (z)[Xb] ([X?2]) = 1, and it is flat because 7; commute with each other.

Furthermore, using the g-connection, APP can be equipped with a quasi-nilpotent flat connection V
as in Proposition 3.37, which coincides with the universal Ap-linear continuous de Rham differential
d: APP — QQPD/A Then using Proposition 3.37, it follows that we have (APP)l'r = (APP)Va=0 =,
(APPYV=0 — (APD)d=0_"where the first equality follows since the action of I'gr on AFP is continuous.

Moreover, recall that from Subsection 3.1, for any g in I'r, we have gy;g~ " = ,le(f ) for all 1 <1 <d.
Hence, from Remark 3.38, the isomorphism Ap — (APP)Ve=0 = (APP)I'% induced by the structure
map, is (¢, I'r)-equivariant as well.

Example 3.36. Take D to be Ag = R|u, (P~ /p)H k € N];,\ equipped with an action of (¢, 'p)
as in Remark 3.23 and take A to be A(1) := Ag(1)/p1(u) as a Ag-algebra via the morphism of
rings tpn : Ag — A(1) defined by extending the R-algebra structure p; : R — A(1) in Remark
3.29 via p — po(p) and (P~ /p)H = (pa(u)P~'/p)Fl. Using Lemma 3.30 and the explicit de-
scription of A(1) in Propos1t10n 3.25 and Remark 3.27, it follows that the map ¢y is injective and
(¢, T'p)-equivariant. Moreover, the Ag-algebra A(1) is equipped with a Ag-linear (via ¢5) continuous
(for the p-adic topology) action of I'; C 1 x I'p and we have {71,...,74} as topological genera-
tors of Iy (see Subsection 3.1). Then, by setting ¢ = 1+ p and U; = [Xz-b], for 1 < ¢ < d, from
the explicit description of A(1) in Proposition 3.25, we have that «; = 1 mod pa(u)A(1), for all
1 < i < d. In particular, A(1) satisfies the hypotheses of Definition 3.31. Furthermore, in this case,

1 . . . 1 . . _ _ . _ _ . « /
qQZ(l)/AR identifies with QZ(l)/AR’ i.e. the (p,pu)-adic = (p,[p]y)-adic = p-adic (see Lemma 3.24)

completion of the module of Kihler differentials of A(1) with respect to Ag. From Definition 3.31 the

g-connection on A(1), denoted V, : A(1) — qQA(l)/A ,isgivenas f — ¢, 7;52}0() )f dlog([Xb]) More-

over, the g-connection V, on A(1) is p-adically quasi-nilpotent because we have (;)[ 7] (X7 ’7) =1,
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and it is flat because 7; commute with each other. Furthermore, using the g-connection, A(1) can
be equipped with a p-adically quasi-nilpotent flat connection V as in Proposition 3.37 which co-

incides with the universal Ag-linear continuous de Rham differential d : A(1) — le( /AR Then

using Proposition 3.37, it follows that we have A(1)Ve=0 = A(1)'r = A(1)V=0 = 4A(1)*0, where
the isomorphism follows since the action of T'r on A(1) is continuous. Moreover, from Subsection
3.1, recall that for any ¢ in I'r, we have gy;g~! = iX(f), for all 1 < ¢ < d. Hence, the iso-
morphism Ap —» A(1)'r = A(1)Ve=0 =5 A(1)V=", induced by ¢, in Remark 3.38, is moreover
(p, Tr)-equivariant. In particular, it follows that R — AEF = (A()Ve=0)l'r = A(1)FR, induced
by p1 : R — A(1).

From Lemma 3.24, we have that ¢t = log(1 + u) converges in uAp C pAg and t/p is a unit.

Proposition 3.37. Let D = Ag (resp. Ar) and A = Ar(1)/p1(1) (resp. ATP). Then for1 <i <d,

X ._ 1)k
the series of operators Vi-og = log% = %ZkeN(—l)k% converge p-adically on A. This defines

a D-linear p-adically quasi-nilpotent flat connection on A, denoted V : A — Q}4/D and given as
[ Z?:l leg(f) dlog([Xf]). The connection V coincides with the universal D-linear continuous de

7
Rham differential operatord: A — Q}4/D' Moreover, the data of the connection V on A is equivalent

to the data of the g-connection V, described in Example 5.56 (resp. Example 5.35), i.e. one may be
recovered from the other. Furthermore, the q-de Rham complex qQZ/D is naturally quasi-isomorphic

to the de Rham complex QA/D. In particular, we have AVa=0 =5 AV=0,

Proof. The first two claims, i.e. the convergence of the operators V:;Og on A and the fact that the oper-
ator V defines a D-linear p-adically quasi-nilpotent flat connection on A and the claim of equivalence
between the connection V and quasi-isomorphism of complexes, will be shown in Proposition 4.13
for finite A-modules adimitting a continuous action of I'g (trivial modulo p), in particular, A itself.
Moreover, in the proof of Proposition 4.13, we will also show that the connection V coincides with
the universal D-linear continuous de Rham differential operator d : A — 9}4 /D" Note that the proof
of Proposition 4.13 is independent of the subsequent claims proved in this section. This allows us to
conclude. |

Remark 3.38. Let A(1) = Ag(1)/p1(u) as in Proposition 3.37. From the isomorphism (3.17) in
Remark 3.27 recall that we have a ring Cr «— A(1). Moreover, from Remark 3.27, we have that
Cpr is the p-adic completion of a PD-polynomial algebra over Ar and the structure map A — Cg
coincides with the composition Ap —2 A(1) % Cr. Now note that C'r is equipped with
the universal Ag-linear continuous de Rham differential d : Cr — QéR JARp> which can be given as

f— Zle aﬁ”g(f) dlog(X;), where 8;°g = X;0; and 0; : Cp — Cg is the unique Ag-linear continuous

differential operator such that 9;(X;) = 1 if i = j and 0 otherwise. So, the isomorphism in (3.17) is

Ag-linear, and it induces an isomorphism between complexes of A(1)-modules Q2 = Q0 =
A(1)/AR Cr/AR

Cr ®py Q}DR /r» Where the right hand side is an A(1)-module via the isomorphism (3.17). Now, let f

be any element of C'r, then from Remark 3.27 we have a unique presentation f = >,y ak,u{k}, with
ar in Pg for all k£ € N and p-adically ar — 0 as k — +o0o. Then, it follows that f € C%:O if and only
if aj, in R, i.e. f is in Ag. In particular, we get that Ag — C%=C, in particular, Ap — A(1)4=0 via
tp. Using the same argument as above by replacing Ar by Ap, A(1) by AP, Cg by Ap and P by
Op, we obtain that Ap — (APDP)4=0,

Remark 3.39. Let us consider the ring APP from Example 3.35, equipped with a continuous action
of (p,I'r). From (3.13) in Remark 3.23, note that we have a (¢, I'p)-equivariant isomorphism of rings
v Ap = APP. Moreover, we have a (¢, T'r)-equivariant embedding APD Acris(Roo) from Remark
3.28. Furthermore, the injective structure map ps : Ag — Ag(1)/p1(n) = A(1) from Remark 3.29
extends to an injective ring homomorphism ps : APP — A(1) and the target is the p-adic completion
of a PD-polynmial algebra over the source (see Remark 3.27). Now, consider the universal A”P-linear

continuous de Rham differential d : A(1) — le( 1)/APD which can be given as f — Y%, 8%0‘%( f)dys,
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where Y; = p1(X;) (see Remark 3.29), 0\ = Y;0; and 8; : A(1) — A(1) is the unique APP-linear
continuous differential operator such that 0;(Y;) = 1 if i = j and 0 otherwise. Then, it easily follows
that the (¢,I'g)-equivariant injective map A(1) — OAqis(Rso) from Remark 3.28 is APP-linear
and compatible with the aforementioned AFP-linear differential operator on A(1) and the unique
Acris(Roo )-linear connection on O Ais(Roo) from [Bri0g, Section 6.2].

Remark 3.40. Let A(1) = Ar(1)/p1(p) and AFP as in Example 3.35. Note that we have a natural
injective (¢, I'g)-equivariant homomorphism of rings ps : APP — A(1) (see Remark 3.39). Then using
the Leibniz rule for the connection on A(1) (see the proof of Proposition 4.13) it follows that the

respective connections on A(1) and APP are compatible and we have le A1) @ 40 Qe AR

(1)/Ar -

3.4. Galois action on Agr(1). Note that we have the p-equivariant multiplication map A :
Ag(1) — Ag. Moreover, recall that in Remark 3.20, we described the action of I'% on Ag(1). In this
subsection, our goal is to prove the following claim:

Proposition 3.41. The p-equivariant homomorphism A : Ag(1) — Apr restricts to a p-equivariant
isomorphism Ap(1)"*T'r =5 Ap. Moreover, the preceding isomorphism is compatible with the action
of U'r on each side.

In order to prove Proposition 3.41, we will study the action of 1 x I'r on Agr(1) in three steps,
namely, the geometric part, i.e. I'; below, the torsion part, i.e. F, below, and the (free) arithmetic
part, i.e. I'g below. From Subsection 1.6, recall that I'g fits into the following exact sequence:

1—Th—Tg—Tr—1

Furthermore, from (1.6), recall that 'p — Z;, via the p-adic cyclotomic character, and it fits into
the following exact sequence:
1—Tyg—TIr—Tt—1,

where, for p > 3, we have ') — 1+4pZ, and for p = 2, we have ' — 1+4Z5. Moreover, for p > 3, we
have that Iiop — F, and the projection map I'r — T'tor, admits a section I'to; = Fr—Z; < Tp,
where the second map is given as a — [a], the Teichmiiller lift of a. Finally, for p = 2, we have
[ior — {£1}, as groups.

Let us note that the results for the action of the geometric part of I'g in Subsection 3.4.1, are
applicable for all primes p. However, for p = 2, since F; is the trivial group, in Subsections 3.4.2 and
3.4.3 we assume that p > 3. For p = 2, the arithmetic action of I'p will be handled in Subsection
3.4.4.

Remark 3.42. Note that it is possible to prove Proposition 3.41, by studying the action of 1 x I'p
at once and using Galois cohomology arguments, instead of the “3-step” argument presented here.
However, the methods used in the “3-step” proof are applicable to the case of Wach modules as well
(see Subsection 5.2), whereas the Galois cohomology arguments do not seem to generalise.

3.4.1. The action of I';. In this subsubsection, our first goal is to show the following claim:

Lemma 3.43. For each n > 1, the following natural (p,T'r X I'p)-equivariant sequence is exact:

0 — (Ap(1)/pr ()T LU0 (AR(1)/p1 ()™ )R — (A(D) fpr (1)) TR — 0. (3.19)

Before proving the Lemma 3.43, we provide a more explicit description of the ring Ar(1)'*Tx
equipped with the induced (p,I'r x I'r)-action (introduced in the proof of Lemma 3.43). We start
with the following:
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Construction 3.44. From Construction 3.13, let us consider the (¢, F%)—equivariant surjective map
in (3.5), for n = 1. Taking invariants of this map, under the action of 1 x I'j;, we obtain a surjective
map

Ap@opAr — R[Gp X177, X7 @0, OF[G). (3.20)

Using the description of the kernel of the map in (3.5), it follows that the kernel of the surjective
map (3.20), is generated by the ideal J = (1 ® [ply,[ply ® 1) C Ar®o,Ar. Clearly, the sequence
{p, 1®[ply, [plg®1} is regular on Ag®0, Ar, so from [BS22, Proposition 3.13], we see that (Ag, [plg®1)
is the prismatic envelope of (Ag®0, Ar, J) over the bounded prism (Ag, [p],). More explicitly, similar
to the description of Ar(1) before Lemma 3.15, let us consider a free d-algebra over Ar®o »Ap in one

variable given as (AR®OFAF){ Ei[g‘i }5. Then, from [BS22, Proposition 3.13], we have that

. . 10l |
AR = (AR®OFAF){ [P]Q®1}(p,[P]q®1)’

i.e. Ag is the (p, [p], ® 1)-adic completion of the free d-algebra (Ar®o, Ar) { m}(s' Moreover, from
Lemma 3.3, recall that p = po + p is the product of [p], with a unit in Ap. Therefore, the ring Ap has

another presentation given as

- R YA
AR = (AR®OFAF){II%

. 3.21
}(p,ﬁ®1) ( )

Using notations similar to Lemma 3.15, we will denote the two projection maps as p; : Agp — Ag
and po : Ap — Ag. Then, similar to Lemma 3.15, it is easy to see that both the preceding maps are
faithfully flat, in particular, Ag is p1 (w)-torsion free.

Next, note that we have a natural (¢, 'g)-equivariant injective map Ar — Ag, where the action
of I'p factors through I'r C I'p. So, by the universal property of prismatic envelopes the continuous
action of ' x ' on AR®OFAF naturally extends to a continuous action on /NXR and since the
morphism in (3.20) is compatible with the morphism in (3.5), therefore, we obtain the following
natural (¢, g x I'g)-equivariant map

i Ar — Ag(1), (3.22)
where the action of I'r x I'g on the source of 5 factors through I'r x I'r C T'g x ['i. |

Remark 3.45. Using an argument similar to the proof of Proposition 3.25, it can be shown that we
have a natural (¢, I'r)-equivariant isomorphism of rings

Ar/p1(n) =5 Ag = Ru, ("' /), k € NJj, (3.23)

where pa(p) — p and py([X;]?) — X; for 1 < i < d (see Proposition 3.21 for equivalent descriptions
of A R)-

Remark 3.46. In Construction 3.44, by switching the two components in (3.20) and carrying out

1®[P]q}
Pla®1 S () 1p],@1)

prismatic envelope of (A&, AR, J) over the bounded prism (Ar, [p],), where J = (1&][pl,, [p],®1) C
Ap®o, AR, i.e. E is the (p, [p],® 1)-adic completion of the free §-algebra (AR®OFAF){W}5- Now,
if we use notations similar to Lemma 3.15 to denote the two projection maps as p; : Ap — E and
p2 : Agp — E. Then, similar to Lemma 3.15, it is easy to see that both the preceding maps are faithfully
flat. Moreover, by the universal property of prismatic envelopes, we see that the continuous action of
IpxTron Ap®o »Ar naturally extends to a continuous action on E. Furthermore, using an argument
similar to the proof of Proposition 3.25, it can be shown that we have a natural (¢, 'g)-equivariant
isomorphism of rings F/p;(u) — APP = Ap[(uP~'/p)H, k € N7, where po(p) — p and po([Xi]?) —
[X?] for 1 < i < d (see Example 3.35 for the definition of AFP).

essentially the same steps, we can define another ring F := (AF®OFAR){ , as the
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Lemma 3.47. For each n > 1, the natural map in (3.22) induces a (¢, g x T'p)-equivariant iso-
morphism 3
ti t Ar/pr()" > (AR(L) /p1(n)") > R (3.24)

In particular, (3.22) induces a (¢,I'r x I'r)-equivariant isomorphism tf : Ap = Ap(1)*Tk,

Proof. As the action of ' x ' on A factors through I'r x I'p, we see that reducing (3.22) modulo
p1(pn)"™ and taking (1 x I';)-invariants, we obtain the (¢,I'r X I'r)-equivariant map in (3.24). It
remains to show that it is an isomorphism. For n = 1, we consider the following (¢, I'r)-equivariant
diagram,

Ra/pa() 225 (AR(1)/pa ()T

ZJ(S.M

ARv

where the isomorphism ¢p is from Example 3.36. It is easy to see that the diagram above com-
mutes. Therefore, the top horizontal map of the diagram is an isomorphism, i.e. AR/pl(,u) =
(Ar(1)/p1 (1)) =. Now as both Ag(1) and Ag are p;(u)-torsion free (see Lemma 3.15 and Con-
struction 3.44), we consider the following diagram with exact rows

0 —— Rp/p(p) — 2 Rp/pr()™ ———— Ap/pr()* ———— 0

{(3.24) l(g.g,i) l(i%.?ﬁl)
0 —— (Ag(1)/p1(p)*Tr P (Ar(1)/p1 ()" )T —— (AR(1)/p1(p)™)*Tr —— 0,

where the second exact sequence is from (3.19). Using the diagram, an easy induction on n >
1, gives the natural (p,I'r x I'r)-equivariant isomorphism induced from the map (3.22) as ¢ :
Ar/pi(p)™ = (Ar(1)/p1(1)™)* &, ie. the isomorphism in (3.24). Finally, since both A and
Apg(1) are pi(u)-adically complete, therefore, by taking the limit over n > 1 and noting that limit
commutes with right adjoint functors, in particular, with taking (1 x I'j;)-invariants, we obtain the
(¢, Tr x I'p)-equivariant isomorphism ¢ : Ap = Ar(1)™T&, |

Let us note an important observation for the action of I'r x I'p on Ag.

Lemma 3.48. The action of 1 x I'r is trivial on Ag/pa(p) and the action of T x 1 is trivial on
Ar/p1(p)-

Proof. The proof of the claim is similar to that of Proposition 3.17. For the first part, let us note that
the action of 1 x I'p is trivial modulo pa(u) on A R®0,O0F[u]. Then, from the explicit description of
A g in Construction 3.44, it is enough to show that for any m € N and ¢ in 1 x I'p, we have that

(9= D)™ (;74%) € pa(p)Ap.

Now, using Lemma 3.9 (2), let us note that pg(,u)]\R is a d-stable ideal of A, in the sense of [BS22,

Example 2.10]. Then, using Lemma 3.19 for A = Ag and a = p2(1), we see that to prove our claim,

it is enough to show that (¢ — 1)([2?(1%‘{) belongs to pa(u)Ag, which follows from Lemma 3.18. In

particular, we have shown that the action of 1 x I' is trivial on AR /p2(). For the second claim, note
that the action of I'g x 1 is trivial modulo p; (1) on AR®0,OF[p]. Now, from the explicit description
of Ag in Construction 3.44, it is enough to show that for any m € N and ¢ in I'g x 1, we have that

(9= 10" (1124) € pr(w)Ar.

Similar to the first part, using Lemma 3.9 (1), we note that p; (M)]\R is a d-stable ideal of Ap. Then,
using Lemma 3.19 for A = A and a = p;(u), we see that to prove our claim, it is enough to show
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that (g — 1)( ﬁqﬂg‘{) belongs to p1(1)Ag, which again follows from Lemma 3.18. Hence, the action of
Ig x 1 is trivial on Ag/p1(p). |

Remark 3.49. From Lemma 3.48, note that the action of 1 x T'r is trivial on Ag/pa(u) and the
element p;(u) is invariant under this action. Therefore, it follows that for any g in 1 x I'r and any
z in Ap/p1(p)"™ we have that (g — 1)z is an element of pa(u)Aro/p1()”. In particular, for n = 1,
using the isomorphism Ag/p1 (1) — Ag from (3.23), we get that for any ¢ in I' and any x in Ag the

element (¢ — 1)z belongs to uAg.
We are now ready to prove the main claim:

Proof of Lemma 3./5. To lighten notations, let us set A(1) := Ag(1) and A(1) := Agr(1)/p1(u).
Instead of working with the action of 1 xI', we will work with the g-connection arising from this action.
More precisely, in the notation of Definition 3.31, take D to be Ag —» A(1)**T'r (see Lemma 3.47),
and A to be A(1) equipped with a Apg-linear action of 1 x I'; and let {71, ...,74} be the topological
generators of T'y (see Subsection 3.1). Then setting ¢ = 1 + p2(p) and U; = po([X?]) for 1 < i < d,
we have that v; = 1 mod po(u)Ag(1) for all 1 < i < d (see Proposition 3.17). In particular, A(1)
satisfies the hypotheses of Definition 3.31. Moreover, in this case, ¢! A()/Ag identifies with Q A(1)/AR?
and given as the (p, u)-adic completion of the module of Kéhler differentials of A(1) with respect

to Ag. From Definition 3.31, the g-connection on A(1), denoted V, : A(1) — qu(l)/[\R, is given
as f— 24, %pfzfu)f dlog(p2([X?])). Moreover, the g-connection V, on A(1) is (p, p1(u))-adically

B ot S b1V) — s ‘ .
quasi-nilpotent because we have 2 (7T} (p2([X7])) = 1, and it is flat because ; commute with

each other. Let us also note that Agr/pi (1) = Ar — (A(1)/p1(p))* = (see (3.23), Example 3.36
and the proof of Lemma 3.47). Now consider the following exact sequence of g-de Rham complexes:

[ ] ( )n n [ ] n [ ]
0 — 4%, 5, S AL /o1 ()" @4 V05, — AD/P1(W)" ©a) ¢y 5, — 0

Since the action of 1 x I'}; is continuous for the (p, p1 (1))-adic topology on A(1), therefore, we get that
(A1) /p1 ()™)Y TR = (A(1)/p1 (1)) Ve=0. In particular, showing that (3.19) is exact, is equivalent to
showing that H' (qQe = 0. Now, from Proposition 3.37, recall that the ¢-de Rham complex
qQ T(1)/An is nziturally quasi-isomorphic to the de Rham complex QZ(1) AR

description of A(1) in Proposition 3.25, it is clear that the de Rham complex Qi( /AR

o . . . 1 ° _ 1 Y

positive degree, in particular, H (qQZ(l) / AR> =H (QZ(l) / AR) = 0. Hence, it follows that (3.19) is :
exact.

A(1)/Ag )
. Then, from the explicit

is acyclic in

For computations to be carried out in Subsection 5.2, we will consider a “diagonal map for the
geometric variables” from Ar(1) to Agr. More precisely, consider the following surjective Apg-linear
(via p1) and (p,I'r x I'p)-equivariant map

A AR(I) — ]\R,

where pa(p) +— pa(p) and pa([X?]) — p1([X?]) for 1 < i < d. Then it is easy to verify that the
composition A’ o 15 (see (3.22)), is the identity on Ag. As pi(p) is invariant under the action of
1 x I, we see that the reduction of A’ modulo pq (1)™ is (¢, I'gr X I'p)-equivariant, for each n > 1. Now
taking invariants of the source under the action of 1 x I, we obtain the following (¢, I'p)-equivariant
morphism:

A (AR(1>/p1< ) )1XFR — AR/pl( n. (325)

Then, we claim the following:

Lemma 3.50. The (p,I'r)-equivariant map in (3.25) is an isomorphism. Moreover , (3.25) induces
a (¢, T'p)-equivariant isomorphism A : Ap(1)"Tr =5 Ap
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Proof. Let us first consider the following (¢, I'p)-equivariant diagram

(3.25)  ~ (3.23)

Ar/p1(p) Ag.

Ar 2 (Ag(1)/pr(p) T
Using the isomorphism (3.24) in Lemma 3.47, it is easy to verify that the composition above is the
identity on Ag. Therefore, it follows that (3.25) is an isomorphism for n = 1. Now as both Ag(1) and
AR are p1(u)-torsion free (see Lemma 3.15 and Construction 3.44), we consider the following diagram
with exact rows

0 —— (Ag(1)/pr(p)*Tr 1IN (Ap(1)/p1 ()" ™) Tr —— (AR(1)/p1(p)™) T —— 0

zl(s.zs) l(:s.zs) l(:;.zs)

I pi(p)" 5 r

0 ——— Agr/pi(p) ————— Ap/p1()"" ————— Ap/pi(0)" ———— 0,
where the first exact sequence is from (3.19). Using the diagram, an easy induction on n > 1, gives
the natural (p,'r x I'p)-equivariant isomorphism A’ : (Ar(1)/p1()™)™>Tr =5 Ap/p1 ()™ in (3.25).
Finally, since both Ag(1) and Ag are p;(u)-adically complete, therefore, by taking the limit over n > 1
and noting that limit commutes right adjoint functors, in particulat, with taking (1 x I'y)-invariants,
we obtain the (¢, I'r)-equivariant isomorphism A’ : Ag(1)"*Tr = Ag. [ |
3.4.2. The action of F;. In this subsubsection, we will assume that p > 3 and consider the
invariants of the exact sequence (3.19) (more precisely, its image under the inverse of the map ¢35 of
(3.24)), for the action of 1 x F.

Lemma 3.51. For each n > 1, the following natural (¢, T'r x Tg)-equivariant sequence is exact:

X

0 — (Ag/pa ()7 20 (R /py ()™ FF — (Rp/pa (1)) — 0, (3.26)

Proof. Using the discussion in Construction 3.44 and the isomorphism (3.24) in Lemma 3.47, the
exact sequence (3.19) in Lemma 3.43 can be written as the following (¢, I'r x I'p)-equivariant exact
sequence:

n+1

0 — Ar/pr(s) 2% RAp/pr ()™ — Ag/p1()™ — 0.

By considering the associated long exact sequence for the cohomology of (1 x Fy )-action and noting
that H'(1 x F,,Ar) = 0, since p — 1 is invertible in Z,, we obtain that the sequence in (3.26) is
exact. ]

Next, let us describe the rings (Ag/p1 (1)) *F? | more explicitly.

Construction 3.52. Note that from (A.1), the action of 1 x F} induces a decomposition Ap =
@f;g(]\R)i. Let us set /N\R,o = (]\R)o = (]XR)IXF;, complete for the p-adic topology and equipped
with induced Frobenius and a continuous action of I'r X I, from the corresponding structures on
Ag. Using the explicit presentation of Ag from Construction 3.44 (see (3.21)), we obtain an explicit
presentation of Ar o as follows:

Ao = (Ar®0,OF [[uo]]){@}A : (3.27)
’ PO (p 1)

Using notations from Construction 3.44, we will denote the two projection maps as p; : A — A R0
and po : Op[uo] — A r,0- Then, similar to Lemma 3.15, it is easy to see that both the preceding maps
are faithfully flat, in particular, A R,0 s p1(p)-torsion free.

Furthermore, note that from (3.23), we have a natural (¢, 'r)-equivariant isomorphism of rings
Ar/p1(p) = Ag. Now, using (A.1), the action of 1 x F, induces a decomposition Ar = @f:_g(AR)i.
Note that p;(u) in Ap is invariant under the action of 1 x F; and p—1is invertible in Z,, in particular,
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HY(1 x F;,]\R) = 0. Therefore, it follows that for each n > 1, we have a (¢,I'r x I'g)-equivariant
isomorphism of rings

Aro/pr(p)" = (Ar/pr(p)") P> (3.28)
In particular, for n = 1, we have a (¢,'g x I'g)-equivariant isomorphism of rings /~XR70/p1(u) =
(Ar/p1(1))*F7 . Additionally, using (3.23) induces a (¢, [g)-equivariant isomorphism of rings

Aro/pi(i) =5 (Ap/pr ()T =5 AP = Apy. (3.29)

Let us describe the ring Ag o more explicitly. From Proposition 3.21, recall that we have Ap =
Rlu, (uP~/p)F k€ N];. Moreover, recall that ¢ = log(1 + p) is an element of Ap and since ¢/ is a

unit in Ap (see Lemma 3.24), we may write Ag = R[t, (t?~'/p)¥ k € N];. Now, since the action of

X
F is trivial on t#~1, it follows that Ago = AIF{’ = R[(t*'/p) k€ N]7. Furthermore, recall that pg
is the product of yP~! with a unit in A (see Lemma 3.7) and since ¢/ is a unit in A, therefore, we

can write pg = vtP~!, where v is a unit in Ap. As the action of F; is trivial on po and t*~1, it follows

X
that v belongs to Apg = A;” . In particular, ug is a product of t?~! with a unit in A ro and we have
(¢, Tg)-equivariant identifications

Aro =A% = R[(# 1 /p)W ke NJ2 = R[(po/p)™, k € N (3.30)

Note that uP~! is not an element of Ag g as the action of F, is non-trivial on pupL, |

3.4.3. The action of 1+ pZ,. In this subsubsection, we will assume that p > 3 and consider

the invariants of the exact sequence (3.26), for the action of 1 x Ty = 1 x (1 + pZ,), and show the
following:

Lemma 3.53. For each n > 1, the following natural (¢, T'r x 1)-equivariant sequence is exact:

n

0 — (Ar/pr ()T U (R fpn ()™ TF 5 (Ap/py (1)) XTF — 0. (3.31)

Remark 3.54. Via the natural (¢, I'g x I p)-equivariant isomorphism ¢ 5 in Lemma 3.47 (see (3.24)),
we see that the exact sequence in (3.26) is the invariants, under the natural action of 1 x F;, of
the exact sequence (3.19) in Lemma 3.43. Then it follows that the exact sequence in (3.31) is the
invariants, under the natural action of 1 x I'r, of the exact sequence (3.19) in Lemma 3.43.

Note that using the (¢, I'r x I'g)-equivariant isomorphism in (3.28) and (3.29), the sequence in
(3.31) can be rewritten as the following (¢, I'r x I'g)-equivariant sequence:

0o— Al;%(fo % (AR,O/pl(N)n+1)1XFO N (AR,O/pl(,U«)n)lXFO —0. (3.32)

In order to prove that (3.32) is exact, we will now look at the action of I'g x I'g on the rings introduced
in Construction 3.52. We start with the following observation:

Lemma 3.55. The action of 1 x Ty is trivial on 1~\R70/p2(,u,0) and the action of T'r x 1 is trivial on
ARro/p1(p).

Proof. The proof of the claim is similar to that of Lemma 3.48. Let us first note that if g is any
element of I'g, then (g — 1)uo is an element of 1oOr[uo] (see Lemma 3.6). Now, for the first part, let
us note that the action of 1 x T is trivial modulo pa(ug) on Ag®0,OF[po]. Then, from the explicit
description of A R0 in (3.27), it is enough to show that for any m € N and g in 1 x I'g, we have that

(9 —1)6™(528) € pa(po)Aryo.

We can reduce this claim further, as follows. Using Lemma 3.9 (2), we first note that pg(,ug)[\ RO s a
d-stable ideal of Ar, in the sense of [BS22, Example 2.10]. Then, using Lemma 3.19 for A = Ap
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1®p

and o = pa(uo), we see that to prove our claim, it is enough to show that (g — 1)(53%) belongs to

D2 (MO)]\ Ro- The assertion now follows from the earlier observation that (g — 1)uo is an element of
1oOF[po]. In particular, we have shown that the action of 1 x Iy is trivial on Aro/p2(t0). The second
claim easily follows from Lemma 3.48. |

Remark 3.56. From Lemma 3.55, note that the action of 1 x I'g is trivial on AR’U/pg(uo) and the
element p; (u) is invariant under this action. Therefore, it follows that for any g in 1 x I'g and any z in
ARo/p1(p)" we have that (g — 1) is an element of pa(uo)A R o/p1 (). In particular, for n = 1, using
the isomorphism ]\R,O/pl (1) = ARy from (3.29), we get that for any g in 'y and any = in Agg the
element (g —1)x belongs to gAr,9. We can show this more explicitly. Indeed, let vy be the topological
generator of I'g such that x(79) = 1 + pa, for a unit a in Z,, and we will write (1 + pa)?~! =1 + pb,
where b is also a unit in Z,,. Now, from Construction 3.52, recall that 1 is the product of tP—1 with a
unit in Apg (see (3.30) and the discussion preceding it). Therefore, it is enough to show that for any
z in AR, we have that (o — 1)z is an element of *~'Ag . Recall that Ago = R[(t?~/p)* k € NI,
so we can write © = Yoy 2k (P71 /p)H, where x4 is an element of R for each k € N. Then we have,

(30 = Da = (0 — D Sgen zr()H)
= 2 ren(X(70) P7IF — 1)ag (E- DR = =l w k(%)[k—l} — 1y

where y converges in Ao because for any k € N, an easy computation shows that we have (14+pb)F—1 =
pkuy, for some unit uy, in Z,,. Therefore, it follows that (7o — 1)z is an element of tPIA R0 = MolARyp-

Using the action of 1 x I'y on A R0, we will define a g-de Rham complex (see Definition 3.31). For
such a definition we will treat the following element in Ag as a parameter:
1®p—pR1 p2(P)—p1(p) (3.33)

S =70 T pi)

Lemma 3.57. Let 7o be any element of 1 x I'g. Then we have that (yo — 1)3 = upa(po), for some
unit u in Agy.

Proof. Note that it is enough to show the claim for a topological generator vy of I'g such that x(v9) =
1 4 pa, for a unit a in Z,. Now, recall that we have p = o + p. Moreover, from Lemma 3.6, recall
that we can write (v — 1)po = puoz, for some x in Op[uo]. So from (3.33) we can write

(0~ 1)5 = Cpsl) = Dnstisliel — v = BB (). (330)

From Lemma 3.3 and Lemma 3.15, it follows that ;13%15

is a unit in Ag(1). Moreover, from the
1®p
~ o1
in Aro. Therefore, to show the claim, it is enough to show that pa(z) is a unit in Ag . Again, note
that from Construction 3.52, the ring A R,0 i p1(p)-adically complete and we have a (¢, I'g)-equivariant
isomorphism Ago/p1() — Agro (see (3.29)), therefore, we are reduced to showing that pa(7), the
image of pe(x) under the preceding isomorphism, is a unit. Also note that, under the preceding
isomorphism, pa(p0) and pa(p) are the respective images of py and p in Arg. Now, reducing the
equalities in (3.34) modulo p;(p), we obtain the following expression in Ag o:

description of A R0 as the F; “invariants of A R, in Construction 3.52, it follows that is also a unit

(vo=Vpo _ . (=, B
oo = pa(T) oy

Note that 5/p is a unit in Ag, because it is the image of the unit pa(5)/p1(p) in Ar o (also see Lemma
3.24). Now, from Lemma 3.58, it follows that pa(7) is a unit in Agg. Therefore, pa(x) is a unit in
ARy. Hence, we have shown that (yo — 1)5 = upa(po), for u = (p2(p)/p1(5))z a unit in Ag. |

The following observation was used above:
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Lemma 3.58. Let g be a topological generator of I'g such that x(v0) = 1 + pa, for a unit a in Z,.
X

Then we have (v — 1)% = v, for some unit v in Apg = A;’” )

Proof. From Construction 3.52, recall that pg/p is the product of *~!/p with a unit in Apg (see

(3.30) and the discussion preceding it). So let us write po/p = utP~1/p, for some unit u in Agy.

Note that, from Remark 3.56, we have that (y9 — 1)u = poz, for some x in Apg. Moreover, we write

(14 pa)P~! — 1 = pb, where b is a unit in Z,. Therefore, we can write

—1 —1 —1
(0 = DA = (0 — 1) = = F= (0 — Du+10(u) (70 — 1)

tp—1

1 _

= B0z +70(uw) (x(70)P ! = 1) 55~
-1 _

= po (5= +yo(u)u™'b) = pov,

where v = (%x + Yo(u)u~1b) is a unit in Apg because yo(u)u=tb is a unit and tP~1/p is p-adically
nilpotent in Apo. Hence, the lemma is proved. |

In the rest of this subsubsection, we will fix the choice of a topological generator v of 1 x I'g such
that x(v0) = 1 + pa, for a unit a in Z,. Let us now consider the following operator on Ap o:

V(Lg : ]\R,O — AR,O (3 35)
(vo—1z ’
T (o-D5-

From the triviality of the action of 1 x T on Apo/p2(po) (see Lemma 3.55) and from Lemma 3.57,
it follows that the operator V5 is well-defined. For each n € N, using Remark 3.56, the operator in
(3.35), induces well-defined operators Vg5 : Ago/p1(n)” — Aro/p1(p)”. In particular, for n = 1,
set s := po/p in AR, then using Remark 3.56 and Lemma 3.58, we have a well-defined operator

Vq,S : AR70 — AR,O

(vo—1)z
(v0o—1)s"

(3.36)

X —

Remark 3.59. Considering § as a parameter, the operator V,; in (3.35), may be considered as a
g-differential operator in non-logarithmic coordinates, in the sense of Definition 3.31 and Remark
3.32, where qQ}4 /D identifies with the (p, p1(p))-adic completion of the module of Kéahler differentials

of A Rr,0 With respect to p; : Ap — A R,0- Similarly, considering s as a parameter, the operator V, ; in
(3.36), may be also considered as a non-logarithmic g-differential operator in the sense of Definition
3.31 and Remark 3.32, where the qQ}4 /D identifies with the p-adic completion of the module of Kéhler
differentials of Ag o with respect to R.

For each n € N, the operator V,; is an endomorphism of /NXR,O /p1()", so we can define the
following two term Koszul complex:

A n Vas 3 n
K[\Ryo/pl(”)n (Vgs) = [Aro/pr(n)" —= Aro/p1(n)"]. (3.37)
For n = 1, we have the following claim:

Lemma 3.60. The cohomology of the Koszul complex KAR,O(V%S) vanishes in degree 1, i.e. we have
H' (Kppy(Vgs)) = 0.

Proof. The proof of this claim will be carried out in Proposition 4.24, where the claim will be shown,
more generally, for finite A g-modules admitting a continuous action of Iy (trivial modulo pp), in
particular, Ag g itself. We give a brief sketch of the main steps below.

Recall that, s = p/p is the product of #~!/p with a unit in Apg (see Construction 3.52, in
particular, (3.30) and the discussion preceding it). Moreover, from Lemma 3.58 we have that (yo—1)s
is the product of yig with a unit in Agy. Now let z := tP~1/p, then in the proof of Proposition 4.16, it
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will be shown that (79 — 1)z is the product of ;19 with a unit in Apo. Therefore, it follows that the
complex K R,D(V‘LS) is quasi-isomorphic to the following complex

V.~
KAR,O(qu) = [AR,O —_— AR,O]-

To show the vanishing of H!(K, r0(Vg,2)), we switch from the g-differential operator to a differential

operator. So, in Proposition 4.24, we show that Vlog = lolg;)(gx((vgo))) = log(xl(vo)) ZkeN(_l)k%y

converge as a series of operators on Ag o and that Vo(—) @ dz : Apg — Q}xR o/ R coincides with the
universal R-linear continuous de Rham differntial operator d : Ar g — Q}\R o/R" In particular, we have
the following identification of complexes:

0% o/r = Kapo(Vo) = [ARo % Arg.

Recall that Apo = R[IFlk € N]; (see (3.30)), therefore it follows that the de Rham complex

QRR o/R = Kpp, (Vo) is acyclic in positive degrees and we have that R — AX?OZO. Furthermore,
in Proposition 4.24, we show a natural quasi-isomorphism of complexes

KAR,O (V(LZ) — KAR,O (Vo).
Hence, we conclude that HI(KAR0 (Vgs)) — HI(KAR’O (Vo)) =0. [

Proof of Lemma 5.53. Using the (p,I'r x I'g)-equivariant isomorphism of rings from (3.28), the exact
sequence in (3.26) can be rewritten as follows:

0 — Arp ROk S Aro/pi ()" — Ago/p1(p)™ — 0.

Then, using the operator V5 in (3.35) and the Koszul complex defined in (3.37), we obtain an exact
sequence of Koszul complexes:

pi(w)"
0 — Kipo(Vas) — K]\R,O/pl(li)an (Vas) — K]\R,o/pl(u)" (Vags) — 0.

Considering the associated long exact sequence, and noting that H!(K Aro(Vgs)) = 0 from Lemma
3.60, we obtain the following exact sequence:

0 — AR5 LS (Rro/pa (0™ — (Rro/pi()) 7277 — 0.

Since the action of 1 x I'g on AR,O is continuous for the (p, p1(u))-adic topology, therefore, we that
(Apo/p1 ()T Vas=0 = (Apo/p1(u)"*1)*Io, for each n € N. Hence, from the preceding exact
sequence we obtain that the sequence in (3.32) is exact, therefore, the sequence (3.31) is also exact. W

3.4.4. The case p = 2. In this subsubsection, our goal is to prove a statement similar to Lemma
3.53, for p = 2. From (1.6), recall that I' fits into the following exact sequence:

1—Ty—Tpr—Ti —1,

where, we have g — 1 + 4Z5 and 'y, — {1}, as groups.

We will first look at the action of oy on Ag. Let o denote a generator of L'tor. Then, from (A.2),
recall that by setting Ag , := {x € Ag such that o(z) = 2} and Ag _ := {z € Ag such that o(z) =
—z}, we have a natural injective map of A R,+-modules

Arp+ ® Ar_ — Ag, (3.38)

given as (z,y) — = + y. Note that the action of 1 x I'r on Ag, is continuous for the (p, p1(p))-adic
topology, so it follows that AR+ is a (p,p1(p))-adically complete subring of Ap stable under the
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action of (p,I'r X I'p) on AR and similarly, ARﬁ_ is a complete /~\R’+—Submodule stable under the
action of (¢,I'r x I'r). Equipping /~\R,+ and AR,, with induced structures, we see that (3.38) is
(¢, T'r x I'p)-equivariant.

Now, from (3.23), recall that Ap/pi(u) — Ag. Similar to above, by setting Ar = {z €
Ap such that o(x) = 2} and A _ := {z € Ar such that o(z) = —z}, from (A.2), we have a natural
(¢, I'p)-equivariant injective map of Ag _y-modules

A.R’+ D AR,, — Apg. (3.39)
Lemma 3.61. The natural map in (3.39) is bijective.

Proof. Recall that t = log(1+ p) is an element of Ap and ¢/ is a unit in Ap (see Lemma 3.24), so we
may write, Ap = R[t,(#*~1/p)F k € N], = R[(t/2) ke NJ;. Since o(t) = —t, therefore it easily
follows that Ap + = R[(t/2)F, k € 2N|7 and Ap_ = R[(t/2) k] ,k € 2N 4 1]} Then it is immediate
that Ap = Ap+ @ AR —. Hence, (3.39) is bijective. |

Next, we will give another description of Ag  and Ar _. Let us consider the following element in
Ap from [Fon94, Subsection 5.2.5]:

vi=q—l4o(q—1)=q+q'-2="10_ 2 (3.40)

Using Lemma 3.24, note that the element v is the product of t?> with a unit in Ap. Let 7 := v/8 and
we claim the following:

Lemma 3.62. The element T is the product of t2/8 with a unit in Ap 4, i.e. we have T = ut?/8, for
some unit u in Ap . In particular, we have

Apy = R[(#*/8)" ke N)) = R[7™ & € N]A

(3.41)
Ar— = R[(t/2)(#*/8), k € N]j = R[(/2)7, k € N]; = (t/2)AR.+,

Proof. Recall that o(t) = —t, so t?/8 is an element of Ag . Moreover, v = ut? for some unit u in
Ap, so T is an element of Ap. Since, o(v) = v, it follows that 7 = v/8 belongs to Ar , and therefore,
u is a unit in Ag 4. Next, from the proof of Lemma 3.61, note that Ag = R[(t/2)[",n € 2N]7 and

Ag— = R[(t/2)(t/2)[",n € 2N]/. Now, let n = 2k for k € N, and note that

2k k12 (t2 )[k] k12F K]

(%)M = @REF T (2R = hF T

The equalities in (3.41) now follow since an easy computation shows that we have vy(2¥) + va(k!) =
va((2K))). u

~ Let us now consider a lifting of the element 7 = v/8 to AR, under the surjective map Ar —
Agr/p1(p) = AR, where the isomorphism is the (¢, I'r)-equivariant isomorphism in (3.23). We have
the following element in Ag:

1 p2([plg)\ _
2@ 0 (o))

where the last equality follows from Remark 3.2.

1® 1®p
= 0 (Gret) = 50 GED), (3.42)

T =

Lemma 3.63. The element 7 belongs to IN\R,+ and we have T = T mod p1 (,u)[\R.

Proof. Let o be a generator of 1 x I'to; and note that o(1®¢q) =1® ¢~ '. Moreover, since the action
of 1 x I'p commutes with the d-structure on Ag, we have

~ o(1® 1® 1® ~
o(7) = s (Trer) = (10 )y i) = ad (t) = 7.

where the third equality follows from using the product formula for é-structure from (2.1) and the fact
that §(1 ® q) = 0. Therefore, 7 is an element of Ag ;. Next, since the isomorphism Ap/p; (1) — Ag
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in (3.23) is compatible with the respective Frobenii, in particular, with respective J-structures, we
have the following:

=T

2
7 mod py(u) = — 5(5?%%5%) mod p1(¢ —1) = %5(%) = (qul) =

<N

This proves the second claim. |

Lemma 3.64. For each n > 1, reduction modulo p1(u)™ of (3.38), induces a natural (p,T'p X
Io)-equivariant isomorphism

Apqs /pr()" = (Ag/pr(p)") > e, (3.43)

Moreover, for n =1, the (@, Tp)-equivariant isomorphism Ag/pi(pn) = Ag from (3.23), induces a
natural (¢, T'p)-equivariant isomorphism

A /pr(p) = ARy (3.44)

Proof. Let us consider the following natural (¢, ' x T'g)-equivariant commutative diagram with exact
rows:

0 —— Apa/pr(u) —2Y2 s Ry /pr ()™ ———— Rp /o1 ()" ———— 0

l(:;.sg) l(&%) l(a.:ss) (3.45)
0 —— (Rp/pr () Tror 200 (R ()1 XTor s (R /pa ()" ¥Tee,

where the vertical maps are injective because we have py ()" ArNA g+ = p1 ()" AR 4, as p1 () is invari-
ant under the action of 1 xI'p. Composing the left vertical arrow in (3.45) with the (¢, I'r)-equivariant
isomorphism Agr/p1 (1) = Ag from (3.23), we obtain a natural (o, r)-equivariant injective map
Ar+/pi(p) = Ag, and we claim that it is surjective as well. Indeed, note that Ap 4 /pi(p) is a
p-torsion free ring equipped with an induced Frobenius, in particular, a §-structure compatible and
the left vertical map in (3.45) is compatible withe the respective d-structures. Now, from (3.41) in
Lemma 3.62, recall that we have Ar . = R[T[k}, ke N];{,\. If we again denote by 7, its preimage under
the isomorphism (3.23), then from Lemma 3.63 we have that 7 is an element of Ag 4 /p1 (1) and we
need to show that ¥/ belongs to AR,+/p1(u), for each k € N. Moreover, using [BS22, Lemma 2.35],
we see that it is enough to show that 72—2 is an element of Ag ¢ /p1(p). Since, Ag 4 /p1(p) is a d-ring,
we have the following:

_12 2_12 _14 7'2
5(t) :5((q8q) ) = #((q - ) (q64) ) = 2%1(7,(q+1)2_ 7)'

As 2], = ¢ + 1 can be written as the product of 2 with a unit in Ap (see Lemma 3.24), there-
fore, it follows that é = M — ¢?0(7) is an element of Ag {/p1(p). Hence, we conclude that
Ar+/p1(p) = Ag ¢, in particular, the composition in (3.44) and the left vertical arrow in (3.45) are
bijective. Now, using the diagram (3.45), an easy induction on n > 1, gives that for each n > 1, the
right vertical arrow is bijective and the bottom right horizontal arrow is surjective. Hence, it follows
that the natural (¢, g x T'g)-equivariant map Ag 4 /p1 ()™ — (Ag/p1(p)™)*Teor, induced by (3.38),
is bijective for each n > 1. [ |

Remark 3.65. Lemma 3.64 can be proved using an alternative method as in the proof of Lemma
5.23, where a crucial input is Lemma A.11. However, the proof given above is conceptually more
satisfying.

From Lemma 3.64, we obtain the following;:

Lemma 3.66. For each n > 1, the following natural (¢, T'r x Tg)-equivariant sequence is exact:

0 — (Ap/pr () X" 20 (R ()™ )T — (R /pr ()") < Ter — 0. (3.46)
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Proof. The sequence (3.46) is the same as the second row of the diagram (3.43), which was shown to
be exact in the proof of Lemma 3.64. |

Next, we will look at the action of 1 x Ty — 1 x (1 4+ 4Z3) on A R,+ and prove a result similar to
Lemma 3.53, for p = 2. In particular, we will show the following:

Lemma 3.67. For each n > 1, the following natural (¢, I'r X 1)-equivariant sequence is exact:

0 — (Ra/p()"r 25 (Rp/py ()" )T — (Ag/pa (1)) 57T — 0. (3.47)

Remark 3.68. Via the natural (¢, 'g x I')-equivariant isomorphism ¢5 in Lemma 3.47 (see (3.24)),
we see that the exact sequence in (3.47) is the invariants, under the natural action of 1 x I'p, of the
exact sequence in (3.19) in Lemma 3.43, for p = 2.

Note that using the (¢, I'r x I'gp)-equivariant isomorphism in (3.43) and (3.44), the sequence in
(3.47) can be rewritten as the following (¢, I'r x I'g)-equivariant sequence:

0 — AR, 2 (R /()™ ) T — (R g /o (1)) 0 — 0, (3.48)

In order to show that the squence (3.48) is exact, we start with the following observation:

Lemma 3.69. The action of 1 x I'g is trivial on AR+ /pa(v) and the action of Tr x 1 is trivial on
Ar+/p1(p).

Proof. For the first claim, note that we have pa(v)Ar N Apy = p2(v)Ag 1. So, if z is an element
of /~\R7+ and g any element of 1 x I'g, then it is enough to show that (¢ — 1)z is an element of
pg(l/)]\ r. Moreover, recall that v is the product of p? with a unit in Ap. Therefore, we are reduced
to showing that (g — 1)z is an element of pa(1)2A . Now, using Lemma 3.48, we can write (g — 1)z =
p2(p)y, for some y in Apg. Let o be a generator of 1 x Iy, and note that o(x) = z. Then, we have
o(p2(p))o(y) = p2(w)y, in particular, (o — 1)y = —(2 + pa(p))y. Again, using Lemma 3.48, we can
write —pa([plg)y = (0 — 1)y = pa(p)z, for some z in Ag. So we get that —py = 0 mod pa(u)Ag.
Note that (pz(i),p) is a regular sequence on Ag since py : Ap — Ag is flat (see Construction 3.44).
Therefore, we conclude that y = 0 mod pa(u)Ar, i.e. y is an element of po(u)Ag and (g—1)z = pa(u)y
is an element of pg(,u)Qf\ R, as desired. The second claim easily follows from Lemma 3.48. |

Remark 3.70. From Lemma 3.69, note that the action of 1 x Ty is trivial on Ap 4 /p2(r) and the
element p;(u) is invariant under this action. Therefore, it follows that for any ¢g in 1 x I'g and any z in
AR /p1(1)™ we have that (g — 1) is an element of po(v)Ag 4 /p1()". In particular, for n = 1, using
the isomorphism Ag 4 /p1 (1) — Ag 4 from (3.44), we get that for any g in Ty and any z in Ag_; the
element (g — 1)x belongs to vApg ;.

Using the action of 1 x g on A R+, we will define a g-de Rham complex (see Definition 3.31). For
such a definition we will treat the element 7 in Ag_ as a parameter. We start with the following
observation:

Lemma 3.71. Let yo be any element of 1 x T'g. Then we have (Yo — 1)7 = upa(v), for some unit u
m AR7+.

Proof. Note that it is enough to show the claim for a topological generator g of 'y such that x(vy) =

1 + 4a, for a unit a in Zs. Let us set v := 5?2%3’ then we have 7 = ;52(22). Now observe that
~ d(v —1)6(v
(0 =17 = (0 = D) = (0 = Dizig)o®) + Tm

L (90 = DO() — (pa(a*) = 1)5(v))
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Since § and g commute with each other, an easy computation shows that
(70 — 1)d(v) = 3((v0 — 1)v) —v(y0 — L)v
(p2(q") = 1)é(v) = 8((p2(q") — 1)v) = v*(p2(g?) — 1).
Then we note that
v(r0 = v = v*(pa(q?) — 1) = v(p2(q®) — 1) (BLLL2D ) = —12(py(g) — 1)(p2(¢®) — 1)
= —0’p2(q) (p2(a®) + p2(q) + V)pa(v) = p2(v)1,

for some a1 in Az and (yo — v = pa(q)(p2(q) — D(p2(g?) + 1)v. Now, let a = pa(q)(p2(q?) + 1),
b =pa(q)+1and ¢ = (p2(g) — 1)v, and note that a —b, (a — b) and §(c) are elements of (p2(q) —1)Ag,
since the latter is a d-stable ideal of Ag, in the sense of [BS22, Example 2.10]. So we obtain that

5((0 — 1)v) — 6((p2(g*) — 1)v) = 6(ac) — 6(bc) = §(ac — be) + b*c? + abc?
= (a —b)® 4 (a — b)25(c) + 26(a — b)d(c) + b2 ? + abc? = pa(v) a2,

for some x5 in AR, and in the third equality we have used that v = (q;l)Q from (3.40). Set u := g&xi

in Ag, and by putting everything together, we have that

(o = )7 = upz(v). (3.49)

Since o(7) = 7 (see Lemma 3.63), o(v) = v, the group 1 x T'z- is commutative and Ag . is pa(v)-torsion
free, therefore, we get that u is an element of A R,+- S0 to show the claim, it is enough to show that
u is a unit in Ag. Now, note that from the discussion after (3.38), the ring Ap 4 is p;(u)-adically
complete and we have a (¢, I'g)-equivariant isomorphism Ag 4 /p1(p) — Ag.y (see (3.44) in Lemma
3.64), therefore, we are reduced to showing that u, the image of v under the preceding isomorphism,
is a unit. By reducing the equalities in (3.49), modulo p; (i), we obtain the following expression in
AR’+Z
(o =17 = (90— 1)§ =uw

But from Lemma 3.58, we see that % must be a unit in Ag . Hence, u is a unit in AR,JF, proving the
claim. |

The following observation was used above:

Lemma 3.72. Let v be a topological generator of Iy such that x(vo) = 1 + 4a, for a unit a in Zs.
Then we have (70 - 1)7' = (’}/O — 1)% = uv, fO'I" some unit u in AF,—{- — Agtor.

Proof. From Lemma 3.62, recall that v/8 is the product of t?/8 with a unit in Ap . So let us write
v/8 = et?/8, for some unit e in A ;. Note that, from Remark 3.70, we have that (o — 1)e = v, for
some z in Ag . Therefore, we can write

(o= D% = (30— D% =L (30— De+(e)0 - D
= 2yt 0(e)(x(n)? ~ D% = v(52 +0(e)e (20 +1)) = v,

where u = (%:c +v0(e)e ta(2a + 1)) is a unit in Ap 4 because yo(e)e ta(2a + 1) is a unit and #2/8 is
p-adically nilpotent in Az . Hence, the lemma is proved. |

In the rest of this subsubsection, we will fix a topological generator ~p of 1 x I'g such that x() =
1 + 4a, for a unit a in Zy. Similar to (3.35), let us now consider the following operator on Ag 4 :

Vor:Ary — Apy
L e (350
(vo-1)7"
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From the triviality of the action of 1 x Ty on Ag 1 /pa(v) (see Lemma 3.69) and from Lemma 3.71,
it follows that the operator V 7 is well-defined. For each n € N, using Remark 3.70, the operator in
(3.50), induces well-defined operators V7 : Ag ¢ /p1()” — Mgy /p1(p)". In particular, for n = 1,
we have 7 = /8 in Ag, and using Remark 3.70 and Lemma 3.72, we have a well-defined operator

Vqﬂ— : AR7+ — AR7+

(vo—1)z
(yo—1)7°

(3.51)
x

Remark 3.73. Considering 7 as a variable, the operator V,; in (3.35), may be considered as a
g-differential operator in non-logarithmic coordinates, in the sense of Definition 3.31 and Remark
3.32, where ¢Q /p identifies with the (p, p1(p))-adic completion of the module of Kéahler differentials

of A R,+ With respect to p1 : Agp — A R,+- Similarly, considering 7 as a variable, the operator V, . in
(3.51), may be also considered as a non-logarithmic g-differential operator in the sense of Definition
3.31 and Remark 3.32, where the qQ}4 /D identifies with the p-adic completion of the module of Ké&hler
differentials of Ar  with respect to R.

For each n € N, the operator V,; is an endomorphism of /~\R7+ /p1(p)™, so we can define the
following two term Koszul complex:

A n Vai j n
Kap oo (Var) t R /91 (0" 5 R /pa ()], (3.52)

For n = 1, we have the following claim:

Lemma 3.74. The cohomology of the Koszul complex KAR#(V%T) vanishes in degree 1, i.e. we have
HY(Kpp , (Vgr)) = 0.

Proof. The idea of the proof is similar to the proof of Lemma 3.60, with slightly different computations.
Main arguments for the proof of the claim will be given in Proposition 4.24, where the claim will be
shown, more generally, for finite Apo-modules admitting a continuous action of I'g (trivial modulo
o), in particular, Ag g itself. We give a brief sketch of the main steps below.

Recall that 7 = v/8 is the product of #?/8 with a unit in Ap (see Lemma 3.62). Moreover, from
Lemma 3.72 we have that (v — 1)7 is the product of v with a unit in Ag. Now let w := #?/8, then
from the proof of Proposition 4.30, we note that (yo — 1)w is the product of v with a unit in Ap .
Therefore, it follows that the complex Ky, (V) is quasi-isomorphic to the following complex

Va,uw
Kpp, (Vguw) : [Ar+ — AR ).

To show the vanishing of H!(K r.+ (Vaw)), we switch from the g-differential operator to a differential

log . log(vo)

operator. So, in Proposition 4.30 we show that V, converge as a series of operators

~ log(x(v0))°
on Apy and Vo(—) ® dz : Agpy — Q}\R R coincides with the universal R-linear continuous de
Rham differntial operator d : Ag  — Q}\R R In particular, we obtain the following identification
of complexes:

° v
QAR,_;,_/R = KAR,+(VO) . [AR7+ ’2—) AR7+].

Recall that Ag + = Rwl, k€ N]Q (see Lemma 3.62), therefore it follows that the de Rham complex
Q[‘x&+ /R =Knag, (Vo) is acyclic in positive degrees and we have that R — Aszo. Furthermore, in
Proposition 4.30, we show a natural quasi-isomorphism of complexes

Kpp . (Vow) = Kap . (Vo).

Hence, we conclude that HI(K'AR+ (Vgr)) = HI(KAR+ (Vo)) = 0. [ |
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Proof of Lemma 5.67. The proof is similar to the proof of Lemma 3.53. Using the (¢, I'g xT'g)-equivariant
isomorphism in (3.43), the exact sequence in (3.46) can be rewritten as follows:

0 — Agp+ DN Ar 4 /p1()™™ — Ag 4 /p1(p)™ — 0.

Then, using the operator V7 in (3.50) and the Koszul complex defined in (3.52), we obtain an exact
sequence of Koszul complexes:

0 — Kpp,, (Vgr) 205 K

AR, +/p1(p)ntt (Vo) — Kj

R+ /P1(p)™ (qu‘;) — 0.

Considering the associated long exact sequence, and noting that H* (K r+(Vgr)) = 0 from Lemma
3.74, we obtain the following exact sequence:

Vgr=0 pi(w)" % a= r -
0— AR ——— (Apy/pr(w)")Ver=0 — (AR 4 /p1 ()™)Y =" — 0.
Since the action of 1 x Iy is continuous on A R,+ for the (p, p1(u))-adic topology, therefore, we have
(Ag 1 /p1(u)"H)Vaer=0 = (Ag i /p1(u)"+1)1*To for each n € N. Hence, from the preceding exact
sequence we obtain that the sequence in (3.48) is exact, therefore, the sequence (3.47) is also exact. W

3.4.5. Proof of Proposition 3.41. Note that from the explicit description of Ag(1)/p1(u) in
Proposition 3.25 it is easy to see that reduction modulo p of p; : Ag — Ar(1) induces an isomorphism
p1: R =5 (Ag(1)/p1(n))* R, More generally, we have the following:

Lemma 3.75. For n € N>1, reduction modulo u™ of the (p,T'%)-equivariant map p1 : Ar — Ar(1)
induces a (¢, x 1)-equivariant isomorphism py : Ag/u" — (Ag(1)/p1(p)™)*I'=,

Proof. Note that py is (¢, F%)—equivariant, so it is enough to show the bijectivity of the map modulo
u". By considering the following diagram with exact rows:

0 ——— Agp/p . Ap/pmtt Ap/p" ————— 0

| Jn Jn

0 —— (Ar(D)/pr(u)Tr 25 (Ap fpy ()™ )T s (Ap(1)/pr (u)")¥Tr,

(3.53)
an easy induction on n > 1 gives the claimed (¢, 'z x 1)-equivariant isomorphism p; : Ag/u"*t =
(Ar(1)/p1 ()"t e, u

Remark 3.76. From the description of the action of I'}, on Ag(2) in Remark 3.20, we note that
there is an induced action of I'}, on Ag(2)/p1 (1), where the action of the first component is identity.
Moreover, we have a (¢, F%)—equivariant map r1 : Ap = Ar(2), where Ap is equipped with an action
of I‘i”% via projection on to the first coordinate. Then similar to above it can easily be shown that
reduction modulo p of r1 : Agp — Ag(2) induces an isomorphism r1 : R -~ (Ap(2)/p1(u)) *'&xr,

Now, recall that we have the p-equivariant multiplication map A : Ar(1) — Agr. The map A in-
duces an Ap/u"-linear (via p1) and p-equivariant maps A : Ar(1)/p1 ()" — Ag/u" for n € N>q. For
n = 1, using Lemma 3.75, the map A restricts to a p-equivariant isomorphism (Agr(1)/p1(p))*T'e =
R. More generally, we have the following;:

Lemma 3.77. For n € N>, reduction modulo pi(u)" of the p-equivariant homomorphism A :
Ag(1) — Ap restricts to a @-equivariant isomorphism (Agr(1)/py(u)™)>*'2 =5 Ap/u™.

Proof. Let us first note that using Lemma 3.43, together with Lemma 3.51, Lemma 3.53 and Remark
3.54 for p > 3 and Lemma 3.66, Lemma 3.67 and Remark 3.68 for p = 2, we obtain that for each
n > 1, the following (¢, 'r X 1)-equivariant sequence is exact:

0 — (Ar(D)/pr ()% U (AR(1) fpr ()™ X s (AR(1)/pr (1)) T — 0. (3.54)

Next, we note that A is p-equivariant, so it is enough to show that the map modulo p; (u)™ is bijective.
Now, consider the following natural diagram:
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0—— (AR(l)/m(u))lXFR M (AR/pl(M)nJrl)lxl"R _ (AR(l)/p1(,u,)n)1XFR .0

L | |

0 ——— Ag/u . Ap/punt Ap/p" ———— 0,

where the top row is the exact sequence in (3.54). Using the diagram, an easy induction on n > 1,
gives the p-equivariant isomorphism A : (Ar(1)/p1(p)" )P Tr =5 Ap/um . [

Finally, recall that the ring Ag(1) is equipped with an action of (¢,T'%), and the rings Ag(1)!*T'z

and (Ag(1)/p1(p)™)*I'® are equipped with a residual action of T'r = I'g x 1 C T'%. Then the following
observation proves Proposition 3.41:

Lemma 3.78. Forn € N> the isomorphism (Ar(1)/p1(u)")*T" =5 Ag/u™ of Proposition 5.1, is

compatible with (¢, T'r)-action. Passing to the limit over n gives a (¢, r)-equivariant isomorphism
AR(l)lxrR = Apg.

Proof. The isomorphism in Proposition 3.41 is p-equivariant. To check I'p-equivariance note that if
gisinI'r and a in Ag(1)/p1(u)™, then we have that A((g,g)a) = g(a). So if a is (1 x I'g)-invariant,
then for g1, g2 in I'r, we have that A((g1,92)f) = A((91,91)f) = g1(A(f)). This proves the first
claim. Next, as inverse limit commutes with right adjoint functors, in particular, with taking (1 x
I'g)-invariants, therefore, it follows that we have a (¢, 'g)-equivariant isomorphism Ax(1)"*'& =
(lim,, Ag(1)/p1(p)™)V>F® = lim, (Ar(1)/p1(p)™")'*'R =5 lim,, Ag/u™ = Ag. This proves the second
claim. |

4. AN INTEGRAL COMPARISON ISOMORPHISM

In this section, we will prove an integral comparison isomorphism for Wach modules, which will be
the most important input in building a stratification on Wach modules in Subsection 5.2.5. We will
use the setup and notations of Subsection 1.6.

Definition 4.1 (Wach modules, [Abh23b, Definition 1.3, Lemma 3.10]). A Wach module over Ag is
a finitely generated Ar-module N equipped with a semilinear action of I'g satisfying the following;:

(1) The sequences {p, u} and {u,p} are regular on N.
(2) The action of 'y is trivial on N/uN.

(3) N is equipped with a Frobenius of finite [p],-height, i.e. an Ap-linear and I'g-equivariant iso-
morphism @ : (" N)[1/[plg] = (Ar ®¢p,a, N)[1/[plg] — N[1/[pl4]-

Say that N is effective if pn carries ¢* N into N. Denote the category of Wach modules over Ap as
(o, F)—Modgﬂj with morphisms between objects being Ag-linear, I' g-equivariant and ¢ y-equivariant
(after inverting [p],) morphisms.

Remark 4.2. Note that the action of I'g is automatically continuous on N for the (p, u)-adic topol-
ogy (see [Abh23b, Lemma 3.7]). Moreover, from [Abh23b, Proposition 3.11], note that for a Wach
module N over Ag, the Agr[l/p]-module N[1/p] is finite projective, the Ar[1l/u]-module N[1/u] is
finite projective and by [Abh23b, Remark 3.12] the Agr[1/[p],]-module N[1/[p],] is finite projective.
Furthermore, from loc. cit., the sequences {p, [pl,} and {[p]s, p} are regular on N and equivalent to
condition (1) in Definition 4.1.

Remark 4.3. For R = Op, a Wach module over Af is necessarily finite free (see [Abh23b, Remark
1.6)).
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From Remark 3.20 recall that we have a (¢, I'%)-equivariant maps p; : Ag — Ag(1) for i = 1,2,
where Ap is equipped with a F%—action via projection onto the i*" coordinate. Moreover, we note that
there is an induced action of I'} on Ag(1)/p1 (1), where the action of the first component is identity.
In this section, we will identify I'p with 1 x I'g and say that Ar(1)/p1(p) is equipped with a natural
continuous action of I'g.

Remark 4.4. Let N a be Wach module over Ag, then extending the isomorphism in Definition

4.1 (3) along the (¢,1 x I'g)-equivariant map py : Agp — Agr(1)/p1(n), we obtain an isomorphism
(Ar(D)/Pr (1) @4 NI[L/[Pla] = (AR(L)/P1(E) @paan N)[L/[Plg). Now note that pi([ply) = p
mod p1(u)Ar(1) and pi([plg)/p2([plg) is a unit in Ag(1) (see Lemma 3.15). So, by setting M :=
(AR(1)/p1(p)®py A, N)FE, and taking I' g-invariants in the preceding isomorphism gives an R[1/p]-linear

isomorphism (p*M)[1/p] = (R ®, r M)[1/p] = M[1/p].

Notation. In this section, by the p-equivariance of a morphism we always mean y-equivariance after
inverting p. However, we will not always mention this explicitly.

The goal of this section is to prove Theorem 4.5 below, which is an important ingredient for the
proof of Theorem 5.12.

Theorem 4.5. Let N be Wach module over Ar and set M := (Ag(1)/p1(p) ®py.a, N)'E as an
R-module equipped with tensor product Frobenius. Then we have a natural (p, T r)-equivariant iso-
morphism

AR(1)/p1(p) @py .- M — AR(1)/p1(1) @py,ap N

(4.1)
aQbRQr— ab® x.

Moreover, M is a finitely generated p-torsion free R-module and we have a p-equivariant isomorphism
of R-modules M — N/uN.

Remark 4.6. For R = Op, the R-module M in Theorem 4.5 is finite free of rank = rk4, N.

In Subsections 4.2 and 4.3, we will prove the comparison isomorphism (4.1) claimed in Theorem
4.5. Our proof is broadly divided into three main steps: a geometric descent for the action of I,
(see Proposition 4.17) and a “two-step” arithmetic descent for the action of I'r (see Propositions 4.22
and 4.25, for p > 3, and Propositions 4.26 and 4.31, for p = 2). Then in Subsection 4.4, we will put
everything together to complete the proof of Theorem 4.5. We begin by interpreting the action of I'g
on a Wach module as a g-connection.

4.1. Wach modules and ¢g-connections. In this subsection, we will interpret Wach modules
and its scalar extension to Ar(1)/p1(u) as modules with g-connections similar to [Abh23b, Section 5].
We will work with the notation described in Subsection 3.3.3.

Definition 4.7 (g-connection, [MT20, Definition 2.2]). A module with g-connection over D is a
right D-module N equipped with an A-linear map V,: N - N ® quD /A satisfying the Leibniz rule
Vo(zf) =Vy(z)f + 2 @dy(f) for all fin D and = in N. The g-connection V, extends uniquely to a
map of graded A-modules Vg : N ® ¢Q2, y = N ® qQE;}4 satisfying Vy((n @ w) - w') = Vy(n @ w) -
W'+ (=1)48 ¥ (n @ w) - dy(w'). The g-connection V is said to be flat or integrable if V, 0V, = 0.

Example 4.8. From Example 3.34, take D = Ap = Op[u], A = Ag equipped with the action of I'p
and {v1,...,74} as topological generators of I, (see Subsection 3.1). Taking ¢ = 1+ p and U; = [Xf]
for 1 < i < d, we know that Ap satisfies the hypotheses of Definition 3.31. In particular, Ap is equipped
with an Ap-linear g-connection V, : Ap — qQIILXR/AF, given as f — Y%, % dlog(p2([X?])). Now
let N be a Wach module Ag. Then from [Abh23b, Proposition 5.3], the geometric g-connection

Vy: N = N ®a, Q}AR/AF given as z — Y%, W dlog([X?]) describes (N, V,) as a @-module

equipped with (p, [p]q)-adically quasi-nilpotent flat g-connection over Ar (see [Abh23b, Subsection
5.2] for details).
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Example 4.9. From Example 3.35, take D = Ar and A = APP as a Ap-algebra. Note that APP is
equipped with a Ap-linear action of I, and we have {71, ...,74} as topological generators of I'}; (see
Subsection 3.1). Then setting ¢ = 1 + p and U; = [X?] for 1 < i < d, we know that APP satisfies
the hypotheses of Definition 3.31. In particular, APP is equipped with a Ap-linear g-connection

Vv, APP(1) — qupD(l)/AF, given as f — Y4, V;i)g)f dlog(pa([X?])). Now let N be a Wach

module over Ap and set NFP := APP @4 » IV, equipped with tensor product Frobenius and tensor
product action of I'r. Then note that for any f ® y in NFP and ¢ in T'r, we have (¢ — 1)(f ® y) =
(9= fRy+9(f)®(9—1)y in uNFP. Therefore, the operator V, : NP — NPP @ ,pp, QzlﬁlPD/AF given

asz — Y4, W dlog([X?]) satisfies the assumptions of Definition 4.7. Moreover, the g-connection

Vyon N PD js p-adically quasi-nilpotent using Example 3.35 and Example 4.8, and it is flat because
~; commute with each other.

Example 4.10. From Example 3.36, take D to be Ag and A to be A(1) = Ar(1)/p1(n) as a
Ag-algebra via the morphism of rings 1y : Ag — A(1). Then, the Ag-algebra A(1) is equipped
with a Ag-linear (via ¢y) action of I, and we take {71,...,74} as topological generators of Iy, (see
Subsection 3.1). Then setting ¢ = 1 + p and U; = [X?] for 1 < i < d, we know that A(1) satis-
fies the hypotheses of Definition 3.31. In particular, A(1) is equipped with a Ag-linear g-connection

Vg A(l) — quz(l)/AR, givenas f — Y4, ng()le dlog(p2([X?])). Now let N be a Wach module over

Ap and set N(1) := Ag(1) ®p, a5 N, equipped with tensor product Frobenius and tensor product ac-
tion of I'%, where I'% acts on N via projection onto the second coordinate. Let N(1) := N(1)/p1(p) =

A(1) ®p,. 4, N equipped with induced action of Frobenius and 'y = 1 xI'g. Note that for any f®y in

N(1) and g in T, we have that (¢—1)(f®y) = (9—1)yQ@y+g(f)®(g9—1)y is in po(u) N(1). Therefore,
the operator V, : N(1) — N(1) ®701) QlZ(l)/AR’ given as = — Y0, V(“’Zﬁ dlog([X?]) satisfies the
assumptions of Definition 4.7. Moreover, the g-connection V, on N(1) is p-adically quasi-nilpotent
using Example 3.36 and Example 4.8, and it is flat because ~; commute with each other.

Lemma 4.11. Let N be a Wach module over Ar and A(1) = Agr(1)/p1(u). Then the A(1)-module
A(1) ®@py,ap, N is p-adically complete and p-torsion free.

Proof. Note that the morphism ps : Agp — Ag(1) is faithfully flat from Lemma 3.15. Moreover,
from Definition 4.1 recall that {p, u} and {u,p} are regular sequences on N. Then from the flatness
of po, it follows that {p,pa(1)} and {pa(),p} are regular sequences on Ar(1) ®p, 4, N. Using the
fact that p1([ply)/p2([pl) is a unit in Ag(1) (see Lemma 3.15), we get that p;(u)P~! is an element of
(p, p2(1))ARr(1). Now, since both {p,p2(r)} and {p2(p), p} are regular sequences on Ag(1) ®p, 4, N,
therefore, it follows that both {p, p1 (1)P~'} and {p1(u)P~1, p} are regular sequences on Ag(1)®@p, A, N.
In particular, using [Sta23, Tag 07DV] we get that both {p, p1 (1)} and {p1(n), p} are regular sequences
on Ag(1) ®p,.4, N, and we conclude that A(1) ®,, 4, N is p-torsion free. Next, note that N is a
finitely generated and (p, u)-adically complete Ag-module. So, it follows that Ap(1l) ®p, 4, N is a
finitely generated and (p, p2(u))-adically = (p, p1(u))-adically complete Ar(1)-module, in particular,
it is (p, p1(p))-adically separated. Consequently, we get that A(1) ®p, 4, N is p-adically separated
and it is clearly finitely generated over A(1)-module, therefore, p-adically complete. |

Remark 4.12. Let N be a Wach module over Ap and let APP be the ring defined in Example
3.35. Moreover, recall that we defined a ring E in Remark 3.46, which admits faithfully flat maps
p1: Ap — E and py : Ap — E, and we have that E/p;(u) — APP. Then, by an argument similar
to the proof of Lemma 4.11, it follows that the APP-module A™P ® 4 z IV is p-adically complete and
p-torsion free.

From Lemma 3.24, we have that ¢ = log(1 + p) converges in uAp C pAr and t/p is a unit.

Proposition 4.13. Let N be a Wach module over Agr and A(1) = Ar(1)/p1(p). Then, for 1 <
t < d, the series of operators vie — log% = %ZkeN(—l)k% converge p-adically on N(1) =

7

A(1) ®py 4, N. This defines a Ag-linear p-adically quasi-nilpotent flat connection on N(1), denoted
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as V: N(1) - N(1) ® Aa) Q Z(1)/An and given as x — Y.L log( ) dlog([X?]). The data of the

connection V on N(1) is equivalent to the data of the q-connectzon V4 described in Example /.10,
i.e. either may be recovered from the other. Moreover, the q-de Rham complez N (1) ® A )qQA(l)/AR

is naturally quasi-isomorphic to the de Rham complex N(1) ® A1) 9:4(1)//\ In particular, we have
N(1)Ve=0 = N(1)V=0.

Proof. Our proof employs ideas similar to that of [Abh21, Lemmas 4.36 & 4.38], [MT20, Theo-
rem 4.2] and [BMS18, Corollary 12.5]. Note that the A(1)-module N(1) is p-adically complete
and p—torsion free by Lemma 4.11. Let us first show that for 1 < ¢ < d the series of operators

1°g =13 hen(—1)F % converge on N(1). Indeed, note that we have

(va—1)kH?
k+1

pF (=Rt
. (k+1)! Mk+1 I

where p*/(k 4 1)! converges p-adically to 0 1n AR as k goes to +o00, and ¢/p is a unit in Ag.
Next, let us check that the operator V satisfies the Leibniz rule. To show this, we claim that
for x in N (1), we have

m

lim 2 () = tVI%(x). (4.2)

m—4oo P

Indeed, note that since t*/k! converges p-adically to 0 in A(1) as k goes to +00, so we can write
v = exp(ntV %), for n € Z. Expanding the preceding exponential, we see that

WL iV Y sn P 2L (VIB)R L N (1) — (1),

is well-defined. Taking n = p™ and letting m — +o0, we get the formula in (4.2). Now, for any f in
A(1) and z in N(1), we have that

m

(¥ =D (fr) = (" =)z (O - 1)(a).

Dividing out the preceding equality by tp™, letting m — 400 and using (4.2) we get that Viog (fz)=
VI8(f)x + fVI°8(z), where the first operator on the right is V% := log(v;)/t : A(1) — A(1), whose
well-definedness and the equality (4.2) can be checked similar to above. In particular, we have shown
that the operators Viog are well defined and satisfy a Leibniz rule.

To show that V : N(1) — N(1) @A) Q A(1)/AR" given as z +— YL log( ) dlog([X?]), is a well

defined connection, we need to show that V : A(1) — 9}4(1) AR is the usual de Rham differential
d:A(1) — Q}q (1)/An . As each Vl-og is a continuous Ag-linear derivation, we can write V;Og = h;od for

some unique continuous A g-linear map h; Q A0)/an Agr. Then it is easy to see that hi(d[XZ-b )=

VI([X?]) = [X?] for i = j and 0 otherwise. Therefore, we have d = ¥,[X?]"'VI%%(-) @ d[X?] =
3 VI8(=) @ dlog([X?]), as desired.

Next, let us show that the operators V; = Vi°8/[X?] = (log~;)/(t[X?]) are p-adically quasi-
nilpotent. Indeed, we first note that from the commutativity of ¢ and ~;, it follows that log~y; o ¢ =
@ olog~y;. Therefore, it is easy to see that V; o ¢ = p[X?]P~1p o V;. Recall that N is equipped
with an Ag-linear isomorphism *(N)[1/[pl,] — N[1/[pl4], and [p],/p is a unit in AF (see Lemma
3.24), therefore, N(1) is equipped with an A(1)-linear isomorphism ¢*(N(1))[1/p] = N(1)[1/p]. In
particular, for any x in N(1), there exists r € N large enough, such that p"z belongs to ©*(N(1)).
Then, from the relation V; o o = pp o V;, we see that Vf (p"x) converges p-adically to 0 as k — +o0.
Hence, it follows that V¥(x) = p~"V¥(p"x) converges p-adically to 0 as k — +oo, in particular, V;
are p-adically quasi-nilpotent.

So far, we have shown that V : N(1) — N(1) e le is a p-adically quasi-nilpotent connec-

(1)/Ar
tion and it is flat since ;, and therefore V;Og, commute with each other. Moreover, we defined the con-
nection V using the action of I, and conversely, we have shown that the action of I can be recovered
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by the formula ~; := exp(tV;Og) and it remains to check that, the action of ~; thus obtained, is semi-
linear. Note that the Leibniz rule implies that & (tV)*(zf) = 34 4pp 4 (EVEE)4 (@) LAV (f)
for z in N(1) and f in A(1). Now taking the sum over all k > 0, we get that exp(tV.5(zf)) =
exp(tV}%) (x) exp(tV})(f) = exp(tV}*®)(2)7i(f), as required.

From the discussion above, it is clear that we have a g-de Rham complex N (1) ®7an) qQ'Z( 1)/An and a
de Rham complex N (1) @A) Q.Z( /AR We claim that these complexes are naturally quasi-isomorphic.
log vi—1

Indeed, let us first note that the endomorphisms V, : N(1) — N(1) are commuting. So, let

u

Km)(v};ﬁ, e Vlog) denote the corresponding Koszul complex (see Definition A.8). Then we have

a natural identiﬁcauon of complexes

Ky (V% V8 = N(1) ®

q,1 qQL

A1) TA) /AR

A 1
Next, let V : A(1) — QE(l)/AR
(arising from the ¢g-connection, see Proposition 3.37), given as f — >%_ log( f) dlog([X?]). Next, let
t = log(1 + ), and again note that the endomorphisms Vlog logt% : N( ) — N(1) are commuting.

denote the A g-linear p-adically quasi-nilpotent flat connection on A(1)

So, let K NG )(Vlog .. Vlog) denote the corresponding Koszul complex, and again we have a natural
identification of complexes

Q.

lo lo
Ky (V755 V%) = N(D) @70y Y0,

Now, from the discussion above, recall that we have the relation v; = exp(tViOg) on N(1). Therefore,
we can write

Vi = V(1 + Spo 2 (VI)FD), (4.3)

where the term inside the parentheses is invertible, because t/u is a unit in A(1) (see Lemma 3.24)
and p*~1/(k!) is topologically nilpotent because (uP~!/p)¥ is topologically nilpotent in A(1) (see
Proposition 3.25). Now, in the notation of Lemma A.9, let us set M = N(1), f; = Viog and take h;
to be the formula in the parentheses in (4.3), in particular, f;h; = V;(?lg. Then, from Lemma A.9, we
obtain a natural quasi-isomorphism of complexes

N - ° o log logy ~ - log log — N(1 (3
Finally, from the quasi-isomorphism above, it follows that we have N (1)Ve=0 = N(l)FIR = N(l)vzo.
This conlcudes our proof. |

Remark 4.14. From remark 4.12, recall that the APP-module NFP = APP @ Ap N is p-adically
complete and p-torsion free. Then, in Proposition 4.13, replacing Ap by Ap, A(1) by APP and N (1)
by NFP = APP g 4 = IV, and using essentially the same arguments, we see that for 1 < i < d, the series

of operators Vlog log % — 1 7 2keN(— )k% converge p-adically on NPP. This defines a A g-linear

p-adically quasi- nllpotent ﬂat connection on NFP, denoted as V : NPP — NFPP @ pp QAPD IAp and
given as x +— Y4, Viog(x) dlog([X?]). The data of the connection V on NP is equivalent to the
data of the g-connection V, described in Example 4.9, i.e. either may be recovered from the other.
Moreover, the ¢-de Rham complex N¥P ® 4rp qQ2%pp e is naturally quasi-isomorphic to the de Rham

complex NP @ ,pp Q%ep /5, In particular, we have (NPP)Ve=0 =y (NPD)V=0,

Remark 4.15. Let A(1) = Ar(1)/p1(n) and APP as in Example 3.35. Recall that we have a natural
injective (¢, I'g)-equivariant homomorphism of rings ps : AP — A(1) (see Remark 3.39). Now let N
be a Wach module over Ag, then we have that A(1)®,, 4p0 N*P = A(1)®p, 4, N = N(1), compatible
with the action of (¢, 'gr). Then, using the compatibility of the corresponding connections on A(1)
and AP (see Remark 3.40) and the Leibniz rule for the connection on N (1), proven in Proposition
4.13, it follows that the respective connections on N(1) and N PD are compatible, in partiular, the
connection on N (1) is given as the tensor product of respective connections on A(1) and N*P.
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4.2. Geometric descent. From Example 4.8, recall that a Wach module N can be seen as a
p-module over Ap equipped with a (p, [p]y)-adically quasi-nilpotent flat g-connection. Then from
Proposition 4.13 we have that N(1) = Agr(1)/p1(it) @py.a, N is a finite module over A(1) :=
Agr(1)/p1(u), equipped with a p-adically quasi-nilpotent flat connection and a Frobenius-semilinear
endomorphism ¢ (after inverting p). Similarly, from Remark 4.14 we have that NP = APP @ 4 r N is
a finite module over AP equipped with a p-adically quasi-nilpotent flat connection and a Frobenius-
semilinear endomorphism ¢ (after inverting p). In order to prove Theorem 4.5, we need to first interpret
the preceding -modules with connection, as F-crystals over the crystalline site CRIS(A" /Ar). So
we begin this subsection by recalling some standard facts about relevant crystalline sites and crystals.
Using the formalism of crystalline sites, we will also be able to obtain the geometric descent step in
the proof of Theorem 4.5 mentioned above.

4.2.1. Crystalline site and F-crystals. Let A be a p-adically complete PD-ring and let D be
the p-adic completion of a divided power A-algebra. For m > 1, we set %,,, = Spec (4/p™) and X,,, =
Spec (D /p™). Let CRIS(X,,/%,,) denote the big crystalline site of X,, over ¥,,, with the PD-structure
given by p(A/p™)+JA/p™, where J denotes the PD-ideal of A, and let Oy, /5., denote the structure
sheaf of rings. Let CR(X,,/%:,) denote the category of finitely generated crystals of Oy, /5, -modules
over CRIS(X,,/%,,). Note that the homomorphisms %,, — ¥,,+1 and X,,, — X;,+1 induce the
pullback functor iy, 11 © CR(Xm+1/Zmt1) = CR(X;n/Xm). One can define CRIS(X:/%,,) and
CR(X1 /%) similarly and the pullback functor i, : CR(X;,/Sm) — CR(X1/%,,) is an equivalence
of categories by [Ber74, Chapitre IV, Théoreme 1.4.1]. We define a finitely generated crystal of
Ox/s-modules £ on X/¥ to be a system (Em)m>1, where &, is an object of CR(Xy,/%m )eris for each
m > 1 and we have isomorphisms Z;‘%m 11€m41 = &, Alocally free crystal on X /% can be defined
similarly, using CRIS(X;/%,,). Write CR(X/X) and CR(X/X) for the category of finitely generated
crystals on X /¥ and X /¥ respectively, then the obvious pullback functor i* : CR(X/¥) — CR(X;/%)
is an equivalence of categories. Let MICqony (D) denote the category of finitely generated D-modules
equipped with an A-linear p-adically quasi-nilpotent flat connection. Then by [Ber74, Chapitre IV,

Théoreme 1.6.5], we have an equivalence of categories
CR(X/X) = MICcony(D), (4.4)

obtained by sending (&, )m>1 to the inverse limit of the evaluation of &, on the object Spec (X,,) d,
Spec (X,,) of the site CRIS(X,,/%,,), equipped with the natural A-linear p-adically quasi-nilpotent
flat connection.

Let us now describe F-crystals on CRIS(X/X). Note that the absolute Frobenius on X; and
the natural Frobenius on ¥ induce Frobenius pullbacks ¢* : CR(X1/%,,) — CR(X1/%,,) and ¢* :
CR(X1/%¥) — CR(X1/%). A finitely generated F-crystal £ on CRIS(X/Y) is an object of CR(X;/%)
equipped with an isomorphism p¢ : (¢*i*F)q — (i*F)q in the isogeny category CR(X/X) @ Q. We
will denote the category of finitely generated F-crystals on X/¥ as CR?(X/%). Let MIC¥ (D) denote
the following category : an object M is a finitely generated D-module, equipped with an A-linear
p-adically quasi-nilpotent flat connection and an isomorphism ¢y : ¢*M|[1/p] — M|[1/p]; morphisms
between two objects are D-linear maps compatible with respective Frobenii and connections. In fact,
in the presence of Frobenius structures, similar to [MT20, Lemma 2.24], it can be shown that the
p-adic quasi-nilpotence of the connection is automatic. Therefore, the equivalence in (4.4) refines to
an equivalence,

CR?(X/%) = MIC¥?(D), (4.5)

Remark 4.16. In the discussion above, we can take A to be Ap with the PD-structure on it given
by p(Ap/p™) + JAp/p™, where J = ((uP~'/p)F,k > 1) € Ap, and D to be AFP, ie. we set
Ym = Spec(Ap/p™) and X,, = Spec (AFP/p™). Now, recall that we have an isomorphism of rings
v Ap = APP from (3.13). Moreover, we have an inclusion Spec(Agr/p™) < Spec(A(1)/p™)
induced by the surjection A(1) — Ap, which is defined by sending [X?] — X; and Ti[ki] — 0, for
all 1 < i < d, and note that the composition A —2+ A(1) — Ap is the identity. In particular,
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Spec (Ar/p™) < Spec (A(1)/p™) is an object of CRIS(X,,/%,,). Furthermore, using the isomorphism
v Ap = APP it is easy to see that A(1) is the self product of APP in CRIS(X/¥) with the two maps
tp : Ag — A(1) and py : APP — A(1) describing the two projection maps.

4.2.2. The action of I';. As mentioned at the beginning of this subsection, N is a Wach mod-
ule over Agr. Now, from Example 4.10, recall that we have an isomorphism of Ag-algebras Ap =
Rlp, (17~ /p)H k€ N]) =5 APP (see the isomorphism ¢ in (3.13)) and A(1) = Ag(1)/p1(p).
Then, the A(1)-module N(1) = A(1) ®p, 4, N is equipped with a Frobenius-semilinear endomor-
phism ¢ (after inverting p) and an action of 1 x I'g, which induces a Ag-linear flat g-connection
Vq: N(1) = N(1) ®Aa) le(l)/AR. Moreover, from Proposition 4.13 recall that the data of the

g-connection on N (1) is equivalent to the data of a connection V : N(1) — N(1) ®aq) le . Now,

(1)/Ar
we make the following claim:

Proposition 4.17. Let N be a Wach module over Ag and set My := (A(1) ®p, 4, N)V7" as a
Agr-module via 1y : Ap — A(1)V=" and equipped with an induced (o, F)-action. Then we have a
natural (p, V,I'r)-equivariant isomorphism

A1) @, My = AQQ) ®pyan N

(4.6)
a@RbRXr— ab® x.

Moreover, we have (o, ' r)-equivariant isomorphisms of finitely generated p-adically complete modules

3.13
over Ap g APD

~

My = APP @4, N =5 Agp @4, N. (4.7)

Furthermore, the de Rham complex N (1) ®Z(1) Q.Z is ayclic in positive degrees.

(/AR

Proof. To use the results from Subsection 4.2.1, we will work with the notations in Remark 4.16, i.e.
we set ¥, = Spec(Ap/p™) and X,, = Spec(AFP/p™). Now, note that the APP-module NP is
equipped with a A p-linear p-adically quasi-nilpotent flat connection V : NPP — NPP & ,pp Q}4PD JAp?

in particular, NFP is an object of MIC?(A"P) (see Remark 4.14). Then from the equivalence in
(4.5), there exists a finitely generated F-crystal £ over CRIS(X/X) and we have £(APP) = NFP,
Moreover, recall that we have a (i, I'r)-equivariant isomorphism of rings ¢+ : Agp — APP from (3.13).
Next, from Proposition 3.25 and Remark 3.27 recall that A(1) is the p-adic completion of a PD-
polynomial algebra over APD in variables T, . .., T;. Moreover, Z(l) is equipped with a Ag-linear flat
connection V : A(1) — Qlﬁ(l)/AR = A(1) @ rp Q}qu/AF (see Proposition 3.37 and Remark 3.40). Now
consider the injection Spec (Ar/p™) < Spec (A(1)/p™) induced by the (¢, I'r)-equivariant surjection
A(1) - Ap from Remark 4.16 and note that the composition Ap —2+ A(1) — Ap is the identity and

(¢, I'p)-equivariant. So we have the following (¢, I'r)-equivariant morphisms in CRIS(X,,/%,,), for
m > 1,

Spec(Ag/p™) —— Spec (A(1)/p™) Spec (Ag/p™) — Spec(A(1)/p™)
lb lm L J ¥, 0 (4.8)
Spec (APP /p™) —L Spec (APP /p™) Spec (Ag/p™) — Spec (A(1)/p™).

Evaluating the F-crystal £ on Spec(Ag/p™) < Spec(A(1)/p™) for each m > 1, and taking the
limit over m, gives a finitely generated A(1)-module £(A(1)) equipped with a (¢, 'r)-action and a
Apg-linear p-adically quasi-nilpotent flat connection. Now, using the diagram on the left in (4.8) and
the fact that &£ is an F-crystal, we get that E(A(1)) «— A(1) ®,, app N*P compatible with the
respective (¢, 'r)-actions and connections, where the right hand term is equipped with the tensor
product (¢, I'r)-action and the tensor product of respective connections on A(1) and NP, described
above. Next, note that the right vertical arrow of the right hand diagram of (4.8), factors through
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Spec (A(1)/p™) 2 Spec (Ar/p™) < Spec (A(1)/p™). Therefore, from the fact that € is an F-crystal,
we obtain a (¢, ['p)-equivariant isomorphism

z: A(1) @, E(AR) = E(A(L)) <= A(1) ®,, 4vp NP = N(1),

compatible with the respective Ag-linear connections, where the Ag-linear connection on the source
is given as V @ 1 with V being the Ag-linear connection on A(1) described above. Explicity, for  in
A(1) ®p, E(AR), the map € is given by the formula g(x) = > ; & so(—1)71T 1 ML, Vi(z) ®
Ti[ji], where V; = [X?]71V° (sce Proposition 4.13 for the definition of V\°!). Now, using the
(¢, T'g)-equivariant isomorphism ¢ : Ag — AFP| let us note that we have a (p,'r)-equivariant
isomorphism £(Ar) — NFP. Then from the interpretation of A(1) as the self product of APP in
CRIS(X/Y) (see Remark 4.16), we see that the isomorphism  is just the stratification of NP over
A(1).

Next, consider the de Rham complex Q.Z(l)/AR = A(1) ®p, Q. /R (see Remark 3.38 for the
isomorphism and Remark 3.27 for the definition of Pg), regarded as a complex of Pr-modules via the
map Pr — A(1) induced by the inverse of the map (3.17). Then from the proof of [Ber74, Chapitre
V, Lemme 2.1.2], it follows that the de Rham complex Q},R /R is acyclic in positive degrees. Hence,

from the isomorphism of the de Rham complexes

(A1) ®np E(AR)) @71y Vi) yn, — V() @701 U5

it follows that the de Rham complex N (1) ®701) Q.Z(l)/AR

Now, by taking the horizontal sections for the respective connections in the isomorphism g, we
obtain (i, I'r)-equivariant isomorphisms of finite A g-modules £(Ar) — E£(A(1))V=0 <~ N(1)V=0,
In particular, from the isomorphism g, we deduce that A(1)-linearly extending the natural inclusion
N(1)V=0 c N(1), we obtain the following (¢, V,I'r)-equivariant diagram

(1)/AR’

is acyclic in positive degrees.

A1) ©r, E(AR) —2— N(1)
I H (49
A1) @r, N1V 2 A(1) @, 4, N

From the diagram, it follows that (4.6) is an isomorphism. Moreover, from the preceding discussions
we also obtain (¢, [f)-equivariant isomorphisms NFP <= &£(Ar) =+ N(1)V=, i.e. the claimed
isomorphisms in (4.7). This allows us to conclude. |

Remark 4.18. In Subsection 3.4.1, we defined a (¢, 1 x I'g)-equivariant map A’ : Ag(1) — Ag and
from the proof of Lemma 3.50, we have a (¢, I'r)-equivariant diagram

‘A A% (3.23)
Ar — Ar(1)/p1(p) — Ar/p1(p) <—— Ar.

~

Now, base changing the (p, V,T'r)-equivariant diagram in (4.9) along A’ mod p1(u), we obtain a
(¢, T )-equivariant isomorphism My —+ Ag ®4,, N, which is precisely the isomorphism (4.7), proven
in Proposition 4.17. In particular, we see that the (¢, I'r)-equivariant isomorphism in (4.7) is the base
change of the (¢, V,'p)-equivariant isomorphism in (4.6) along the map A’ from (3.25).

4.3. Arithmetic descent. In this subsection, we will carry out the descent for the arithmetic
part of I'g, i.e. I'p. From (1.6), recall that I'p fits into the following exact sequence:

1—Tyg—Tpr—T —1,

where, for p > 3, we have that Iy — 1 + pZ, and for p = 2, we have that [y — 1 + 4Z,.
Moreover, for p > 3, we have that I'io, — F; and the projection map I'r — I'tor, admits a section
Cior — F; — Z; <~ T'p, where the second map is given as a [a], the Teichmiiller lift of a, and
the final isomorphism is induced by the p-adic cyclotomic character. Finally, for p = 2, we have that
Tior — {£1}, as groups.
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4.3.1. The action of F;. Our first goal is to carry out the descent of Wach modules, for the
action of F;, in the case of p > 3. Let N be a Wach module over Ag and let us consider it as a
module over R[u] via the (p,'r)-equivariant isomorphism of rings ¢ : R[u] — Ag (see Subsection
3.1.1). In particular, by abusing notations, we will consider N as an R[u]-module equipped with
an R[u]-linear Frobenius isomorphism ¢*(N)[1/[pl,] — NI[1/[p],] and an R-linear and continous
action of I'p commuting with the Frobenius and such that the action of I'p is trivial on N/uN. Next,

from Subsections 3.1.1 and 3.1.2, recall that we have ug = —p + Zaer(l + ,u)[a] and p = pg + p, as

clements of R[u]F7 . Moreover, from Lemma 3.4, we have a (g, Tg)-equivariant isomorphism of rings
R[uo] = R[u]F7 . Then, we claim the following:

Proposition 4.19. Let N be a Wach module over Ar. Then Ny := NF s a finitely gener-
ated R[po]-module, equipped with a continuous and semilinear action of T'o such that the action
of Tg is trivial on No/poNo — N/uN, and we have a natural (¢, T f)-equivariant isomorphism of
R[u]-modules R[u] ®gpu,) No — N. Moreover, Ny is equipped with an R[uo]-linear isomorphism
©*(No)[1/p] = No[1/p], compatible with the respective natural actions of T'g.

Proof. From (A.1), note that we have an F;-decomposition N = @51_02 N;, where each N; is a
(p, o)-adically complete R[uo]-module equipped with a continuous and R-linear action of I'y. More-
over, recall that R[u] is flat and finite of degree p — 1 over R[uo] (see Remark 3.8), so it follows that
N is finitely generated as an R[ug]-module. Since R[uo] is noetherian, therefore, we get that the
RJpo]-submodule Ny C N is finitely generated.

Next, by extending the natural R[ug]-linear and (¢, I'r)-equivariant inclusion Ny C N, along the
map R[uo] — R[u], we obtain a natural (¢, I'r)-equivariant map

N = R[[M]] ®RH/J«0]] Nog — N, (4.10)

and our goal is to show that (4.10) is bijective. Recall that pg is the product of gP~! with a unit in R[]
(see Lemma 3.7), so we see that NV is po-torsion free, and it follows that Ny is pg-torsion free as well. As
the natural map Ruo] — R[u] is flat (see Remark 3.8), therefore, we get that N’ is po-torsion free =
pP~1-torsion free, hence, u-torsion free. Moreover, as Ny is (p, po)-adically complete, it also follows
that N’ is (p, uo)-adically = (p, u)-adically complete. Furthermore, as N is (p, u)-adically complete
and p-torsion free, therefore, to show that (4.10) is bijective it is enough to show that (4.10) is bijective
modulo p. We will first show that (4.10) is surjective. Indeed, note that we have an R-linear and
['p-equivariant surjective map N — N/uN. Then, from the F}-decomposition in (A.1), we can
rewrite the preceding map as @f:_g N; — EBf:_g (N/uN); which is R-linear and I'p-equivariant, in
particular, it is termwise surjective, i.e. the induced R-linear map N; — (N/uN); is surjective for
each 0 < ¢ < p — 2. However, since the action of I'p is trivial on N/uN, therefore, we obtain that
N/uN = @f:_oz(N/MN)i = (N/uN)o and it follows that the natural R-linear map Ny — N/uN is
surjective. As pu is in the Jacobson radical of R[u], therefore, by using Nakayama Lemma, we see that
the natural (¢, I'r)-equivariant map R[u] ®gy,,) No — N is surjective as well. Next, let us consider
the following diagram:

N'/uN" — N/uN
H / (4.11)
No/ poNo,

where the top arrow is surjective by the discussion above, the slanted arrow is the natural R-linear and
I"p-equivariant map induced by the inclusion Ny C N and the left vertical equality follows because
we have that

N'/uN"= (N'/poN")/uN" = (R[u] /"~ ®r No/poNo) /1w = No/poNo.

To show that (4.10) is injective modulo p, it is enough to show that the slanted arrow in (4.11)
is injective. So set N” := uN N Ny C N as an R[up]-module and note that we have a natural
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(¢, T'p)-equivariant inclusion N” — uN. The preceding inclusion induces a I'p-equivariant map
N — uN"/u?N", where the source admits a trivial action of F, and the target admits a non-
trivial action of FY (see Remark 4.20). So it follows that N” = p?N NNy C N. Iterating the
preceding argument p — 2 times, we obtain that N” = puP"'N N Ny = uoN N Ng € N = pgNo,
where the last equality follows because for any z in IV and g in F, we have that g(pox) = poz if and
only if g(z) = z, i.e. z is in Ny. Thus, from the preceding observation, it follows that the natural
map No/puoNo — N/uN is injective. Hence, from (4.11), we conclude that No/puoNo — N/uN as
R-modules and (4.10) is bijective. In particular, we also get that the action of 'y is trivial on Ny /o Np.

Finally, let us show the Frobenius finite height condition on Ny. Note that since p the product of
[p]q with a unit in R[u] (see Lemma 3.3), therefore, the Frobenius finite height condition on N can also
be stated as an R[[u]-linear isomorphism ¢*(N)[1/p] — N[1/p]. Now, recall that the Frobenius on
N commutes with the action of I'r, so taking the invariants of the preceding isomorphism under the
action of F; and using the (¢, I'r)-equivariant isomorphism in (4.10), we obtain that Ny is equipped
with an R[po]-linear isomorphism ¢*(No)[1/p] — No[1/p], compatible with the natural action of I'g
on each side. This allows us to conclude. |

Remark 4.20. Let N be a Wach module over Ag. Then, as the action of I'g is trivial on N/uN,
therefore, we see that for each k € N, over the quotient * N/uFT1N, the action of I'g is given via the
p-adic cyclotomic character. In particular, it follows that F; has a non-trivial action on *N / pFHIN,
for1 <k<p-—2.

Remark 4.21. In Proposition 4.19, for R = O, note that the Op[uo]-module Ny is p-torsion free and
po-torsion free. Moreover, No/ugNg — N/uN is p-torsion free. Therefore, from [Abh23b, Lemma
3.5] and [Fon90, Proposition B.1.2.4], it follows that Ny is finite free over Op[uo].

Proposition 4.22. Let N be a Wach module over Agr and let My = (Ar(1)/p1(1t) ®py.a, N) Tk
be the Ar-module from Proposition 4.17. Then My o = M}\XFP is a finitely generated module over

Aro = AIF{X, equipped with an induced semilinear and continuous action of I'g such that the ac-
tion of Ty is trivial on My /oMy, and we have a natural (¢,I'r)-equivariant isomorphism of
Agr-modules Ap @pp o, Mo —s M. Moreover, My o is equipped with an Agg-linear isomorphism
©*(Mp0)[1/p] = Mpo[1/p], compatible with the natural action of To on each side.

Proof. From Proposition 4.17, let us recall that M, is a finitely generated Ag-module and we have
a (¢, p)-equivariant isomorphism of Ag-modules My — Ag ®4, N via the composition Ag —
APD 5 AR, where the last isomorphism is the inverse of (3.13). Now, consider N as an R[u]-module
via the (¢, 'r)-equivariant isomorphism of rings + : R[u] — Ag (see Subsection 3.1.1), equipped
with a (¢,'p)-action (see Subsection 4.3.1). Then, from Proposition 4.19, we have that Ny :=
N3 s a finitely generated R[uo]-module, equipped with an induced action of (¢,Ig). Moreover,
from Proposition 4.19, we note that R[u]-linearly extending the natural inclusion Ny C N, induces
a (¢, T'p)-equivariant isomorphism of R[u]-modules R[u] ®gp,,; No — N. Combining this with
the preceding discussion, it follows that we have a (¢,I'r)-equivariant isomorphism of Agr-modules
X

My = Ag ®@R[uo] No- Using that Aro = AIF{’ (see Construction 3.52), together with the preceding
isomorphism, we obtain a (¢, I'g)-equivariant isomorphism of Ag g-modules

X~
MA70 = MAp — AR,O ®R[[M0]] Np. (4.12)

In particular, the A g-module M) g is finitely generated. Now, let g be any element of I'g. Then note
that for any f in Aro and y in Ny, we have that

(vo=Dfy=00o—-1f y+(f)0 -1y € po(Aro ®a, N).

From the (¢, T'g)-equivariant isomorphism in (4.12), it follows that for any « in M}y o, we have that
(9 — 1)z is an element of yig My o. Furthermore, from (4.12) it also follows that Ag-linearly extending
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the natural inclusion My o C My, gives a (¢, 'r)-equivariant isomorphism of Az-modules

Ar@ano Mao = Ma (4.13)
a®xr+— ax. .

Finally, note that from Proposition 4.19, we have an R[uo]-linear isomorphism ¢*(No)[1/p] —
No[1/p] compatible with the action of I'y on each side. Then, by extending this isomorphism A g o-linearly,
using the (¢, I'r)-equivariant isomorphism in (4.12) and noting that p/p is a unit in Ao from Lemma
3.24, we obtain a A g g-linear isomorphism ¢*(My o)[1/p] — M} o[1/p] compatible with the action of
I"p on each side. Hence, the proposition is proved. |

4.3.2. The action of 1+ pZ,. In this subsubsection, we will assume p > 3 and show the descent

step, for the action of 1 x Tp — 1 x (1 + pZ,). Let N be a Wach module over Ag, let My =

(AR(1)/p1(1) ®py.an N) T be the Ag-module from Proposition 4.17 and let My o = Mix "> be the

AR o-module from Proposition 4.22. Let g be a topological generator of I'g such that x(v9) = 1+ pa,
for a unit @ in Z,. Then, from Proposition 4.22 note that for any x in M} ¢, we have that (yo — 1) is
an element of pi9My . Set s := po/p in Ag, and from Lemma 3.58 recall that (yo — 1)s = upyp, for
some unit v in Apg. Therefore, we see that the following operator is well-defined

V(LS : MA70 — MA,O

(vo—1)z
(vo—1)s"

(4.14)
T =

As the operator V, is an endomorphism of M), o, we can define the following two term Koszul

complex:
v

Ky o(Vas) + [Mpo —— M) (4.15)
Remark 4.23. Considering s as a variable, similar to Remark 3.59, the operator V, s in (4.14), may
also be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.32. Then, (4.15) is the g-de Rham complex arising from such a g-connection.

o). . log log Yo o 1 B k(’yo—l)kJrl _
Proposition 4.24. The series of operators V° = oex(10)) — Tog(x(0)) > ken(—1)"Pr— con
verge p-adically on My . Let z := tP=1/p in ARy, then the operator Vo := ﬁv})‘)g defines an

R-linear p-adically quasi-nilpotent flat connection on My o, denoted V : My o — My o ®Ar.o Q}\R o/R
and given as x — Vo(x)dz. The data of the connection V on My is equivalent to the data
of the g-connection Vg from (4.14), i.e. either may be recovered from the other. Moreover, the
q-de Rham complex KMA’O(Vq,S) in (4.15) is naturally quasi-isomorphic to the de Rham complex

. v , =0 ~ YVo=0
Mo ®np Q/.\R,o/R' In particular, we have that My g — Myg™.

Proof. Recall that s = pg/p = ut?~!/p, for a unit u in A g (see Construction 3.52, in particular, (3.30)

and the discussion preceding it). Moreover, from Lemma 3.57 we have that (v — 1)s = (70 — 1)% =

vpig, for a unit v in Apg. Now let z = tP~1/p and we write (1 + pa)P~! = 1 + pb, where b is a unit in
Z,. Then note that we have

(0= Dz = (0 = DI = (x(0) ™" = DT = (L pap ™ = )5 = b = by, (4.16)
Therefore, it follows that the complex K MA,O(Vq,s) is quasi-isomorphic to the following complex
Vg,z
Ky o(Vgz) o [Mag —= Mpo]. (4.17)

Rest of the proof is similar to the proof of Proposition 4.13, with some changes. To avoid confusion,
we provide a sketch.



Prismatic F-crystals and Wach modules 53

Let us first show that V§® := lolgO(gX((v’;)O))) = Toa( 1(70)) ZkeN(—l)‘k %,‘ converge as a series.of
operators on M)y o. Indeed, let  be any element of M} (, then using Proposition 4.22, we can write
(yo — 1)z = tP~ 2y, for some z1 in My o. Let us note that log(x(y0)) = log(1 + pa) = pe, where c is
a unit in Z,, and we also have (79 — 1)t?P~1 = ((1 + pa)P~! — 1)tP~1 = pbtP~1, where b is a unit in Z,,.
Therefore, an easy induction on & € N, shows that (yo — 1)¥+12 = p*tP~1a; 4, for some x4 in M .
In particular, we get that

lo —1)k+1(x
Vos(z) = mZkeN(—l)k%

kip—1
_ 1 kPP w4
= Toateoony keN (=1

tP 1 kp"
= ZkGN( ) pkw%a

which converges in ?M A 0 = zMy o, since M)y o is p-adically complete. Moreover, it also follows
that the operator Vg := =1z ) Vlog is well-defined on M .

Next, similar to the case of Vi in the proof of Proposition 4.13, it can be shown that Vlog nd
therefore Vo = mv};’g satisfies a Leibniz rule, i.e. Vo(fz) = Vo(f)z + fVo(x), where the first

operator on the right is Vg := % : Aro — AR whose well-definedness can be checked
similar to above. Moreover, note that the operator Vj is flat by definition. Furthermore, similar to the

case of V; in the proof of Proposition 4.13, it can be shown that the operator Vo : Ao — Q/I\R,O/R is
the continuous de Rham differential operator d : Ay — Q}\R,O R+ 90, in particular, the operator V :
Mpo — Mpo®pag, Q}\R o/ R given as x — Vo(z)dz, is a well defined flat connection. Now, let us show
that the operator Vy is })—adically quasi-nilpotent. Indeed, we first note that from the commutativity
of ¢ and 7y, it follows that Vloog ocp=(o V%)Og. Therefore, it is easy to see that Voo = pP~lpo V.
Recall that M)  is equipped with a A g ¢-linear isomorphism ¢* (M o)[1/p] — Ma o[1/p], compatible
with action of I'g on each side. In particular, for any = in M), o, there exists » € N large enough such
that p"z belongs to ¢*(My o). Then from the relation, Voo ¢ = pP~lp o Vi, we see that VE(p"z)
converges p-adically to 0 as k — +o0o. Hence, it follows that V§(x) = p~"VE(p"z) converges p-adically
to 0 as k — 400, in particular, Vg is p-adically quasi-nilpotent.

So far, we have defined the p-adically quasi-nilpotent flat connection V using the action of
'y and conversely, we have shown that the action of I'y can be recovered by the formula vy =
exp(log(x (v ))Vlog) Again, similar to case of ; in the proof of Proposition 4.13, using the Leibniz
rule for Vy, it can be checked that the action of 7 thus obtained, is semilinear.

Finally, it remains to compare the g-de Rham complex in (4.15) with the de Rham complex
M0 ®ng, Q;\R,O/R = Mpp®np, QRF,o/OF‘ As V is an endomorphism of My g, let K, (Vo) denote
the corresponding Koszul complex in the sense of Definition A.8. Then we have an identification of
complexes:

° AV
Mo ®npo N po/0p = Kty (Vo) : [ARo — App].

Now, recall that we have v = exp(log(x(10)) V). Therefore, we can write

Vg = gt = Loz, 4 7, | B0 (gioe)k) (4.18)
Recall that (9 — 1)z = pbz and log(x(70)) = pc, for units b and ¢ in Z,,. Therefore, in (4.18), we have

that log(X('yo))l()z; Dz _ cp > U is a unit and it is clear that the term inside the parentheses converges

p-adically to a unit. Now, in the notation of Lemma A.9, let us set 1 = 1, M = My, f1 = Vo

and take h1 to be the product of < (p U with the formula in the parentheses of (4.18), in particular,
fih1 = Vg .. Then, from Lemma A. ‘) we obtain a natural quasi-isomorphism of complexes

KMA,O (vq,s) — KMA,O (VILZ) — KMA,O (Vo).

vqsfo ~

In particular, we get that M MX% 0. This allows us to conclude. |
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Proposition 4.25. Set M := MAVBZO as an R-module via the isomorphism R — AX?OZO. Then M
is finitely generated over R and we have a natural (@, Vo)-equivariant isomorphism

ARro®r M = My g

(4.19)
a®xr+— ax.

Moreover, the de Rham complex My o ®ap Q;\FO/OF is ayclic in positive degrees. In particular, from
Proposition /.2, we have Hl(KMA,O(V%S)) =0.

Proof. The proof is similar to the proof of Proposition 4.17. For the sake of completeness and to avoid
confusion, we give the details.

We will use the results from Subsection 4.2.1, by setting ¥,,, = Spec (R/p™) and X,,, = Spec (Aro/p™).
Let us first note that from Proposition 4.24, the Ag o-module M), o is equipped with a Frobenius en-
domorphism (after inverting p) and an R-linear p-adically quasi-nilpotent flat connection V : My o —
Mpp ®@npy Q/I\FO/OF7 in particular, My o is an object of MIC¥ (AR ). Then, from the equivalence in
(4.5), there exists a finitely generated F-crystal € over CRIS(X/X) and we have E(Agro) = Ma .
Next, from Construction 3.52 recall that Ag is the p-adic completion of a PD-polynomial algebra
over R in the variable s (see (3.30)). Moreover, Ap is equipped with an R-linear flat connection
V :Ago — QIIXR,o/R = ARy PApp Q}\F,U/OF (see the proofs of Proposition 4.24 and Lemma 3.60).
Now, consider the injective map Spec (R/p") — Spec(Aro/p™) induced by the ¢-equivariant sur-
jection Agrg — R, sending stk — 0 for each k > 1, and note that the composition R — Arg - R
is the identity and ¢-equivariant. So we have the following ¢-equivariant diagram in CRIS(X,,/%,,),
form > 1,

Spec (R/p™) < Spec(Aro/p™)

iid l (4.20)

Spec (R/p™) SN Spec (R/p™).

Evaluating the F-crystal £ on Spec(R/p™) < Spec(Agro/p™) for each m > 1, and taking the
limit over m, gives a finitely generated Ago-module £(Arg) = Ma, equipped with a Frobenius
and an R-linear p-adically quasi-nilpotent flat connection, described in Proposition 4.24 and the
discussion preceding it. Now, using the fact that £ is an F-crystal and the diagram (4.20), we obtain
a -equivariant isomorphism

€ AR’() KRR 5(R) = S(AR,O) = MA,Ov

compatible with respective R-linear connections, where the R-linear connection on the source is given
as V ® 1 with V being the R-linear connection on Agr g described in the proof of Proposition 4.24.
Explicity, for z in Ag o @r £(R), the map  is given by the formula (x) = Zj(—l)jvg)(a:) ® 2Vl where
Vo = ﬁv};’g (see Proposition 4.24 for the definition of Vgog).

Next, consider the de Rham complex QRR,O /R = AR0 ®np, Q;\F,O JOp regarded as a complex of
Arp-modules via the natural map Apg — Agrg. Recall that Apg = OF[s[k],k‘ € N]I/D\, therefore it
follows that the de Rham complex Q;\R’O /R = AR0 ®Ap, Q;\F,O JOF is acyclic in positive degrees (also

see [Ber74, Chapitre V, Lemme 2.1.2]). Hence, from the isomorphism of the de Rham complexes
(AR,O @R S(R)) ®AR,O Q?\R,O/R = MA,U ®AR,0 Q;\Ryo/R’

it follows that the de Rham complex M o ®pp Q;\R,O/R is acyclic in positive degrees.

Now, taking horizontal sections for respective connections in the isomorphism g, we obtain a
p-equivariant isomorphism of finite R-modules £(R) — £(A R7O)V:0 = MX?):O. In particular, from
the isomorphism &, we deduce that Agg-linearly extending the natural inclusion MZSZO C My o, we
obtain the following (¢, Vj)-equivariant diagram
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Aro ®r E(R) —=— E(ARyp)

I
(4.19)

Vo=0
AR,O OAg MA78 Em— MA70.

Hence, it follows that (4.19) is an isomorphism. This concludes our proof. [ |

4.3.3. The case p = 2. In this subsubsection, we will prove statements analogous to Proposition
4.22, Proposition 4.24 and Proposition 4.25, for p = 2. Let N be a Wach module over Ar and
let My = (Ar(1)/p1(1t) ®py.apr N)*TR be the Ag-module from Proposition 4.17 equipped with an
induced action of (¢,'r). First, we will look at the action of I'to; on My. Let o denote a generator
of I'tor. Then from (A.2), recall that by setting My 1 := {& € My such that o(x) = 2} and My _ :=
{z € M, such that o(z) = —x}, we have a natural injective map of modules over Ar  (see Subsection
3.4.4),

]\4/\74r D MA,, — My, (4.21)

given as (z,y) — x+y. Note that the action of 1 x ' is continuous for the (p, p1(u))-adic topology on
My, so it follows that My . is a (p, p1(u))-adically complete Ag o -submodule of My, stable under the
action of (¢, I'r) on My, and similarly, My _ is a complete A | -submodule, stable under the action of
(¢, I'r). Equipping My 4 and My _ with induced structures, we see that (4.21) is (¢, I'r)-equivariant.

Proposition 4.26. The natural map in (4.21) is bijective. Moreover, we have that My _ = (t/2)Mjy 4.
In particular, we have a natural Ag-linear and (o, 'r)-equivariant isomorphism

AR ®pp, Mpy — My. (4.22)

Proof. Let us first note that by Ag-linearly extending the A -linear and (¢, I'r)-equivariant injective
map My  — My from (4.21), we obtain the Ag-linear and (p, I'r)-equivariant map in (4.22). Recall
that Ap = Ar 4 @ (t/2)Ag + from Lemma 3.61 and Lemma 3.62, and (¢/2)My ; C My _, so from the
injectivity of (4.21), it follows that (4.22) is injective. To prove the claims, it is enough to show that
(4.22) is surjective as well.

Let I denote the kernel of the surjective map Ar — R. Then from the explicit desciption of Ar
in Proposition 3.21, it follows that I is the ideal of Ar generated by the divided powers of ¢/2. As
the divided powers of ¢/2 are topologically niplotent, it follows that I is contained in the Jacobson
radical of Agp. Moreover, since the ideal I is stable under the action of (¢,I'r) on Apg, it follows
that the map Agp — R is (¢,'r)-equivariant. Next, from (4.7) in Proposition 4.17, recall that we
have a (¢,I'p)-equivariant isomorphism of Ag-modules My — Ar ®4, N. Base changing this
isomorphism along the surjective map Ar — R, we obtain a (¢, I'r)-equivariant isomorphism of
R-modules My /IMy =+ N/uN. Precomposing it with (4.22) gives a A g-linear map

AR®AR,+ MA7+—>MA/IMAL>N//LN. (4.23)

Since I is in the Jacobson radical of Ag, therefore, by Nakayama Lemma, to show that (4.22) is
surjective, it is enough to show that the the first map in (4.23) is surjective. So let T be any element
of Mp/IMj and let x be a lift of T in M. We first claim that (o + 1)z is an element of 2M,. Indeed,
let us first write x = ), a; ® x;, for some a; in A and z; in N. Then, from the description of A in
Lemma 3.61 and Lemma 3.62 we have that (o — 1)a; = tb;, for some b; in Ag 4 and from the triviality
of the action of I'g on N/uN, we can write (0 — 1)x; = py;, for some y; in N. So we have the following:

(c+l)z=(c—1zx+2xc=(c—-1)(> ;0 @) + 2z
=Y lc-1Na;@x;+>;0(a;) ® (0 — 1)z; + 22
=Y thi @ x; + 32, 0(a;) ® py; + 2z,

which is clearly in 2M (since ¢/ is a unit in Ag, see Lemma 3.24). As M) is p-torsion free, therefore,

(o+1)
2

we set x’ = (x) in My and note that o(z') = 2/, i.e. 2’ is in My ;. From the computation
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of (¢ + 1)x above and the fact that My/IMy — N/uN (see (4.23)) is p-torsion free, we see that
a2/ =T mod I M. In particular, we conclude that the first map of (4.23) is surjective, hence, (4.22) is
bijective. Finally, from the decompositon Agr = Ag _ @ (t/2)ARg 4, the inclusion (¢/2)Mp o C My _
and from the bijectivity of (4.22), it follows that (4.21) is bijective and My _ = (t/2)Mp 4. This
completes our proof. [ |

Next, we will look at the action of I'g — 14 4Z5 on My 4. From (3.40), recall that v = % is an
element of Ar_ and we claim the following:

Lemma 4.27. The action of I'g is trivial on My 4 /v My ;.

In the following, we provide an explicit proof of the claim. Note that the claim in Lemma 4.27
also follows from Remark 5.27. Moreover, the arguments in Remark 5.27 do not depend on the claim
proven in Lemma 4.27 and the subsequent results of the current Subsection 4.3.3. In particular,
Remark 5.27 gives a more conceptual proof of the claim.

Proof. Note that the action of I'g is continuous on My ., so it is enough to show the claim for a
topological generator of I'g. So let us fix 7y to be a topological generator of I'y such that x(yo) = 1+4a,
for a unit a in Zy. Moreover, using Lemma 3.24, it is easy to see that v is the product of ¢t*> with a unit
in Ap. So for any m in My ., it is enough to show that (yo — 1)m is an element of t2M, . Now,
using Lemma 4.28, let us write (y9 — 1)m = 2tm/, for some m’ in My. Since, o(m) = m, we get that
o(m’) = —m/, i.e. m’ belongs to M, _. Using Proposition 4.26, we can write m’' = (¢/2)n, for some n
in My ;. Hence, we get that (9 — 1)m = t?n, as claimed. [ |

The following observation was used above:

Lemma 4.28. Let vy be a topological generator of Ty such that x(vo) = 1+ 4a, for a unit a in Zs.
Then for any m in My, the element (yo — 1)m belongs to 2t M.

Proof. Let us start with some observations. Let f be an element of Ag. Then using that Agp =
Ag .y @ (t/2)AR+ from Lemma 3.61 and Lemma 3.62 and the fact that the action of 7 is trivial on
AR+ /vAR+, where v is the product of t? with a unit in Ag, it follows that (yo — 1) f is an element
of 2tAR.

Next, let 2 be any element of My ; C My, then from the (¢, I'p)-equivariant isomorphism My —
Ar®a, N (see (4.7) in Proposition 4.17), the triviality of the action of I'r on Ag/p (see Lemma 3.48)
and N/uN (see Definition 4.1) and the fact that ¢/u is a unit in Ap (see Lemma 3.24), it follows that
we can write(yg — 1)z = tx1, for some x1 in My. As x is in My, we have o(x) = = and since I'p
is commutative and M, is t-torsion free, it follows that o(x1) = —x1, i.e. z1 is an element of M, _.
Then using Proposition 4.26, we can write 1 = (¢/2)x2, for some 3 in My ., and get that (y9 — 1)
is an element of (t2/2) My ..

Next, let y be any element of M, _ and using Proposition 4.26, write y = (¢/2)y;, for some y; in
My 1. From the preceding discussion, note that we have (79 — 1)y1 = (£2/2)ys, for some ya in My .
So, we get that

(vo =Dy = (v — 1 (ty1) = 5 (1 (v — Dt +70() (0 — 1)y1)
= L(datys + (1 + 4a)tyss) = 2t(ays + (1 + 4a)y25),

is an element of 2t My .

Next, note that since N[1/p] is finite projective over Agr[l/p] (see Remark 4.2) and the map
AR — Ap is injective, therefore, it follows that the Ag-linear and (¢, I'r)-equivariant map N — My
is injective. Now, let z be an element of IV and let us denote its image in My, again by z. Then by
Definition 4.1, we have that (79 — 1)z = uzo, for some zp in N C My. Using Proposition 4.26, let us
write z = x +y, for some x in My 4 and yin My _ = (t/2) My +. Then from the preceding discussions
and the fact that t/p is a unit in A, we can write (70 — 1) = (u?/2)z’ and (7o — 1)y = 2uy/, for some
2’ and y' in M. In particular, since M, is p-torsion free, we get that zo = (u/2)2’ + 2y’. Reducing
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the preceding equality modulo My, where I is the kernel of the surjective map Ar — R (see the
proof of Proposition 4.26), we see that zo = 2y’ mod I My, in My/IMy — N/uN (see (4.23)). Since
y' mod I M), is an element of My /ITMy —+ N/uN and z is in N, we get that zg mod pN is an element
of 2(N/uN). In particular, we can write zg = 221 + puzo for some 21, 29 in N. So, we have that,

(70 — 1)z = pzo = 2uz1 + 2o = 2u(z1 + &29),

is an element of 2t My, since t/p is a unit in Ap.

Now, let f ® 2z be an element of Ag ® 4, IV, and using the discussion at the beginning of the proof,
let us write (79 — 1)f = 2te, for some e in Ar. Moreover, from the discussion above we can write
(70 — 1)z = 2t2/, for some 2’ in M. In particular, we see that

(o -1(f@2)=((0—-1)f)®@z+7(f) @ (10— 1)z = 2te + 0 (f)2tz" = 2t(e + 10(f)7'),

is an element of 2¢M,. Using the (¢,I'p)-equivariant isomorphism My — Ag @4, N (see (4.7) in
Proposition 4.17) and the preceding observation, we conclude that for any m in My, the element
(70 — 1)m belongs to 2tM,. Hence, the lemma is proved. |

In the rest of this subsubsection, let us fix 79 to be a topological generator of I'g such that x(yo) =
1+ 4a, for a unit a in Z,. Then from Lemma 4.27, note that for any x in My , we have that (yo— 1)z
is an element of My . Set 7 := v/8 in Ag 4, then from Lemma 3.72 we know that (yo — 1)7 = uv,
for some unit v in Ag . Therefore, we see that the following operator is well-defined:

Vot My —> M+ (4.24)

(yo—Dz ’
T (yo—1)T"

As the operator V, ; is an endomorphism of My y, we can define the following two term Koszul

complex:

V.-
KMA,+(Vq,T) D[ My — My 4]. (4.25)

Remark 4.29. Considering 7 as a variable, similar to Remark 3.73, the operator V, - in (4.24), may
be also considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.32. Then, (4.25) is the g-de Rham complex arising from such a g-connection.

gy _ 1 ko
log(x(0)) — log(x(70)) 2open(—1)" g — con
verge p-adically on My . Let w := t2/8 in AR+, then the operator Vi := ﬁv}fg defines an

R-linear p-adically quasi-nilpotent flat connection on My ., denoted V : My , — My 4 Qg+ Q}\R /R

Proposition 4.30. The series of operators Vg)g =

and given as x — Vo(x)dw. The data of the connection V on My 1 is equivalent to the data
of the g-connection Vg, from (4.24), i.e. either may be recovered from the other. Moreover, the
q-de Rham complex Kyr, (V) in (4.25) is naturally quasi-isomorphic to the de Rham complex

. Vg r=0 ~ Yo=0
Mp + ®pp QI.\R,+/R' In particular, we have that MA’j_ — MA,(-)|- .

Proof. The idea of the proof is similar to the proof of Proposition 4.24, with slightly different compu-
tations. We sketch it below. Recall that 7 = et?/8, for a unit e in A 4 (see Lemma 3.62). Moreover,
from Lemma 3.72 we have that (v — 1)7 = (70 — 1)§ = uv, for a unit v in Ap4. Now let w = t2/8
and we write (1 4+ 4a)? = 1 + 8b, noting that b = a(2a + 1) is a unit in Z3. So we have

(o —Dw = (10— D = (x(10)* = D5 = (1 +4a)* — )§ =0t* = 'b2a+ ). (4.26)
Therefore, it follows that the complex Ky, , (Vgr) is quasi-isomorphic to the following complex
Vaw
Ky, (Vow) : [May —— My 4] (4.27)

Rest of the proof is similar to the proof of Proposition 4.13, with some changes. To avoid confusion,
we provide a sketch.
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1 1 —1)k+1 .

Let us first show that V® := logo(gx((v,;)o))) = log(Xl(%)) Spen(=1D)F %, converge as a serles.of
operators on My . Indeed, let x be any element of My , then using Lemma 4.27, we can write
(Yo — 1)z = tzy, for some x1 in My 4. Let us note that log(x(y0)) = log(l + 4a) = 4c, where ¢
is a unit in Zy, and we also have (79 — 1)t? = ((1 + 4a)? — 1)tP~1 = 8bt2, where b is a unit in Zo.
Therefore, an easy induction on k € N, shows that (yp — 1)k+1$ = 8Ft22).4, for some xj4; in My .
In particular, we get that

1 —1)k+1
Voog(x) = 10g(xl(70)) z:keN(_l)khO sz—l (=)
1 k8%t
= ToatGon) ke~

_ 2 k8w
= L Zken(=D) =5,

which converges in %M A+ = 2wM)y 4, since My . is 2-adically complete. Then, it also follows that

the operator Vg := ﬁvg"g is well-defined on My .
Next, similar to the case of Viog in the proof of Proposition 4.13, it can be shown that V})Og , and
therefore V = ﬁv};’g satisfies a Leibniz rule, i.e. Vo(fz) = Vo(f)x+ fVo(z), where the first operator

on the right is Vg := % : Ar+ — Ag 4+ whose well-definedness can be checked similar to
above. Moreover, note that the operator Vy is flat by definition. Furthermore, similar to the case of V;

in the proof of Proposition 4.13, it can be shown that the operator Vo : Ag 1 — Q}&R,+/R is the usual de
Rham differential d : Ag  — Q}\R#/R. So, in particular, the map V : My ; — My | ®pp Q}XR,+/R>
given as x — Vo(z)dw, is a well defined connection. Now, let us show that the operator V is
p-adically quasi-nilpotent. Indeed, we first note that from the commutativity of ¢ and -y, it follows
that V{8 0 ¢ = ¢ o V(8. Therefore, it is easy to see that Vo o ¢ = 4p o V. Next, recall that My
is equipped with a Ag-linear isomorphism ¢*(My)[1/p] — My[1/p], compatible with the action of
I'r on each side. Then using the isomorphism (4.22) in Proposition 4.26, we easily obtain that My
is equipped with a Ag 4-linear isomorphism ¢*(My 4 )[1/p] — My +[1/p], compatible with action of
T’y on each side. Using this observation and the relation Vg o ¢ = 4¢ o Vj, similar to the proof of
Proposition 4.24, it can be shown that for any = in M, . ,the sequence V’é(:v) converges p-adically to
0 as k — 400, in particular, Vg is p-adically quasi-nilpotent. Furthermore, note that so far we have
defined the p-adically quasi-nilpotent flat connection V using the action of I'y and conversely, we have
shown that the action of I'y can be recovered by the formula g := exp(log(X(fyo))Véog). Again, similar
to case of ; in the proof of Proposition 4.13, using the Leibniz rule for V), it can be checked that the
action of g thus obtained, is semilinear.

Finally, it remains to compare the g-de Rham complex in (4.15) with the de Rham complex
My @ppy QRR,Jr/R = Mp 4 Onp, QRF,+/0F. As V) is an endomorphism of My ., let K, , (Vo)
denote the corresponding Koszul complex in the sense of Definition A.8. Then we have an identification
of complexes:

° v
MA7+ ®AF,+ QAF,+/OF == KMA,+(VO) : I:ARH,_ —0> AR7+:|

Now, recall that we have v = exp(log(x(10)) V). Therefore, we can write

quw Yo—1 — log(X(’YO))Qwvo(l + ZkZI M(V?g)k)‘ (4.28)

= toDw =~ (o-Duw (D)

Recall that (y0 — 1)w = 8bw and log(x(70)) = 4c, for units b and ¢ in Zy. Therefore, in (4.28), we have
that % = 7 is a unit and it is clear that the term inside the parentheses converges p-adically
to a unit. Now, in the notation of Lemma A.9, let us set i = 1, M = My 1, fi = V and take h; to
be the product of § with the formula in the parentheses in (4.28), in particular, fih1 = V.. Then,

from Lemma A.9, we obtain a natural quasi-isomorphism of complexes
KMA,+ (V(LT) l> KMA,+ (Vq,w) ; KMA,+ (VO)

In particular, we get that Mifzo = Mifo. This allows us to conclude. [ |
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Proposition 4.31. Set M := MAVSFZO as an R-module via the isomorphism R — Agf’fo. Then M

is finitely generated over R and we have a natural (¢, Vo)-equivariant isomorphism

Ary ®r M = My 4

(4.29)
a®xr+— ax.

Moreover, the de Rham complex My  ®n, Q;\F+/OF is ayclic in positive degrees. In particular,
from Proposition /.30, we have H* (K, , (V7)) = 0.

Proof. The proof works in exactly the same manner as the proof of Proposition 4.25 by changing the
notations as follows: replace Ago with Ag 4 = R[’T[k}, ke N]ﬁ and replace My o with My 4 equipped
with a Frobenius endomorphism (after inverting p) and a p-adically quasi-nilpotent flat connection
as in Proposition 4.30, where in the definition of the connection we replace the parameter z with w
and the operator Vo = ﬁv?g with Vg = ﬁvg’g. Then the proof of the isomorphism (4.29) and
the cyclicity of the de Rham complex My | @y Qz\p,+ JOr in positive degrees follows by arguments
similar to the ones given, respectively, for the isomorphism (4.19) and the acyclicity of the de Rham
complex Mp + @pp QA’\F,+/OF in positive degrees, in Proposition 4.25. |

4.4. Proof of Theorem 4.5. Let N be a Wach module over A as above and consider the
Apg(1)-module Ar(1) ®p, 4, N equipped with the tensor product Frobenius and tensor product action
of F%%, where I’%{ acts on N via projection onto the second coordinate. Then, in Example 4.10, using the
action of 1 x I'y, we equipped Ag(1)/p1(it) ®p, 4, N with a g-connection, denoted as V,. Moreover,
in Proposition 4.13, we equipped Ar(1)/p1(1t) ®py, 4, N with a connection, denoted as V, and showed
that we have (Ag(1)/p1(p) ®py.a, N)V=0 = (Ar(1)/p1(1t) @py.a, N)Ve=0. Since the action of 1 x I'
on Ar(1)/p1(p) ®py,a, N is continuous, we deduce that

(Ar(1)/p1(p) Qpa,Ap ‘N)IXF%t = (Ar(1)/p1 (1) Qpy,Ap N)quo = (Ar(1)/p1(1) Qpy,Ap N)VZO'

Next, from Proposition 4.17, let us recall that My = (Ag(1)/p1(p) @py.a, N)V=0 is a finitely
generated Ap-module, equipped with an induced action of (¢,I'z). Then from (4.6), we have that
by Ar(1)/p1(p)-linearly extending the natural inclusion My C Ag(1)/p1(p) ®py,a, N, induces a
(¢, V,T'r)-equivariant, or equivalently, a (y, 'g)-equivariant isomorphism

Ar(1)/p1(p) Qg My = Ar(1)/p1(p) ®pg,ap V.

Now, let us set M := MXF as an R-module. Then, by using Proposition 4.22 and Proposition 4.25 for
p > 3 and using Proposition 4.26 and Proposition 4.31 for p = 2, we see that M is a finitely generated
R-module. Moreover, since Ar(1)/p1(pt) ®p,, 4, N is p-torsion free by Lemma 4.11, therefore, we get
that M is p-torsion free as well. Furthermore, for p > 3, using (4.13) in the proof of Proposition
4.22 and (4.19) in Proposition 4.25, and for p = 2, using (4.22) in Proposition 4.26 and (4.29) in
Proposition 4.31, we see that by Ag-linearly extending the natural inclusion M C My, we obtain a
(¢, I'r)-equivariant isomorphism of Ar-modules

Ar®@r M = My

(4.30)
a®xr+— ax.

Putting everything together from the discussion above, we have the following diagram with (¢, 1 x
I'g)-equivariant arrows:

4.1
Ar()/p1(1) @prr M~ Ap(1) /o1 () ©pyag N

ZJ((J.BO) %

AR(1)/p1(p) ®ap, M.
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The diagram commutes by the definition of the arrows. Hence, it follows that (4.1) is an isomorphism.

Finally, it remains to show that we have a p-equivariant isomorphism of R-modules M — N/uN.
To show this claim, let us note that the multiplication map A : Ar(1) — Agis (¢, 'g x 1)-equivariant,
where T'p x 1 acts on Apr via projection onto the first coordinate (see Lemma 3.78). Then the
multiplication map A induces a ¢-equivariant map Ay : Ar(1) ®p, 4, N — N. Reducing it modulo
p1(p)" we obtain an Ap/p™-linear and g-equivariant map Ay : Ar(1)/p1(p)" ®py.ap N = N/u"N.
For n = 1, we claim the following;:

Proposition 4.32. Let M := (Ag(1)/p1(p) @py.a, N) IR as a finitely generated p-module over R.
Then the map Ay restricts to a p-equivariant R-linear isomorphism

M = (AR(1)/p1(1) @yt N)XTF 5 NN (4.31)

Proof. By definition, we have that A is p-equivariant, so we only need to check the bijectivity of the
map in claim. Let us note that the composition R 2% Ag(1)/p1(p) 2 Ris identity. Moreover, the

composition Ar 22 Ar(1) = Ar(1)/p1(p) 2, R coincides with the map Ar - Ar/pn = R. So we
have that,

AN+ M = R@a (1) /p () (AR(D/P1(1) ©pyr M)
= R QA AR(1)/p1(k) (AR(l)/Pl(M) Qpa, A N) — AR/ ®ap N = N/uN,

where the first isomorphism follows from the isomorphism in Theorem 4.5 and the second isomorphism
follows from the discussion above. Hence, we get the claim. |

This completes the proof of Theorem 4.5.

Remark 4.33. Let N be a Wach module over Ar. Then we have a p-equivariant commutative
diagram,
Ar(1)/p1(k) @prap N —— Ar(1)/p1(1) @po,ap N

H T, (4.32)
Ar(1)/p1(p) ®py,r N/uN —— Ag(1)/p1(pt) @py,r M,

where the bottom horizontal arrow is the extension along p; : R — Ar(1)/p1(n) of the inverse of
the isomorphism Ay in (4.31), the right vertical arrow is (4.1) and the top horizontal arrow is the
composition of left vertical, bottom horizontal and left vertical arrows. Let us note that in Proposition
5.29, we will show that the map Ay is equivariant for the action of 1 x I'p on the source and the
action of I'p on the target. Then it will follow that the bottom arrow in the diagram (4.32) is
(¢, 1 x T'g)-equivariant and therefore, the diagram (4.32) is also (¢, 1 x I'g)-equivariant.

5. PRISMATIC F-CRYSTALS AND WACH MODULES

In this section, let X := Spf R denote a p-adic formal scheme, where R is the ring from Subsection
1.6. Our main goal in this section is to relate analytic/completed prismatic F-crystals on the absolute
prismatic site (Spf R) (see Subsection 2.3) to Wach modules over Ag (see Definition 4.1). We start
with the following construction:

Proposition 5.1. Let £ be an object of Vect™ (X ) and set N := E(AR, [plq). Then N is a finitely
generated Ar-module equipped with a continuous action of I'r such that the action of I'r is trivial
on N/uN. Moreover, if £ is an object of Vect®™ ¥ (X ), then N is a Wach module over Ap.

Proof. First, by using Lemma 5.3, with £(Ag, [plq)[1/p] as a finite projective Ar[1/p]-module and
E(AR, [plq)[1/p] as a finite projective Agr[1/u]-module, we see that the Ag-module

N = E(Ar, [plg) = E(Ar, [plg)[1/p] N E(AR, [plg)[1/ 1] € E(AR, [plg)[1/p, 1/ 1,



Prismatic F-crystals and Wach modules 61

is finitely generated and the sequences {p, u} and {u, p} are regular on N. Next, let g be any element
of I'r and from Lemma 3.12 recall that g is an automorphism of (Ag, [p]y) in X , i.e. we have that
g: (Ag,[ply) = (Ar,[ply). Since, £ is a crystal, it follows that base changing N = £ (AR, [p],) along
g, induces an Ag-semilinear isomorphism g : Ar ®g 4, N — N, in particular, a semilinear action of
I'r. Note that Agr/u — R, the pair (R, p) is a prism and an object of (Spf R) and I'g acts trivially on
R. Therefore, reducing the isomorphism g : Ag ®g4 4, N ~ N modulo p, we obtain an isomorphism
gmod pu: R®y g N/uN — N/uN, which is the identity, in particular, we see that the action of I'g
is trivial on N/uN. Now, additionally assume that £ is an F-crystal, i.e. an object of Vect*™ ¥ (X ).
Then, from Definition 2.22 we have an Ag-linear isomorphism ¢ : (p*N)[1/[pl,] — N[1/[pl4].
Again, using that £ is a crystal and any g in 'y is an automorphism of (Ag, [p]y) in X , it is easy to
show that ¢ is equivariant for the action of I'p on NV described above. So, we see that N = E( AR, [plq)
satisfies all the axioms of Definition 4.1, i.e. it is a Wach module over Ag. |

Remark 5.2. A claim similar to Proposition 5.1 holds for completed prismatic F-crystals. More
precisely, let € be an object of CR"(X ) and set N := E(ARg, [pl,). Then, N is a finitely generated
Apr-module equipped with a continuous action of I'g such that the action of I'g is trivial on N/uN.
Moreover, if £ is an object of CR™¥(X ), then N is a Wach module over Ag.

Proof. By Definition 2.16, note that N := £(AR, [ply) is a finitely generated (p, [plq) = (p, u)-adically
complete Ar-module. Then, similar to the proof of Proposition 5.1, using that £ is a crystal, we see
that any g in I'g is an automorphism of (Ag, [p],) in X and the action of I'g is trivial on Ar/p — R,
in particular, IV is equipped with a semilinear action of I'g such that the action of I'g is trivial on
N/uN. Now additionally assume that £ is an F-crystal, i.e. an object of CR™?(X ). So from
Definition 2.18, we have an Ap-linear isomorphism ¢y : (¢*N)[1/[pl,] — N[1/[pl,] and similar to
above, it is easy to see that ¢y is I'g-equivariant. It remains to show that the sequences {p, u} and
{u, p} are regular on N. Now, let G := R[]u], then the Breuil-Kisin prism (&, u — p) from Subsection
2.16 is an object of X and a cover of the final object of the topos Shv(X ) (see [DLMS24, Subsection
3.3]). Since (&,u — p) is a cover of the final object of Shv(X ), there exists a prism (B,J) in X
so that it is (p, [p]q)-completely faithfully flat over (Ag, [p],) and admits a map from (&,u — p) in
X . Moreover, as Ag is noetherian, it follows that the map Ar — B is faithfully flat. Now using an
argument similar to [DLMS24, Lemma 3.19] we have that B ®4,, N — (B, J), therefore,

(B @a, N)[1/p] = E(B, J)[1/p] +— B ®s £(&,u—p)[1/p],

where the last isomorphism follows from [DLMS24, Lemma 3.24]. As £(&, u—p)[1/p] is finite projective
over &[1/p] and Ar — B is faithfully flat, it follows that N[1/p] is finite projective over Ar[1/p]. A
similiar argument (by inverting the prismatic ideal instead of p) shows that N[1/[p],] is finite projective
over Ag[1/[plq]. Then, by using Lemma 5.3, we see that the sequences {p, [p],} and {[p], p} are regular
on N, and therefore, the sequences {p, u} and {p, p} are regular on N by [Abh23b, Lemma 3.6]. Hence,
it follows that N satisfies all the axioms of Definition 4.1, in particular, it is a Wach module over Ap. B

Let a be an element of Ar such that the sequences {p,a} and {a,p} are regular on Ar and we
have an equality of zero loci V' (p,a) = V(p, [p]q) inside Spec (Ag). For example, we may take a = p.
Then, we have the following:

Lemma 5.3. Let M be a finite projective Ar[1/p]-module and D a finite projective Ar[1/a]-module,
equipped with an Ag[1/p,1/a]-linear isomorphism f : Ag[1/p,1/a]® a1 /p M = Ag[1/p, 1/a]® a1 /q)
D. Then N := M ND C Ag[l/p,1/a] ®a,p1/a) D is a finitely generated Ar-module, the sequences
{p,a} and {a,p} are reqular on N, and N[1/p] =+ M and N[1/a] = D.

Proof. Let S = Spec(Ar), Z = V(p,a) C S as the zero locus of the ideal (p,a) C Agr (the same
as the zero locus of (p,[ply) C Ag) and set j : U = S\ Z C S. Then, note that the natural map
Spec (Ar[1/a]) U Spec (Ar[1/p]) — Spec(Ar) \ V(p,a) = U is a flat cover. Therefore, from the data
(M, D, f) and faithfully flat descent we obtain a vector bundle F over U C S. Since S is irreducible
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and JF is a vector bundle on it, therefore, the associated point of F is the generic point of U. Moreover,
by definition Z is of codimension 2, so for any z in Z and p the associated point of F in (9@72, we
have that dim(Og_/p) > 2. Then, from [Sta23, Tag 0BK1] it follows that j.JF is coherent, i.e.
N := HY(S,j.F)=H"U,F)=MnND C Ag[l/p,1/a] ®Ap[1/a) D is a finitely presented Ag-module.
Furthermore, [Sta23, Tag 0BKO] implies that j*j.F — F on U and HY(N) = HL(N) = 0. Now, an
easy argument (for example, see [Abh23b, Lemma 3.3] for a = ) shows that the sequences {p,a} and
{a,p} are regular on N, and N[1/p] = M and N[1/a] = D (see [Abh23b, Lemma 3.5] for a = ).
This allows us to conclude. |

Remark 5.4. Let N be a finitely generated Agr-module such that the sequences {p, u} and {u, p} are
regular on N. Then, from [Abh23b, Lemma 3.5], we have that N = N[1/p] N N[1/u] C N[1/p,1/u].
Moreover, if N is equipped with an Ag-linear isomorphism ¢y : ¢*(N)[1/[pl,] — N[1/[p],], then, by
[Abh23b, Proposition 3.11 & Remark 3.12] we have that the Ag[1/p]-module N[1/p] is finite projective,
the Ar[1/p]-module N1/ ] is finite projective and the Ag[1/[p]q]-module N[1/[p],] is finite projective.
From Proposition 5.1, note that we have a well-defined evaluation functor for analytic F-crystals:
evy, : Vect™¥?(X ) — (go,FR)—Mod[X}; (5.1)

E — E(AR, [plg)-

Similarly, from Remark 5.2, we also obtain a well-defined evaluation functor for completed F-crystals:

eva, : CRM(X ) — (p,Tg)-Mod )

(5.2)
& E(Ar, [plg)-

Recall that from Lemma 3.11 we have that (Ag, [p]y) covers the final object of the topos Shv(X ).
Then we claim the following:

Theorem 5.5. The evaluation functors in (5.1) and (5.2) induce equivalences of categories.
Proof. The claim follows from Proposition 5.11 and Theorem 5.12 shown below. |

In the rest of this section we will build the theory needed to state and prove Proposition 5.11 and
Theorem 5.12.

5.1. Ag-modules with stratification. Inorder to prove Theorem 5.5 we will interpret crystals

in terms of modules with stratification. We begin with the definition of some cosimplicial objects in
Shv(X ).

5.1.1. Stratifications. Using the cosimplicial object Ar(e) in (Spf R) as described in Construc-
tion 3.13, we define stratifications as follows:

Definition 5.6 (Prismatic stratification). A stratification on an Agr-module N with respect to Ag/(e)
is an Ap(1)-linear isomorphism ¢ : Agr(1) ®p, 4, N — Agr(1l) ®p, 4, N satisfying the following
conditions:

(1) The scalar extension A*(¢) of € by A : Ar(1) — Apg is the identity map on N.

(2) Cocycle condition, i.e. we have an isomorphism pjs(g) o pis(e) = pis(e) : Ar(2) @y o4, N —
AR(2) @rya, N.

Let Strat(Ag(e)) denote the category of Ag-modules equipped with a stratification with respect to
Apg(e). Additionally, we will say that N is analytic if the following holds:

(3) The sequences {p, u} and {p, p} are regular on N.
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Let Strat®(Agr(e)) denote the full subcategory of analytic objects in Strat(Ag(e)). Furthermore, we
will say that N is a ¢-module over Ar equipped with a stratification if N is finitely generated and
equipped with a Frobenius, i.e.

(4) An Ap-linear isomorphism ¢y : ¢*(N)[1/[p],] — N[1/[p],] compatible with the stratification
€.

Let Strat®™¥(Ag(e)) denote the category of analytic p-modules over A equipped with a stratification.

Now, we will relate the category Vect™ ¥ (X ) of analytic prismatic F-crystals over X to the
category Strat® ¥ (Ag(e)) of analytic ¢p-modules over Ar equipped with a stratification.

Construction 5.7. Let £ be an object of Vect®™¥(X ) and set N := £(Agr(0)) as an Ag-module.
Then, by using Proposition 5.1, we have that N = £(ARg, [p],) is a finitely generated Ap-module such
that the sequences {p, u} and {u,p} are regular on N. Moreover, N is equipped with an Ag-linear
isomorphism py : ©*(N)[1/[plg = N[1/[pl,). Next, set D := E[1/Z ](Ag,[ply) = N[1/[pl,] as a
finite projective Ar[1/[p]q]-module and note that D is equipped with a stratitification with respect to
Apg(e) given as the composition

-1
ep: Ar(1) @pyap D 25 E/T J(AR(L) 22 AR(1) @pooy D, (5.3)

such that A*(ep) = id and ep satisfies the cocycle condition over Ag(2). Similarly, set M :=
E1/pl(Ar,[plq) = N[1/p] as a finite projective Ar[1/p]-module and note that M is equipped with a
stratitification with respect to Ar(e) given as the composition

-1
e+ Ar(1) ®pyap M 25 E[L/p)(AR(1)) =2 AR(1) ®py 4, M, (5.4)

such that A*(eps) = id and ) satisfies the cocycle condition over Ar(2). Note that by definition, we
have an Ag[1/p, 1/[p]q]-linear isomorphism f : Ar[1/p,1/[plg]®app1/mM — AR[1/D, 1/[Plg]® an1/1p),)
D, and (5.3) and (5.4) are compatible with the preceding isomorphism, i.e. fo(en[1/[plq]) = (en[1/p])o
f. Therefore, by taking the intersection of (5.3) with (5.4) inside Ar[1/p,1/[pl] ®a,(1/}p, D, and
noting that N = M N D and that the maps p1,p2 : Ar — Ag(1) are faithfully flat (see Lemma 3.15),
we obtain an isomorphism

-1
e: AR(1) ®pyag N 2 E(AR(1)) =2 Ap(1) @pyap N, (5.5)

such that A*(e) = id and ¢ satisfies the cocycle condition over Ar(2). Hence, N is an analytic
p-module over Ar equipped with a stratification and functorial in £. In particular, we have described
a well-defined natural functor

eV (o) 1 Vect™ ¥ (X ) — Strat®™™¥(Ag(e)), (5.6)

by sending a crystal £ to the finitely generated Agr-module N = £(Ag(0)) equipped with a stratifica-
tion as in (5.5). |

Proposition 5.8. The functor in (5.6) induces a natural equivalence of categories.

Proof. Let us first set U := Spec(Ag) \ V(p, [plq), U(1) := Spec(Ar(1)) \ V(p, [plq) equipped with
projection maps p1,p2 : U(1) — U and U(2) := Spec(Ar(2)) \ V(p, [plq) equipped with projection
maps pi2, p23, 13 : U(2) — U(1) (see Construction 3.13 for the projection maps). We define the cate-
gory Vect® ¥ (Apr(e)) of analytic prismatic F-crystals over (Ag(e), I(e)) as follows (also see Definition
2.22): an object is a vector bundle £ on U equipped with an isomorphism ¢ : p{€ — p5€ of vector
bundles over U(1) such that A*(¢) = id on £ and ¢ satisfies the cocycle condition over U(2), i.e.
p53(€) o pia(e) = pis(e). Moreover, & is equipped with an isomorphism pg : (p*E)[1/1] — E[1/1].
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Then, from Lemma 3.11, Construction 3.13 and the well-known result describing the category of crys-
tals of vector bundles as modules equipped with a stratification (see [Ber74, Chapitre IV, Subsection
1.6]), it follows that the top horizontal arrow in the following diagram is a natural equivalence of
categories:

Vect*™¥(X ) —— Vect*™ ¥ (AR(e))

m l (5.7)

Strat™?(Ag(e)).

In (5.7), the right vertical arrow is defined by sending an object £ to the finite Ag-module N :=
H°(E,U) equipped with a Frobenius structure and a stratification as in (5.5) of Construction 5.7.
It is clear that the diagram (5.7) commutes by definition. We claim that the right vertical arrow in
(5.7) is an equivalence. Indeed, let us describe its quasi-inverse. Let N be an analytic ¢-module over
AR equipped with a stratification. Note that the Ag[l/p]-module M = N[1/p| is finite projective,
the Ag[l/p]-module D = N[1/p] is finite projective and N = M N D C D[1/p] (see Remark 5.4).
Then, from the proof of Lemma 5.3 we obtain a vector bundle £ on U such that N —+ HY(E,U)
and the stratification on N induces a stratification on &€ satisfying the desired properties. Hence, it
follows that this gives a quasi-inverse to the right vertical arrow in (5.7) and induces an equivalence
of categories. In particular, we get that the slanted vertical arrow in (5.7), i.e. (5.6) induces an
equivalence of categories. |

Remark 5.9. Following arguments similar to Construction 5.7 and Proposition 5.8, it can also be
shown that we have a natural equivalence of categories,

€V A (o) - CRMP(X ) = Strat®™?(Ag(e)). (5.8)

obtained by sending a crystal £ to the finitely generated Ag-module N = £(AR(0)) equipped with a
stratification similar to (5.5) in Construction 5.7.

In the rest of this subsection, we will show that the functor ev , , in (5.6) (resp. (5.8)) is suitably

compatible with the functor ev . in (5.1) (resp. (5.2)), similar to [M'T20, Lemma 3.16]. From Remark

3.20, recall that for n € N, the product F}X%(n“) of n + 1 copies of I'p naturally acts on (Ar(n), [plq)-

(n+1)

Moreover, from Proposition 3.17 we have that the action of the i*" component of FE is trivial on

Ag(n)/(ni(p))-

Construction 5.10. Let (N,e) be an object of Strat®¥(Ag(e)), i.e. N is a finitely generated
Apr-module on which the sequences {p, u} and {u,p} are regular, N is equipped with a stratifica-
tion € with respect to Ag(e) and an Ag-linear isomorphism oy : ¢*(N)[1/[pl,] — N[1/[pl,]. We
define a functor,

evSirat : Strat™™?(Ap(s)) — (o, 'r)-Mod e, (5.9)

A
by setting the underlying Ar-module to be N satisfying (1) and (3) of Definition 4.1. We equip N
with an action of I'g as follows: Note that the F%—action on Ar(1) induces a semilinear-action of I'p

on N. Indeed, for each g in I'g, the base change of the stratification ¢ along Ar(1) ﬂ Agr(1) 2, AR
defines an isomorphism Ar ®g A, N — N, i.e. a semilinear action of the element g on N. Moreover,
for any ¢’ in I'g, base change of the aforementioned isomorphism along ¢’ : A —+ Apg is the base
change of € along ¢’ 0o Aog = Ao (¢'g,¢'). So, from Definition 5.6 it follows that the isomorphisms
AR ®gar N —5 N, for g in I'g, define a semilinear action of 'z on N. Finally, since the action of
I'r x 1is trivial on Ar(1)/(p1(u)), therefore, it follows that the induced action of ' on N/uN is also
trivial, and therefore, continuous by [Abh23b, Lemma 3.7]. Hence, N is a Wach module over Ag in
the sense of Definition 4.1. [ |

We have the following compatibility between the functors of (5.1), (5.6) and (5.9) (resp. (5.2),
(5.8) and (5.9))
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Proposition 5.11. The following diagram is commutative up to canonical isomorphisms:

o(5:6) (55
An @ Strat™ e (Ap(e)) wtnO

Vect*™¥ (X ) CR™MP(X )

~

Strat
(5()) eVA;a

(¢, Tr)-Mod e,

Proof. We will only prove the commutativity of the left triangle; commutativity of the right triangle
follows by a similar argument. Let £ be an object of Vect®™¥(X ) and set (N,¢) := eVAR(.)(E).
Since N = £(Ag(0)) and Ar(0) = Apr, we note that the Ar-module obtained by composing the top
horizontal arrow and the left vertical arrow is isomorphic (as an Agr-module) to the module obtained
via the slanted vertical arrow. From Lemma 5.3, we know that the sequences {p, u} and {u,p} are
regular on N. The conditions on ¢y as explained in Proposition 5.1 and Construction 5.10 ensure
that the Frobenius on N is of finite [p],-height. So it remains to check the compatibility of the action
of I'r. Note that for each g in I'g, the following diagrams commute:

(g,1)

Ap(1) Ap(1) Ap(1) 2 AR(1)
PlT lA pzT lA
Ag(0) —— Ag(0), AR(0) —— Ar(0).

Therefore, the action of g on N = £(Ag(0)) induced by the stratification € (see Construction 5.10)
coincides with the action of g on £(AR(0)) induced by the action on Ar(0) and crystal property
of £ (see Proposition 5.1). Hence, evjsgf;at(N, e) — E(AR(0)) = E(AR) = ev,(E), allowing us to
conclude. |

From Proposition 5.11, we note that in order to show that the functor ev,  induces an equivalence

Strat

of categories, it is enough to show that the functor ev}y*" induces an equivalence of categories.

5.2. Constructing stratifications on Wach modules. In this subsection we will show the
following claim:

Theorem 5.12. The functor in (5.9) induces a natural equivalence of categories

evSirat : Strat™™#(Ap(s)) 7 (9, I'r)-Mod}.

Proof. In (5.31), we will define a functor Strat 4 ,(4) from the category of Wach modules to the category
of p-modules over Ar equipped with a stratification with respect to Ar(e). Moreover, in Proposition
5.31, we wil show that Strat 4,,(,) is a quasi-inverse to the functor evS“at thus extablishing the desired
catgeorical equivalence |

In the rest of this subsection, we will construct the promised quasi-inverse to the functor ev%t“’Lt

where the non-trivial step is the construction of a stratification on a Wach module. Our strategy
will be similar to that of [MT20, Subsection 3.2]. However, as we are working with the Galois group
I'r, which has “arithmetic = I'r” and “geometric = I';” parts, instead of beign a truely “geometric”
Galois group as considered in loc. cit., therefore, our arguments are of different nature and require
different computations. More precisely, recall that I'g fits into the following exact sequence:

1—Th —Tg—Tp—1
Furthermore, from (1.6), recall that I' fits into the following exact sequence:

1—Tyg—Tpr—T —1,
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where, for p > 3, we have that Ty — 1 + pZ, and for p = 2, we have that Ty — 1 + 4Z;.
Moreover, for p > 3, we have that Ty — F, and the projection map I'r — T'tor, admits a section
Tior — F; — Z; +— I'p, where the second map is given as a + [a], the Teichmiiller lift of a, and
the final isomorphism is induced by the p-adic cyclotomic character. Finally, for p = 2, we have that
Tior — {£1}, as groups.

Let usset N(1) := Ar(1)®p, 4, N equipped with the tensor product Frobenius and tensor product
action of T%%, where F%z acts on N via projection to the second coordinate. We will start by proving
some results on the cohomology of N (1) for the action of 1 x I'g. The steps will be similar to the
“3-step” argument presented in Subsection 3.4. In particular, let us note that the results for the action
of the geometric part of I'g in Subsection 5.2.1, are applicable for all primes p. However, for p = 2,
since F is the trivial group, in Subsections 5.2.2 and 5.2.3, we will assume that p > 3. For p = 2, the
arithmetic action of I'g will be handled in Subsection 5.2.4. Finally, we will put everything together in
Subsection 5.2.5 to construct a stratification using the action of I'r on Wach modules (see Proposition
5.31).

5.2.1. The action of I'’;. In this subsubsection, our first goal is to show the following claim:

Lemma 5.13. For each n > 1, the following natural (¢, I'r X I'r)-equivariant sequence is exact:

0 — (N(1)/pr (1)) T 0 (N (1) /pr ()" TR — (V1) /pa ()") ¥ — 0. (5.10)

Proof. The proof is similar to the proof of Lemma 3.43. To lighten notations, let us denote by
A(1) == Ag(1), A(1) := Ar(1)/p1(u) and N(1) := N(1)/p1(p). Instead of working with the action of
1 x I';, we will work with the g-connection arising from this action. More precisely, in the notation
of Definition 3.31, take D to be Ag — A(1)"*I'r (see Lemma 3.47), and A to be A(1) equipped with
a Ap-linear action of 1 x I'; and let {v1,...,v4} be the topological generators of I, (see Subsection
3.1). Then, by setting ¢ = 14 pa(p) and U; = pa([X?]), for 1 < i < d, we know that A(1) satisfies the
hypothesis of Definition 3.31 (see the proof of Lemma 3.43). In particular, A(1) is equipped with a
Ap-linear g-connection V, : A(1) — qul(l)/i\R’ given as f — Y4, % dlog (p2([X?])).

Next, we have that N is a Wach module over Ap and N (1) = A(1) ®p,, 4, N is equipped with the
tensor product Frobenius and the tensor product action of F%%. Note that for any f ® y in N(1) and
gin 1l xTpg, we have that (¢ —1)(f®y) = (g —1)y®@y+g(f) ® (9 — 1)y is in pa(u) N (1). Therefore,
the operator

Vg : N(1) — N(1) ®aq) 9,14(1)/AR

d
T — ; 282 dlog([X7)),

satisfies the assumptions of Definition 4.7. Moreover, from the proof of Lemma 3.47 and Example
4.8, we see that the g-connection V, on N(1) is (p, p)-adically quasi-nilpotent, and it is flat because
7; commute with each other. Let us also note that the action of 1 x I'j is trivial on p;(p) and
Ap/pi(p) =5 Ap =5 A(1)™Tk (see (3.23), Example 3.36 and the proof of Lemma 3.47). Therefore,
we see that the g-connection on N(1), induced by reducing modulo p; (1) the g-connection on N(1),
coincides with the g-connection on N (1) described in Example 4.10. Now consider the following exact
sequence of g-de Rham complexes:
0 — N() @) 650y, o V210" D) 0% 15, —
M) TTAM)/AR W) a)/Ag
— N(l)/pl (M)n ®A(l) qQ;X(l)/[\R — 0.

Since the action of 1 x Iy, is continuous for the (p, p1(u))-adic topology on N (1), therefore, we see that
(N(1)/p1()")>Tr = (N(1)/p1(1)™)Ve=C. In particular, showing that (5.10) is exact, is equivalent to

. 1/~ B ° o L. P
showing that H' (N (1) ®7aa) qQZ(l)/AR) = 0. Now, from Proposition 4.13, recall that the g-de Rham
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A(1)/Ar o
Proposition 4.17, we have shown that the de Rham complex N (1) ®a01) Q2

[ ]
A(1)/AR’
e is acyclic in positive

complex ¢f2 is naturally quasi-isomorphic to the de Rham complex 2 Moreover, in

i)
— 1N _ .
wyan) = H N @30) Vg )
it follows that (5.10) is exact. |

degrees, in particular, we see that H!(N (1) A1) qQ'Z = 0. Hence,

Let My := N(1)*Tr as a module over A(1)"Tr <= Ap (see Lemma 3.47), equipped with the
induced Frobenius and an induced semilinear and continuous action of ' x I'=. Let us first note the
following:

Lemma 5.14. The sequence {p2(p),p} is reqular on Mj.

Proof. From Definition 4.1 recall that {u,p} is a regular sequence on N and ps : Ap — Agr(1)
is faithfully flat from Lemma 3.15. Therefore, it follows that {p2(u),p} is a regular sequence on
AR(1) ®py, a5 N. Since py(p) is invariant under the action of 1 x I, it follows that po(p) N (1) N My =
p2(p)My5. In particular, the natural map M5 /p2(p)Mz — N(1)/p2(p)N(1) is injective. Hence,
M5 /p2(p) My is p-torsion free, as claimed. |

Our next goal is to describe the action of 1 x I'r C I'r X I'r on Mz more explicitly. So let us
consider the following (¢, 1 x I'p)-equivariant diagram

AR L AR(1>

LTZ lA’

R[[/’[’]] L ARy
where the map ¢ is described in Subsection 3.1, the map p9 is described in Subsection 3.2.2, the map
A is described in Subsection 3.4.1 and we set p := A’ o pg 0. In particular, for the bottom horizontal

map we have that p(u) = pa(p) and p(X;) = p1([X?]), for all 1 < i < d. Tensoring the right vertical
arrow with the Wach module N over Ag, we obtain the following (¢, 1 x I'r)-equivariant map

Al N(1) = Ap(1) @pyap N — Ag @pvopy,apy N = Ag @, ppg N,

where we consider N as an R[u]-module via the isomorphism ¢ : R[u] — Ag, equipped with a
(p,1 x I'p)-action (see Subsection 4.3.1). For each n > 1, reducing the map A’y modulo p;(x)™ and
taking (1 x I')-invariants of the source, we have the following (¢, 1 x I'p)-equivariant composition:

Aly (N /p1()") T8 — (AR ®, mpay N) /o1 ()" (5.11)
Then we claim the following:

Lemma 5.15. For each n > 1, the map Ay in (5.11) is a (¢, 1 x T'r)-equivariant isomorphism of
Agr-modules. Moreover, (5.11) induces a Ag-linear and (p,1 x I'p)-equivariant isomorphism

Ayt My = N()YTr 55 Ap @, g N- (5.12)
In particular, for each n > 1, we have natural Ag-linear and (¢, T'r x I'p)-equivariant isomorphisms
Mj /pr(u)" = (N(1)/pa()™) . (5.13)

Proof. Note that for n = 1, from (5.11), we have the following Ag-linear and (p,I'r)-equivariant
composition
My =N(1)""" — Ar ®, rpy N

where N (1) := N(1)/p1 (1), and we have used that N(1)"*Tr = N(1)Ve=0 = N(1)V=0 = M, (in the
notations of Proposition 4.13 and Proposition 4.17), since the action of 1 x I'j; is continuous on N (1).
Now, from Proposition 4.17 and Remark 4.18, we have that the composition above is precisely the
isomorphism in (4.7), in particular, for n = 1, (5.11) is an isomorphism. Now consider the following
Ag-linear and (¢, 1 x Ip)-equivariant diagram
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0 My — 2 (N /o () ) TR s (N(1)/pa (1)) ¥ ——— 0

{(5_11) l(;’).l 1) 1(5.1 1)

0 —— AR ®, g N 0N (Ar ®p g1 N)/p1()" T —— (AR ®p gy N)/p1(p)" —— 0,
where the first exact sequence is from (5.10). Using the diagram, an easy induction on n > 1,
shows that the natural /NXNR—linear and (¢, 1 x I'r)-equivariant map in (5.11) is an isomorphism, i.e.
Ay : My/pi(w)" — (Ag ®p gy N)/p1(p)™. Moreover, as both N(1) and (Ar ®, gp,y V) are
p1(p)-adically complete, taking the limit over n > 1 and noting that limit commutes with right adjoint
functors, in particular, taking (1 x I';,)-invariants, we obtain the A p-linear and (i, 1 x I')-equivariant
isomorphism in (5.12), i.e. Aly : Mz = N1 =5 Ag ®p,r[u) V- Finally, note that for each n > 1,
it is clear that we have a natural Ag-linear and (p,I'r x I'r)-equivariant inclusions M i/pL(p)" C
(N(1)/p1(p)™)** &, in particular, the map in (5.13) is injective. Now consider the following A z-linear
and (¢, 1 x I'p)-equivariant morphisms

n (5.13)
M[\/pl (H)

(N /o1 ()™ L2 (R @, mpg N) /o1 ()™

where it is easy to see that the composition is reduction modulo p; ()" of the isomorphism My =
AR ®, gy IN- Since the last arrow is bijective, therefore, it follows that (5.13) is bijective as well.
This allows us to conclude. |

5.2.2. The action of F. In this subsubsection, we will assume p > 3 and consider the invariants
of the exact sequence (5.10), for the action of 1 x F}'. More precisely, we claim the following:

Lemma 5.16. For each n > 1, the following natural (¢, T'r x Tg)-equivariant sequence is exact:
FX n X X
0 — MAP p1(p) (MA/pl(M)n+1)1XFp SN (M]\/pl(ﬂ)n)bd:p —0. (5.14)

Proof. Using the Ag-linear and (i, T'g xI')-equivariant isomorphism (5.13), the exact sequence (5.10)

can be written as the following Ag-linear and (¢, 'r x I'p)-equivariant exact sequence:

0 — My L85 My fpy (1) — My /m ()" — 0.
By considering the associated long exact sequence for the cohomology of (1 x Fy )-action and noting
that H'(1 x F,My) = 0, since p — 1 is invertible in Z,, we obtain that the sequence in (5.14) is
exact. |

Let us describe the Az-modules in Lemma 5.16 more explicitly. Recall that, from Construction
i

3.52, we have the ring A RO = A}%X equipped with an induced Frobenius and an induced continuous
action of I'g X I'r. Moreover, Mz = N (1)1XF9% is a Ag-module equipped with an induced continuous

X ~
action of (¢, I'r x I'r). Set M Ao = /}\X o asa A r,0-module, equipped with an induced Frobenius
and an induced semilinear and continuous action of I'r x I'g. Furthermore, from (5.13) in Lemma

5.15, we have a natural Ag-linear and (¢, 1 x I'p)-equivariant isomorphism Mj /p1 (1) — My, and

we set My o 1= MiXF; as a module over Ag g <— Aro/p1(1) (see (3.29)), equipped with an induced
Frobenius and an induced semilinear and continuous action of I'y. Then from the discussion before
(4.13), we have that My is a finitely generated Agg-module and Ag-linearly extending the natural
inclusion My g C My, induces a (¢, 'r)-equivariant isomorphism of Ag-modules Agr ®n, , Mo =
My . More generally, we have the following:

Lemma 5.17. The /NXR,O—module My , is finitely generated. Moreover, by /NXR—lmearly extending the
natural inclusion M[\,O C M3, we obtain a (o, I'r x I'r)-equivariant isomorphism of Ap-modules
[\R X% M;: . = M
Amo TTAD A (5.15)
a® T +— ax.
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1xFX

Furthermore, we have a natural (p,Lo)-equivariant isomorphism My o/p1(p) = Mz " /pi(p) =
1xFy
M = Myy.

Proof. From (5.12) in Lemma 5.15, we have a (¢, 1 xI'r)-equivariant isomorphism of Ag-modules Aly
My = Ag ®,,R[u) N, in particular, My is finitely generated over Ag. Moreover, from Proposition
4.19, recall that Ny := N7 is a finitely generated module over R[uo] = R[1]™ (see Lemma 3.4),
equipped with the induced action of (¢, I'g), and we have a natural (¢, 'r)-equivariant isomorphism
of R[u]-modules R[u] ®gpu,) No — N. Then, taking invariants of (5.12) under the action of 1 x F,
induces a (¢, 1 x I'g)-equivariant isomorphism of Apg g-modules,

My — A0 ®p,Ruo) No- (5.16)

In particular, it follows that Mj , is finitely generated over A r,0- Now consider the following natural

Apg-linear diagram

zi(s.m) zl(s.n)

AR @p,rlue) No —— Ar ©p g N,

where the bottom horizontal arrow is the extension along the (¢, 1 x I'p)-equivariant map p : R[u] —
AR (see the discussion before Lemma 5.15) of the (¢, I'r)-equivariant isomorphism R[u] ® gy, No —
N from Proposition 4.19. The diagram commutes by definition and it follows that the top horizontal

arrow, i.e. (5.15) is also an isomorphism. Finally, it is easy to see that the isomorphism (5.15) induces
1xFy

. . . . 1xFX ~
a natural (¢, I'o)-equivariant isomorphism M o/p1(pn) = Mz " /p1(p) — My = My . |
Let us note an important observation for the action of I'gr X I'r on Mj.

Lemma 5.18. The action of 1 x I'p is trivial on M3 /p2(p) and the action of I'r x 1 is trivial on
Mg /p1(p).

Proof. From (5.12) in Lemma 5.15, recall that we have a (¢, 1 x I'r)-equivariant isomorphism A’y :
My = Ag ®p,r[u) N- Now let g be any element of 'y = 1 x I'p, then for any f @y in Ag ®, g, N,
we have that

(g-D(feoy)=(9-1f)®y+g(f)@(@—1y.

Since the action of 1 x ' is trivial on A /ps () from Lemma 3.48 as well as on N/uN by definition, it
follows that (g — 1)(f ®z) is an element of py(p)Ag ®p,r[u] IV- Then using the (o, 1 x I'r)-equivariant
isomorphism (5.12), it follows that for any x in M3, we have that (g — 1)z is an element of pa () M5

in particular, the action of 1 x I'r is trivial on M3 /p2(u). Next, since the action of I'g x 1 is trivial
on N(1)/p1(p) (see the proof of Lemma 5.13), therefore, it easily follows that the induced action of

g x 1 trivial on M3 /p1(p) — (N(1)/p1(p)) TR (see (5.13) in Lemma 5.15). This concludes our
proof. |

5.2.3. The action of 1+ pZ,. In this subsubsection, we will assume that p > 3 and consider

the invariants of the exact sequence (5.14), for the action of 1 x Ty = 1 x (1 + pZ,), and show the
following:

Lemma 5.19. For each n > 1, the following natural (¢, T'r x 1)-equivariant sequence is exact:

0 —s AIiXFF _Bigﬁi% (Afg/p1(u)"+1)1XFF N (Afﬂ/pl(ﬂ)n)ler 0. (5‘17)
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For each n > 1, note that by reducing modulo p;(u)™ the (¢,I'r x I'p)-equivariant isomor-
phism in (5.15) and taking its (1 x F)-invariants, we obtain a (¢, 'g x T'g)-equivariant isomorphism

Mao/pr(p)™ = (Ma/p1 (1)")1*F7 | because py(y) is invariant under the action of 1 x I'y. Conse-
quently, the sequence in (3.31) can be rewritten as the following (¢, 'r x I'gp)-equivariant sequence:

0 — My R (Mg o/pr(p)" )0 — (Mg o /pr()")*T0 — 0. (5.18)

In order to prove that (5.18) is exact, we will now look at the action of ' x I'r on M5 and Mj ,,
respectively. We start with the following observation:

Lemma 5.20. The action of 1 x T'g is trivial on My ,/p2(po) and the action of I'r x 1 is trivial on
M/Lo/pl(/ﬁ)-

Proof. Using the triviality of the action of 1 x I'r on My /p2(p) from Lemma 5.18, the (¢,1 x
I'o)-equivariant isomorphism My — AR0 ®p R[] No (see (5.15) in Lemma 5.16) and the fact
that the action of 1 x I'g is trivial on Ag/p2(po) (see Lemma 3.55) as well as on No/puoNo (see

Proposition 4.19), it follows that the action of 1 x T'g is trivial on My ,/p2(i0). Next, since the action
of I'r x 1 is trivial on N(1)/p1(n) (see the proof of Lemma 5.13), therefore, it easily follows that the

induced action of T'g x 1 trivial on My ,/p1(1) — Mix 7 (see Lemma 5.17). |

Remark 5.21. From Lemma 5.20, note that the action of 1 x T'g is trivial on M5 ,/p2(po) and the

element p; (1) is invariant under the action of 1 x I'g on A r,0- Therefore, it follows that for any g in I'g
and any x in M3 ,/p1(p)" we have that (g — 1)z is an element of pa(p0) M3 o/p1(p)". In particular,

for n = 1, using the isomorphism Mj5 ,/p1(x) +— My from Lemma 5.17, we get that for any g in I'g
and any « in M)y o the element (g — 1)z belongs to 1o My o.

Using the action of 1 x I'g on M5, we will define a g-connection (see Definition 4.7). Recall that
in S~ubsection 3.4.3, in order to define a g-de Rham complex over A r,0, we fixed the following element
in Ar as a parameter (see (3.33)):

1@p—pR1 _ p2(P)—p1(H)
PRI p1(p)

S =

Moreover, if g is any element of 1 x I'g, then from Lemma 3.57 we have that (yo — 1)5 = upa(uo), for
some unit w in A R,0-

In the rest of this subsubsection, we will fix the choice of a topological generator vy of 1 x I'y such
that x(v0) = 1 + pa, for a unit @ in Z,. Let us now consider the following operator on M A0

Vst My o —> Mz,
(o-1)e (5.19)
(vo—-1)5"

From the triviality of the action of 1 x I'g on Mj ;/p2(ko) (see Lemma 5.20) and from Lemma 3.57,
it follows that the operator V, ; is well-defined. For each n € N, using Remark 5.21, the operator in
(5.19), induces well-defined operators Vg5 : Mg o/p1(p)" — Mj o/p1(p)". As the operator Vg is
an endomorphism of M A0 /p1(1)™, we can define the following two term Koszul complex:

T —

V.5
KM/"\70/p1(/—L)n (Vgs) : [M]\,o/pl(ﬂ)n — M[\,o/pl (1)"]- (5.20)
In particular, for n = 1, we set s := po/p in Ag, then using Remark 5.21 and the fact that (79 —1)s =
Vg, for some unit v in Ap (see Lemma 3.58), we have a well-defined operator
quS : MA70 — MA70

(vo—1)z
(v0—1)s"

T —

Note that the operator above coincides with the operator defined in (4.14) and the complex from (5.20)
for n = 1, coincides with the complex from (4.15). Therefore, from Proposition 4.25, we have that the
cohomology of the Koszul complex Ky, ,(Vg,s) vanishes in degree 1, i.e. H! (Kny o (Vgs)) =0.
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Remark 5.22. Considering § as a parameter, similar to Remark 3.59, the operator V,z in (5.19),
may be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.32. Then, (4.15) is the ¢g-de Rham complex arising from such a g-connection. Similarly,
considering s as a parameter, the operator V, ; on M}, o, may be also considered as a g-connection in
non-logarithmic coordinates, in the sense of Definition 4.7 and Remark 3.32.

~

Proof of Lemma 5.19. Note that using the (p,I'r x I'g)-equivariant isomorphism My o/p1(p)" —

(M /p1(1)™)1*F7 (see the discussion before (5.18)), we can rewrite the exact sequence in (5.14) as

follows:

0 — My 2% My o /1 ()™ — My o fpa(0)" — 0.

Then, using the operator Vs in (5.19) and the Koszul complex defined in (5.20), we obtain an exact
sequence of Koszul complexes:

()"
0— KMA,O (Vq7s) —>p1 a KM]\,O/pl(M)"H (V%g) — KM;\,O/pl(ﬂ)” (qug) — 0.

Considering the associated long exact sequence, and noting that H'(K My (Vg,s)) = 0 from Proposi-
tion 4.25, we obtain the following exact sequence:

V 3:0 n _ _
0— Myg R (M5 o/p1 ()" )V =0 — (Mg o/pr ()™)Y 25=0 — 0.

Since the action of 1 x T'g is continuous on Mj , for the (p,p1(u))-adic topology, therefore, we see

that (My o/p1(p)"T1)Ves=0 = (My o/p1(p)""1)1*T0, for each n € N. Hence, from the preceding exact
sequence we obtain that the sequence in (5.18) is exact, and therefore, the sequence (5.17) is exact as
well. |

5.2.4. The case p = 2. In this subsubsection, our goal is to prove a statement similar to Lemma
5.19, for p = 2. From (1.6), recall that I'p fits into the following exact sequence:

1—Tyg—Tpr—Ti —1,

where, we have that I'g — 1 + 4Z5 and Ty, — {£1}, as groups.
We will first look at the action of I'to; on M. Let o denote a generator of I'to,;. Then, from (A.2),
recall that by setting My | := {x € Mj such that o(r) = 2} and M3 _ := {z € M} such that o(z) =

—x}, we have a natural injective map of A R,+-modules
M[X,—l— EBM[\,— — Mg, (5.21)

given as (z,y) — z +y. Note that the action of 1 x I'r is continuous for the (p, p1(u))-adic topology
on Mg, so it follows that My , is a (p, p1(u))-adically complete Ag, -submodule of Mj, stable under

the action of (¢,I'r x I'r) on M3, and similarly, M3 _ is a complete AR,Jr—submodule of My, stable
under the action of (¢,'r x I'p). Equipping M At and M A with induced structures, we see that
(5.21) is (p,'r x I'p)-equivariant.

Now, from (5.13), recall that Mj/pi(p) — (N(1)/p1(u))*Tr = M,. Similar to above, in
Subsection 4.3.3, we defined Ar -modules My 4 and M, _ and showed that their natural inclusion
in M induces a natural (o, ['p)-equivariant isomorphism of Ag -modules My & My — — My 4
(see (4.21) in Lemma 4.26).

Lemma 5.23. For each n > 1, reduction modulo pi(u)™ of (5.21), induces a natural (¢,I'r %
[o)-equivariant isomorphism

Mg, /o1 ()" = (Mg /p1(u)") T, (5.22)

Moreover, for n =1, the (¢, T'r)-equivariant isomorphism My /pi(p) — M from (5.13), induces a
natural (¢, I'p)-equivariant isomorphism

My, /pr(p) = (Mg /pr(p)"Ter =5 My 4. (5.23)
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Proof. Let us consider the following natural (¢, 'g X T'g)-equivariant commutative diagram:

( ) n n
0 ——— My /pi(p) —25— My /()™ ———— My, /1) —— 0

J(S.QI) l(S.QI) J(szl) (5.24)

0 —— (M /pa ()T 25 (M fp () ¥Ter —— (M /(") Ter — 0,

where the top row is exact and the vertical maps are injective because we have p;(u)" Mz N M Ay =
p1()" My ., as pi(p) is invariant under the action of 1 X I'p. As the action of 1 x T'tor C 1 x I'p is
trivial on M3 /p2(p) from Lemma 5.18, therefore, for each n > 1 and 2 in M3 /p;(p)", we see that
(0 —1)x is an element of po(p) (M5 /p1(p)™). Then from Lemma A.11, it follows that the bottom right
horizontal arrow in (5.24) is surjective, in particular, the bottom row is exact.

Next, by composing the left vertical arrow in (5.24) with the (¢, 'r)-equivariant isomorphism
M5 /p1(p) = My from (5.13), we obtain a natural (¢, 'r)-equivariant injective map Mj ., /pi(p) —
My 1, and we will show that it is surjective as well. Indeed, since the action of 1 x I is trivial on
M3 /p2(p) from Lemma 5.18 and the action of I'g is trivial on My /My using (4.7) in Proposition 4.17,
therefore, by using Lemma A.11 it follows that the Apg-linear and (p,1 x I'p)-equivariant surjective
map Mz — My from (5.13), induces a Ap_y-linear and (¢, 1 x Tg)-equivariant surjective map My, —
My 4, which factors through (5.23). In particular, we get that the composition in (5.23) is bljectlve
therefore, the left vertical arrow in (5.24) is also bijective. Now, using the diagram (5.24), an easy
induction on n > 1, gives that for each n > 1, the right vertical arrow is bijective. Hence, it follows
that the natural (o, I'g x I'g)-equivariant map My , /p1 ()" — (Mg /p1 (p)™)1>Teer induced by (5.21),
is bijective for each n > 1. |

From Lemma 5.23, we obtain the following:

Lemma 5.24. For each n > 1, the following natural (¢, T'r x Tg)-equivariant sequence is exact:

0 — (M /pr () T 280 (Mg (o)X — (M (o)) T — 0. (5.26)

Proof. The sequence (5.25) is the same as the second row of the diagram (5.22), which was shown to
be exact in the proof of Lemma 5.23. |

Next, we will look at the action of 1 x T — 1 x (1 +4Z3) on My , and show the following:

Lemma 5.25. For each n > 1, the following natural (¢, T'r X 1)-equivariant sequence is exact:

0 — (M /pa ()T 22 (M fpn ()" )T s (M /pa ()" T s 0, (5.26)

For each n > 1, note that by reducing modulo p;(u)™ the (p,T'r x I'p)-equivariant isomorphism
in (5.15) and taking its (1 x T'to)-invariants, we obtain a (¢,I'r x I'g)-equivariant isomorphism
My 1 /p1(p)™ = (Ma/p1(p)™)*Tter | because py(p) is invariant under the action of 1 x I'p. Con-
sequently, the sequence in (5.17) can be rewritten as the following (¢, I'r x I'g)-equivariant sequence:

0 — Mo, U0 (g ()T —s (M /e ()) T — 0. (5.27)

In order to prove that (5.27) is exact, we will now look at the action of I'r x I'r on Mj and M[x

2 in A F, and we make the following observation:

respectively. From (3.40) recall that we set v = {£— -

Lemma 5.26. The action of 1 x I'g is trivial on My , /p2(v) and the action of I'r x 1 is trivial on
M]\,-i-/pl (M)
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Proof. For the first claim, note that v is invariant under the action of I't,, and we have that ps(v) M AN
MA’JF = p2(1/)MA+. So, if x is an element of MA,+ and g any element of 1 x I'g, then it is enough to
show that (g — 1)z is an element of py(v)Mj. Moreover, note that v and p? differ by a unit in Ap.
Therefore, we are reduced to showing that (g — 1)z is an element of py(p)*Mj;. Now, using Lemma
5.18, we can write (g — 1)z = pa(u)y, for some y in M3. Let o be a generator of 1 x I'y,; and note
that o(x) = x. Then, we have that o(p2(u))o(y) = p2(n)y, in particular, (o — 1)y = —(2 + p2(u))y.
Again using Lemma 5.18, we can write —pa([plq)y = (0 — 1)y = p2(n)z, for some z in M3z. So we
get that —py = 0 mod pa(pn) M5. Note that (p2(u),p) is a regular sequence on M3 (see Lemma 5.14).
Therefore, we conclude that y = 0 mod pa(u)Ar, i.e. y is an element of pa(u)Ag and (g—1)z = pa(u)y
is an element of pg(,u)QfX R, as claimed. The second claim easily follows from Lemma 3.48. |

Remark 5.27. From Lemma 5.26, note that the action of 1 x Iy is trivial on Mj | /p2(v) and the
element pj(p) is invariant under this action. Therefore, it follows that for any g in 1 x 'y and any z
in Mz , /p1(n)", we have that (g — 1)z is an element of pa(v)Mj | /p1(u)". In particular, for n = 1,

using the isomorphism My , /p1(u) =5 My 4+ from (5.23), we get that for any g in T'g and any x in
My 4, the element (g — 1)x belongs to v My 4.

Using the action of 1 x I'g on My _,
in Subsection 3.4.4, in order to define a g-de Rham complex over AR, we fixed the following element
in Ap 4+ as a parameter (see (3.42)):

we will define a g-connection (see Definition 4.7). Recall that

~ 1 p2([l7}q)
7= nw G

Moreover, if g is any element of 1 x I'g, then from Lemma 3.71 we have that (v — 1)7 = upa(v), for
some unit v in A R+

In the rest of this subsubsection, we will fix the choice of a topological generator vy of 1 x I'g such
that x(70) = 1 + 4a, for a unit a in Z,. Let us now consider the following operator on M A

qu : M[X,—i— — M/~\,+
(o-1)a (5:28)

T (o—1)7

From the triviality of the action of 1 X I'g on M , /p2(v) (see Lemma 5.26) and from Lemma 3.71,
it follows that the operator V> is well-defined. For each n € N, using Remark 5.27, the operator in
(5.28), induces well-defined operators Vg7 : Mg | /p1(n)" — Mz , /p1(p)". As the operator Vg z is
an endomorphism of M At /p1(p)™, we can define the following two term Koszul complex:

n Var n
Ky oo (Vas) = [Mg o /pi(p)" —== M5 /p1(p)"]. (5.29)

In particular, for n = 1, we set 7 := v/8 in Ap 4, then using Remark 5.27 and the fact that (yo—1)s =
vv, for some unit v in Ap 4 (see Lemma 3.72), we have a well-defined operator

Vqﬂ- . MA7+ — MA7+
(vo=Dz

T GeDr
Note that the operator above coincides with the operator defined in (4.24) and the complex from (5.29)
for n = 1, coincides with the complex from (4.25). Therefore, from Proposition 4.31, we have that the
cohomology of the Koszul complex Ky, . (Vg s) vanishes in degree 1, i.e. Hl(KMA’+ (Vgr)) =0.

Remark 5.28. Considering 7 as a parameter, similar to Remark 3.73, the operator V7 in (5.28),
may be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.32. Then, (4.25) is the ¢g-de Rham complex arising from such a g-connection. Similarly,
considering s as a parameter, the operator V4 - on M, , may be also considered as a g-connection in
non-logarithmic coordinates, in the sense of Definition 4.7 and Remark 3.32.
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Proof of Lemma 5.25. Note that by using the (¢, I'g x T'g)-equivariant isomorphism My | /p1(p)" —
(My /p1(p)™) ¥ Ttor (see the discussion before (5.27)), we can rewrite the exact sequence in (5.25) as
follows:

0 — My U5 My fpa ()™ — My /pi ()" — 0.

Then, using the operator V, 7 in (5.28) and the Koszul complex defined in (5.29), we obtain an exact
sequence of Koszul complexes:

) p1(p)"

0— K—MAYJr (Vq’fr —_— KM[\NL/Pl (p)nt+1 (Vqﬁ—) — KM;\&/;Dl(M)”(V‘IﬂN') — 0.

Considering the associated long exact sequence, and noting that H' (K, | (V) = 0 from Propo-
sition 4.31, we obtain the following exact sequence:

N - n T= n -
0 — My =0 2 (Mg () )T 0 — (M /() Y0 — 0.

Since the action of 1 x I'g is continuous on My _ for the (p, p1(12))-adic topology, therefore, we see that
(MAJF/pl(,u)"“)vqf:O = (My Jr/pl(,u)”“)lxro, for each n € N. Hence, from the preceding exact

sequence we obtain that the sequence in (5.27) is exact, and therefore, the sequence (5.26) is exact as
well. |

5.2.5. Stratification on Wach modules. In this subsubsection we will construct a stratification
on a Wach module over Ar and prove Proposition 5.31 stated below. The most important input for
our arguments is Theorem 4.5.

Let N be the Wach module over A and set recall that N(1) = Ar(1) ®p, 4, N is equipped with
a (p,I'%)-action (see the discussion before Subsection 5.2.1). Moreover, from the discussion before
Proposition 4.32, recall that we have a @-equivariant homomorphism Ay : N(1) — N induced by
tensoring A : Ap(1) — Ag with N. After reducing Ay modulo pi ()", we claim the following:

Proposition 5.29. Let n € N>1 then Ax modulo pi(pn)"™ restricts to a (¢, I'r x 1)-equivariant
isomorphism of Ar/u"-modules

N (N(1)/pr()")T" = N/u"N.
where the Ar-module structure on the source is defined via the map p; : Ar — Ar(1).
Proof. Let us first consider the following (¢, 1 xI'r)-equivariant short exact sequence of Ag(1)-modules:
0 — N(U)/pr(p) 245 N (1) /pr ()™ — N(1)/pr ()" — 0

Then for p > 3 using Lemma 5.13, Lemma 5.16 and Lemma 5.19, and for p = 2 using Lemma 5.13,
Lemma 5.24 and Lemma 5.25, it follows that the following (¢, F Rr X 1)-equivariant sequence is exact:

0 — (N(1)/p1 () % L5 (N (1) fpr ()™ 1) T8 — (N (1) /1 (1)) 7" — 0. (5.30)
Now, consider the following (-equivariant commutative diagram with exact rows:

0 —— (N(l)/pl(u))leR L> (N(1)/p1(p )n+1)1><FR N (N(l)/pl(#)n)lxrR I

| [ [

0 ——— N/uN a N/ N N/y"N ——— 0,

where the top row is the exact sequence in (5.30). For n = 1, from Theorem 4.5, in particular, from
Proposition 4.32, recall that we have the isomorphism Ay : (N(1)/py(u))**'® =5 N/uN. Then, by
using the diagram, an easy induction on n > 1, gives the p-equivariant isomorphism

An : (AR(1)/pr(p)" ! @py,ap N)VTR S5 N/ "IN,
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Finally, we need to check the (I'r x 1)-equivariance of Ay, the proof of which is similar to that of
[MT20, Lemma 3.19]. From Lemma 3.78 recall that for any g in I'g and a in Agr(1)/p1 ()", we
have that A((g,g)a) = g(a), which implies that Anx((g,9)(z)) = g(An(x)), for any g in ' and =
in N(1)/p1(u)"t. So if  is (1 x ['g)-invariant, then for g1, g2 in ', we have that Ay ((g1,92)x) =
An((g91,91)r) = g1(An(z)). This concludes our proof. [ |

An immediate consequence of Proposition 5.29 is the following:

Proposition 5.30. Let N be a Wach module over Ag. Then the (v, 'g)-equivariant homomorphism
Ay : Ar(l) ®py 4, N — N idnduced by A : Ar(1l) — Apg restricts to a (¢,I'r X 1)-equivariant
isomorphism of Ar-modules

AN : (AR(1) @pyap N)PTE =5 N,
where the Ar-module structure on the source is defined via the map p1 : Arp — Agr(1).

Proof. Note that by construction Ay is (¢, g X 1)-equivariant. Moreover, Ap is p-adically complete
and N is a finite Ag-module, in particular, we have that N = lim, N/u"N. Similarly, Ar(1) is
p1(p)-adically complete, so we have that Ar(1)®p, 4, N = limy, (Ag(1)/p1(1)" ®@py,a, N). Now, recall
that inverse limit commutes with right adjoint functors, in particular, with taking (1 x I'g)-invariants.
So we get that

(AR(1) @ps,ap N)PTH = (lim Ap(1)/p1 ()" @ps, a0 N) 07

= lim (AR(1)/p1(1)" @ps,a, N) 7 —5 Hm N/p"N = N,

where the isomorphism follows from Proposition 5.29. This concludes our proof. |
Using Proposition 5.30 we can define a natural stratification on a Wach module over A as follows:

Proposition 5.31. Let N be a Wach module over Ar and let e : Ag(1) ®p, ar N = AR(1) @py. ap N
be the Agr(1)-linear homomorphism induced by the inverse of the isomorphism in Proposition 5.50.
Then we have the following:

(1) The homomorphism € is a stratification on N with respect to Ag(e).

(2) The action of T'r on ev%t;at(N, g), whose underlying Ar-module is N, coincides with the original
action of 'r on N, i.e. ev%;at(N, g) — N as Wach modules over Ag.

Let us first note that the construction of the stratification € in Proposition 5.31 is functorial in N.
In particular, we have defined a functor

Strat 4, () : (@,FR)—ModEﬂg — Strat®™¥(Agr(e)). (5.31)

Moreover, from the statement of Proposition 5.31 it is clear that the functor Strat 4, ) in (5.31) is a

quasi-inverse to the functor evit;at in (5.9). We note the following:

Lemma 5.32. The Ag(1)-linear homomorphism € in Proposition 5.51 is I'4-equivariant.

Proof. 1t is enough to show that (1 ® g1(y)) = (g1,92)(e(1 ® y)), for all y in N and g1, g2 in I'g.
Similar to the last part of the proof of Proposition 5.29 we note that for any = in Ar(1) ®p, a, N, we
have that Ax((g1, 92)x) = g1(An(x)). Then, by setting y = An(x) we get the claim. |

The goal of the rest of this subsubsection is to prove Proposition 5.31. To this end, we need a result
analogous to Proposition 5.30 over Ag(2). Recall that we have (p, ['%)-equivariant maps r; : Ag —
ARg(2), for i = 1,2,3, where Ag(2) is equipped with an action of I'}; as discussed before Construction
5.10 and Ap is equipped with an action of F% via projection onto the i*P-coordinate. Similarly, we
have natural (p, I'%)-equivariant maps p;; : Ar(1) — Ag(2) for (4,7) € {(1,2),(2,3), (1,3)} and where
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AR(2) is equipped with an action of I'}, via projection onto the (i, j)"i-coordinate. Now, let N be a
Wach module over Ag as above and consider the Ag(2)-module Ar(2) ®;, 4, N equipped with the
tensor product Frobenius and the tensor product action of F3R, where F?j% acts on NN via projection onto
the third coordinate. Note that the multiplication map A : Ar(2) — Agis (¢, 'r x 1 x 1)-equivariant,
where I'g X 1 X 1 acts on Ag via projection onto the first coordinate. The multiplication map A induces
a (p,I'gp x 1 x 1)-equivariant map Ay : Ar(2) @y, 4, N — N, where I'p x 1 x 1 acts on N (in the
target) via projection onto the first coordinate. Then we claim the following:

Proposition 5.33. Let N be a Wach module over Ar. Then the homomorphism An : AR(2) ®ry Ap
N — N induced by A : Ar(2) — Apg restricts to an injective map

AN (AR(2) ®pyn, N)VITRXTR 3 N,

Proof. Recall that inverse limit commutes with right adjoint functors, in particular, with taking
(1 x T'r x I'g)-invariants. Moreover, Ag is p-adically complete, N is a finite Ar-module and Ar(2)
is p1(p)-adically complete. Therefore, we have that,

(AR(Q) ®r3,AR N)leRxFR — (hTILn AR(Q)/pl(M)n ®r3,AR N)leRXFR
= h};n(AR(Q)/pl(M)n ®7‘37AR N)lxrRXFR
AN Jim N/u"N = N.
n

Since limit is a left exact functor, to show the claim, it is enough to show that the following map is
injective

(AR(2)/P1(1)" ®pga N)PTRER — N/U"N.
We will show this by induction on n € N>1. For n = 1, from Theorem 4.5, in particular, from Remark
4.33, recall that we have a (¢, '%)-equivariant isomorphism (see (4.32)),

Ar(1)/p1(p) @prag N = Ar(1)/p1(1) @py.az N,

where F% acts on N in the left hand term via projection onto the first coordinate and on NV in the right

hand term via projection onto the second coordinate. Moreover, the composition Ar A r(1) RN

Ag(2) coincides with the composition Ap — Ag(2). Similarly, the composition Ap 22+ Ag(1) 22
AR(2) coincides with the composition Ap —2+ Ag(2). So, by base changing the top horizontal

isomorphism in (4.32) along Ar(1) =2+ AR(2), we obtain a (¢, I'%)-equivariant isomorphism

Ar(2)/p1(1) ®py 4 N — AR(2)/p1(1) ®rya, N, (5.32)

where F?j% acts on IV in the source via projection onto the first coordinate and on N in the target via
projection onto the third coordinate. Now consider the following diagram,

(Ar(2)/p1(1) ®ryap N)PTRTR —Z0 (AR(2)/p1 (1) @y a, N)PERXER

ZTH lAN
N/uN iNd N/uN,

where the top horizontal arrow is obtained as (1 x I'r x I'g)-invariant of (5.32) and the left vertical
arrow is the natural isomorphism from Lemma 5.34. The commutativity of the diagram follows from
(4.32) and the observation that the composition Ap —— Ag(2) Ay g is the identity. Therefore,
the right vertical arrow is bijective as well, i.e. we obtain a (¢, I'r)-equivariant isomorphism

(ARr(2)/p1() ®py,n, N)TRTR 25 N/UN.

To prove our claim, we will now proceed by induction onn > 1. From the discussion above, we see that
the claim is true for n = 1, so let N(2) := Agr(2)/p1(1t) ®rs,4, N and assume that Ay mod py(p)™ is
injective for some n € N>;. Now consider the following diagram with exact rows
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0 —— (N(2)/p1(p))*TrxIr P (N(2)/p1 ()1 XTrxTr 0 .
ZlAN lAN lAN
0 ———  N/uN N/ N —— . NJp"N —— 0,

where @ is the cokernel of the top left horizontal arrow. It is easy to see that we have an injective

map Q — (N(2)/p1(p)")*'exTr A, N/u™N, where the injectivity of the first map is obtained by
considering the long exact sequence for the (1 x I'r x I'g)-cohomology of the short exact sequence

0 — N(2)/p1(p) nr, N(2)/p1(p)"™ — N(2)/p1(u)", and the second map is injective by the

induction assumption. Therefore, it follows that the middle vertical arrow in the diagram above is
injective as well. This proves the claim, allowing us to conclude. |

The following result was used above:

Lemma 5.34. Extending scalars along 1 : Ag — Ag(1), gives a (p,'%)-equivariant map v : N —
AR(2) @, an, N. Then, reduction modulo p, restricts r1 to an R-linear @-equivariant isomorphism
12 N/uN = (AR(2)/p1(p) @y 4, N)FERXTR,

Proof. Note that the map r1 : R = (Agr(2)/p1(p))*T'7*I'r is a g-equivariant isomorphism by
Remark 3.76. Moreover, we have that,

(AR(2)/p1(R) ©rya N)PERER = (AR(2)/p1(p)) T RTR @y ) N
Hence, we get the claimed isomorphism 71 : N/uN — (Ag(2)/p1 (i) @, .4, N)P>¥FTRXTR, [

We have all the necessary input to prove Proposition 5.31 similar to that the proof of [MT20,
Proposition 3.18].

Proof of Proposition 5.31. For the first claim, note that from the definition of ¢ it is clear that its base
change along A : Ar(1) — Apg is the identity. Moreover, by using Lemma 5.32 we get that the base
changes pf;(e) : Ar(2)®@p, a4z N = AR(2)®y; 4 N, for (4, 5) € {(1,2),(2,3), (1, 3)} are I'}-equivariant.
Therefore, restrictions of pj4(c) and pis(e) o piy(e) to N have images in (Ag(2) @py 4y, N)PERXTR
and their composition with the injective map Ay in Proposition 5.33 is the identity. So it follows
that pis(e) = pis(e) o pia(e), since both sides are Ar(2)-linear. We also get that  is an isomorphism
since we can give its inverse as its base change along the involution Ag(1) =+ Ag(1) swapping the
two factors. This proves the first claim.

To show the second claim, let g in I'p. From Lemma 5.32 we have the following diagram
AR(1) ©(y,1),451) (AR(1) ®pyag N) —2— AR(1) @(y,1),4501) (AR(L) ©py.a5 N)
2J1®(g,1) 2J1®(g,1)
Ar(1) ®Op1,ag N Z Ag(1) ®py,Ag N-

From the diagram it is clear that the image of any z in N under the left vertical arrow is g(z) while its
image under the right vertical arrow is x. Base changing the diagram along the (I'p x 1)-equivariant
map A : Ag(1) — Apr, we obtain the following diagram:

Ap ®@gap N A*((9,1)* (1®e))
zil@g {Zd
N - N,

id

where the left vertical arrow is the action of g on N. This concludes our proof. |
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A. SOME BASIC DEFINITIONS AND LEMMAS

In this section, we collect some standard definitions to enhance the readability of the text. For more
details, the reader should look at the cited references. Let p be a fixed prime number.

A.1. Basic definitions. Let R beacommutative ring and let D(R) denote the derived oo-category
of R-modules.

Definition A.1. Let S denote a commutative R-algebra. Take P, — S to be a simplicial resolution
of S by polynomial R-algebras. Define the cotangent complex of R — S to be the simplicial S-module
Lg/g = Q}D./R ®p, S. Its wedge powers will be denoted by /\fgLS/R = QZ}D./R ®p, R for ¢+ > 1. This
definition is independent of the choice of the resolution P,.

Remark A.2. The object in D(R) defined by Lg/p coincides with that attached to the simplicial
R-module Q}D. /A via the Dold-Kan correspondence (and similarly for the wedge powers). One may
also obtain Lg/gr by left Kan extending the functor oL /R O1 polynomial R-algebras to all simplicial
commutative R-algebras. Restricting to commutative R-algebras one obtains the cotangent complex
(upto isomorphism) described in Definition A.1.

Definition A.3. Let a,b € ZU {£o0}.

(1) An object M in D(R) has p-complete Tor amplitude in [a, b] if M ®% R/pR in D(R/pR) has Tor
amplitude in [a, b].

(2) Anobject M in D(R) is p-completely (faithfully) flat if M @Y% R/pR in D(R/pR) is concentrated
in degree 0 and it is a (faithfully) flat R/pR-module.

Definition A.4 (Quasisyntomic site, [BMS19, Definition 4.10]). We define the following:

(1) Aring R is called quasisyntomic if it is p-complete, has bounded p>°-torsion and Lg,z, in D(R)
has p-complete Tor amplitude in [—1,0]. Denote by Qsyn the category of quasisyntomic rings.

(2) A map R — S of p-complete rings with bounded p>-torsion is said to be quasyntomic (resp.
quasisyntomic cover) if S is p-completely flat (resp. p-completely faithfully flat) over R and Lg /R
in D(S) has p-complete Tor amplitude in [—1,0]. Endow Qsyn°? with the structure of a site via
the quasisyntomic covers (see [BMS19, Lemma 4.17]).

Definition A.5 (Perfectoid rings, [BMS18, Definition 3.5]). A ring R is called perfectoid if it is
p-adically complete and there is some 7 in R such that 77 = pu for some unit u in R*, the ring
R/p is semiperfect, i.e. the absolute Frobenius map on R/p is surjective, and the kernel of the map
0 : Aing(R) — R is principal.

Definition A.6 (Quasiregular semiperfectoid rings, [BMS19, Definition 4.20]). A ring S is called
quasiregular semiperfectoid if S is quasisyntomic in the sense of Definition A.4 (1), there exists a map
R — S with R perfectoid in the sense of Definition A.5 and S/pS is semiperfect, i.e. the Frobenius
on S/pS is surjective. Denote by Qrsp the category of quasiregular semiperfectoid rings and endow
Qrsp°? with the topology generated by quasisyntomic covers.

Definition A.7. Let (X, O) denote a ringed topos. An O-module & is called a vector bundle on
(X, O) if there exists a cover {U;} of X and finite projective O(U;)-modules P; such that &|y, —
Pi @0,y Ou;, for each i. Denote by Vect(X, O) the category of all vector bundles on (X, O).

Definition A.8 (Koszul complex, [BMS18, Definition 7.1]). Let M be an abelian group and for
i =1,....d, let f; : M — M denote d commuting endomorphisms of M. The Koszul complex
Kpr(fi,- .., fq) is defined to be the following complex:

MM@M—) b M— - — b M—--,

1<i<d 1<iy <ia<d 1<y << <d
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where the differential from M at the index ¢; < --- < i to M at the index j; < --- < jgy1 is nonzero
if and only if the set {i1,..., i} is contained in the set {ji,...,jx+1}, and in that case the differential
is given as (—1)"f;,, where n is the unique integer in {1,...,k 4 1} such that j, does not belong to
the set {i1,...,ix}.

We note the following fact from the proof of [BMS18, Corollary 12.5]:

Lemma A.9. For1 <i <d, if f; are d commuting endomorphisms of an abelian group M and h; are
d automorphisms of M commuting with each other and f]s, then we have a natural quasi-isomorphism
of complezes

Ky(fiha, ..., faha) = Kn(f1, .- fa)-

A.2. Modules with Z7-action. In this subsection, we will consider objects admitting a con-

tinuous action of 'y — Z5. From (1.6), recall that I'r = Z;, via the p-adic cyclotomic character,
fits into the following exact sequence:

1—Tyg—Tpr—T —1,

where, for p > 3, we have Iy — 1+ pZ, and for p = 2, we have I'y — 1 + 4Z5. Moreover,
for p > 3, we have that w : Ty — F, and the projection map I'r — T'tor, admits a section
Tior — Fr—Z <~ T'p, where the second map is given as a + [a], the Teichmiiller lift of a. Finally,
for p = 2, we have [ty — {21}, as groups.

A.2.1. The action of F]f . In this subsubsection, we will assume that p > 3 and recall the definition
of F-decomposition from [Iwa59, Section 3] (A-decomposition in loc. cit.). For 0 <i < p — 2, let ¢;
denote the following element in the group ring Z,[I'r]:

acF,

Then it is easy to check that we have €Z = ¢;, €;¢; = 0 for i # 7, Zf;g € = 1.
Now, let M be a compact Z,-module admitting a continuous action of I'p. Set M; := €;(M) for
0 < i < p—2. Then we have a canonical decomposition of M as follows:

M =& M;. (A1)

Here, each M; can also be characterised as the submodule of all z in M such that ax = w(a)iz for all
a in F). We will refer to the decomposition of M in (A.1) as the F-decomposition of M. Moreover,
since the action of F; and 'y commute with each other, therefore, we see that each M; admits a
continuous action of I'y.

A.2.2. The action of {+1}. In this subsubsection, we will assume that p = 2 and recall the
following construction: Let M be a compact Z,-module admitting a continuous action of I'r and
let o be a generator of I'yo; — {£1}. Then we set M, := {x € M such that o(x) = x} and
M_ := {x € M such that o(x) = —z}. Using these notations, we have a canonical injective map of
Z,-modules

M+ D M_ — M, (A2)

sending (z,y) — = +y. Note that the map (A.2) need not be surjective. If M = A is a Z,-algebra,
then it is easy to verify that A, is a Z,-algebra as well, A_ is an A-module and the map in (A.2) is
A -linear.

Let us consider the ring Z,[q — 1] and equip it with a Z,-linear action of I'yo; given as o(q) = ¢~ 1.
Let M be a topological Z,[q — 1]-module admitting an action of I'io, such that the induced action of
Itor is trivial on M /(g — 1)M, in particular, Z,[q — 1] satisfies these conditions. Then we note that

the operator V, := % is well-defined on M and we claim the following;:
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Lemma A.10. The Z,[q — 1]-module M admits an Z,[q — 1]V°=-linear decomposition M =
MVe=0 g MVo=1,

Proof. Let us first note that V2 = V,. Indeed,

2 _o-1_0-1_ 1 (oo=1) o-1y_ 1 (1-0 _ o—1
VU - g1 ° q—1 — q—l(o’(q)fl q—l) - q—1(q*1—1 q—l)
_ 1 (q(c=1)  g—1\ _ o—1 __
- q—l( q—1 q—l) — qg—1 VU'

As V, is an idempotent operator on M, it follows that M admits a decomposition M = V,(M) &
(Vo —1)M = MVe=1 @ MVo=0. It is easy to see that the decomposition is Z,[g — 1]Ve="-linear. M

Let M and N be two Z,[q — 1]-modules admitting actions of I'to, such that the induced action of
I'or is trivial modulo (¢ — 1) and let M — N be a Z,[q — 1]-linear map compatible with the action
of I'tor. Then we claim the following:

Lemma A.11. The Z,[q — 1] o -linear map M ter — NTtor s surjective.

Proof. Note that we hve MTwr = MVe=0 and similarly for N. We get the claim by using the
decomposition in Lemma A.10. |

B. 0-RINGS AND DIVIDED POWER ALGEBRAS

The content of this section has been adapted from some notes of Takeshi Tsuji on prismatic envelopes;
we are thankful to him for sharing his computations.

In this section, we will describe certain prismatic envelopes explicitly. We begin this section by
fixing some terminology. Let p be a fixed prime and A a commutative ring. A §-ring is a pair (A, d)
where A is a commutative ring and 6 : A — A is a map of sets with §(0) = §(1) = 0 and satisfying:

B P +yP — (z+y)P
oz +y) =0d(z) +4d(y) + » ) (B.1)

d(zy) = 2P5(y) + yPo(x) + pd(x)d(y).

Given a d-ring (A, J) define an endomorphism ¢ : A — A by the formula ¢(z) = aP + pd(z), for any
x in A. This determines a lifting of (the absolute) Forbenius on A/pA. Then the product formula in
(B.1) can be rewritten as

d(zy) = o(2)d(y) + d(z)y". (B.2)

If A is p-torsion-free then any lift ¢ : A — A of the absolute Frobenius on A/pA determines a unique
d-structure on A given as §(z) = (p(x) — z)/p for all x in A.

A o0-homomorphism f : A — B between d-rings is a homomorphism of the underlying rings
compatible with the respective d-structures, i.e. f o §(z) = d o f(x), for all x in A. For a d-ring A, a
0-algebra over A is a d-ring B equipped with a d-homomorphism A — B. A d-ideal of a §-ring A is
an ideal I of the underlying ring, stable under ¢, i.e. 6(I) C I. If I is a d-ideal of a d-ring A, then the
quotient ring A/I is equipped with a unique d-structure over A. Now, let S be a subset of a J-ring A.
Then, we see that the ideal of A generated by {6"(S)},>1 is stable under § and it is the smallest d-ideal
of A containing S. (Note that for any ideal J of A, the map J — A/J, given by x — d(x) mod J, is a
-semilinear homomorphism of A-modules by (B.1) and (B.2).) We write this ideal as (S)s and call
it the d-ideal generated by S. If I is an ideal of A, then we write Is for (I)s. If the ideal I is generated
by a subset S of I, then we have Is = (S)s because the latter contains I. This implies that if B is a
d-algebra over a d-ring A and I a J-ideal of A, then the ideal IB of B generated by [ is a d-ideal of
the d-ring B.

A §-subring of a é-ring A is a subring A’ C A, stable under the d-structure on A, i.e. §(A’) C A'.
Similarly, a d-subalgebra of a d-algebra B over a d-ring A is an A-subalgebra B’ C B, stable under
the d-structure on B, i.e. §(B’) C B’. Let S be a subset of a §-algebra B over a d-ring A and note
that 6(A[6F(S),1 < k < n]) C A[0*(S),1 < k < n + 1], for each n € N>;. (Note that for any
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A-subalgebra B’ of B, the subset {x in B’ such that §(x) in B} of B’ is an A-subalgebra by (B.1) and
(B.2)). This implies that the A-subalgebra of B generated by {6™(S)},>1 is stable under § and it is
the smallest J-subalgebra of B over A containing S; we denote this §-subalgebra by A[S]s; and call it
the §-subalgebra of B over A gemerated by S.

Assumption B.1. Let A be a d-ring equipped with an element ¢ such that ¢(q) = ¢P. Set p:=q—1
and assume that ¢"(p) is a nonzerodivisor on A, for each n € N. Moreover, assume that A and A/pA
are p-torsion free.

qg—1
1+q+--+¢" 1 Then, by Assumption B.1, we see that for each n € N, the element " ([p],) is a
nonzerodivisor on A. Before proceeding further, we note a simple lemma on regular sequences.

In the rest of this section we will consider a d-ring A satisfying Assumption B.1. Set [p],

Lemma B.2. Let R be a ring.
(1) If a sequence {x,y} is reqular on R, then x is reqular on R/yR.

(2) Let z,y1,...,yq be elements of R. If the sequence {x,y1,...,yq} s reqular on R, then x is
reqular on R/ Y%, yiR.

Proof. The claim in (1) is obtained by applying the snake lemma to the map induced by multiplication
by y on the exact sequence 0 — R —+ R — R/xR — 0. We will prove the claim in (2) by induction on
d, where the case d = 1is clear from (1). Solet d > 2 and assume that z isregularon R’ = R/ Zf:_ll yi R.
Now, as y4 is regular on R’ by assumption, therefore, the claim in (1) implies that z is regular on
R'/ysR' = R/ Y0, yiR. u

Remark B.3. By using Lemma B.2 (1), we see that for the ring A as in Assumption B.1, the quotient
A/pA is p-torsion free. Moreover, since " (1) = uP" mod pA, for each n € N, and A is p-torsion free,
therefore, by using Lemma B.2 (1), we get that A/o™(u)A is p-torsion free.

Let A denote the p-torsion free algebra A/uA and note that image of ¢"([p],) in A is p, for every
n € N. Moreover, the lifting of Frobenius on A induces a lifting of Frobenius on A. Furthermore, as
A/uA is p-torsion free, we see that the image of §([p],) in A is 6(p) in A/pA, which can be computed
as (p(p) — pP)/p = 1 — pP~1. Hence, it follows that §([p],) is a unit modulo any power of the ideal
(p,p) C A

Assumption B.4. Let B be a d-algebra over A. Assume that B and B/uB are p-torsion free and
©"(p) is a nonzerodivisor on B, for each n € N. Let Yy, Y7,..., Yy be elements of B such that the
sequence {Y1,...,Yy} is regular on B and the sequence {Yp,Y1,..., Yy} is regular on B/[p],B and

B/(p, ) B.

Remark B.5. Similar to the case of A as in Remark B.3, by using Lemma B.2 (1), we see that B/pB
is p-torsion free and B/¢™(u)B is p-torsion free, for each n € N.

Let I denote the set of natural numbers {0,1,...,d}. Let Cy := B[Yy,...,Y40] denote a poly-
nomial ring over B in d + 1 variables Yy o, ... Yy, and let Do := Cy/([plqYio — Yi,i € I). Moreover,
set Ey to be the B-subalgebra of B[1/[pl,] generated by y; := Y;/[ply, for i € I. Then the surjective
homomorphism of B-algebras Cy — Ey via Y; o — y; for i € I, induces a surjective homomorphism of
B-algebras,

DO — Eo. (B3)

Set B := B/uB, Co := Cy/uCo, Do := Do/uDy and Ey := Ey/uEy, and write Y, (resp. ;) for the
image of Y; o (resp. v;) in Cy (resp. Ey). We claim the following:

Lemma B.6. With notations as above, we have the following:

(1) The homomorphism (B.3) is an isomorphism.
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(2) The algebra Ey is p-torsion free.

Proof. Note that we have Do[1/[pl,] = B[1/[pl4][Yi0.i € 1]/ (Yio—vi,i € I) = B[1/[p],]. Therefore,
to show (1), it suffices to show that Dy is [p],-torsion free. Now, note that by Assumption B.4, the
element [p], is regular on Cj and the sequence {[p]qYo.0— Y0, .., [plqYa0— Ya} is regular on Cy/[p],Co
Hence, from Lemma B.2 (2), it follows that [p], is regular on Dy. For (2), note that using claim (1), we
are reduced to showing that Dy is p-torsion free. Moreover, as Cy is p-torsion free, by using Lemma,
B.2 (2), we see that it is enough to show that the sequence {[p],Y0,0 — Yo,. .., [pl¢Ya0 — Ya} is regular
on Cy/pCo. Now note that Cy/pCo = Co/(p, 1)Co and since [p], is in the ideal (p, u) C A, therefore,
by Assumption B.4, we get that the sequence {[p],Yo0 — Yo, ..., [plqYao0 — Ya} is regular on Cy/pCl.
This concludes our proof. |

The lifting of Frobenius on B naturally extends to B[1/p,1/¢"([plq),n € N] and its Ey-subalgebra
Ey[1/p,1/¢"([plg),n € N] is stable under . Let E be the d-subalgebra of Ey[1/p,1/¢"([plq),n € N]
generated over B by y;, forall i € I. Note that we have Ey C E. Now, recall that ¢"([p]y) = p mod uB,
for each n € N, therefore, we get that Eo[1/p,1/¢"([ply),n > 1]/u — Eo[1/p]. Via the preceding
isomorphism, the lifting of Frobenius on Ey[1/p,1/¢"([plq),n > 1] induces a lifting of Frobenius on
Eo[1/p]. Define E to be §-subalgebra of Fy[1/p] generated over B by 7,, for all i € I. Note that we have
Ey C E by Lemma B.6 (2) and the natural ring homomorphism Fy[1/p, 1/¢"([pls),n > 1] = Eo[1/p]
induces the following surjective ring homomorphism compatible with ¢,

E—E. (B.4)

We will study the d-rings £ and E by comparing them to the d-rings obtained by universally
adjoining Y;/[p|y, for all i € I, to the §-rings B and B, respectively. Let C' denote a polynomial ring
over B in variables Y; ,, for i € I and n € N. Equip C with a lifting of Frobenius ¢ compatible
with that on A and defined on the variables as ¢(Y; ;) = an + pYiny1, for each 7 € I and n € N.
Since, C' is p-torsion free, therefore, for d-structure associated to ¢, we have 6(Y; ) = Y; n+1, for each
i€ lTandn € N. Set C := C/uC equipped with a lifting of Frobenius induced by that of C. Denote
by Y; (resp. Y;,) the image of Y; (resp. Y;,,) in C. We define D (resp. D) to be the quotient of C
(resp. C) by the d-ideal generated by [p],Yio — Y; (vesp. [plsYi0 — Yi), for all i € I. Then we have
a p-compatible (in particular, §-compatible) surjective homomorphism of B-algebras C' — FE (resp.
surjective homomorphism of B-algebras C — E) defined by sending Y; ,, to 6"(y;) (resp. by sending
Yin to 6"(y;)), for each i € I and n € N. The preceding ring homomorphisms induce surjective
horizontal arrows in the following diagram:

D = C/([plgYio —Yi)s — E,
J J{(B;—l) (B.5)
D=C/(pYipo—Yi)s — E,

where the left vertical arrow is induced by the isomorphism D/uD — D and the diagram commutes
by definition. In particular, all arrows in the diagram (B.5) are surjective.

For each i € I and n € N, let C’T(Li) be the B-subalgebra of C' generated by Y; ., for 0 < m < n. Set
C( ") .= B and note that we have 5(0( ) 1) C C’,(L), for each n € N.

Lemma B.7. For each i € I and n € N>y, the element 6" ([p|qYio — Yi) in C?) can be written as

5”([19](11/7570 —Y) =¢"([p ] )an+COYn 1 +Z Cky;n 15

where co = " H(3([plg)) Som_ 10 p" P s in A and ¢, is in C 7o, for each 0 <k <p—1.

Proof. We will prove the claim by induction on n. For n = 1, note that we have
3([plgYio — i) = 0([plgYio) + 6(=Y3) = 021 () ([plgYio)* (~Yi)P~*
= ((pla)Yi1 + ([pla) Yo + 6(=Y) = Si21 5 (Dl (- vh,
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which is of the required form because the elemenets §(—Y;), [p], and Y; belong to C'(f% = B. Now,
let n > 1 and assume that the claim holds for §"([p],Yio — Yi), with ¢ in A and ¢ in C,(QQ. Set
b=coY} o1t S ckY in—1 i C(zl and note that we have

5" ([plqYio — Yi) = 6(¢™([plg)Yimm + b)
= 6(¢"([plq)Yin) +6(b) — S0
lq

L@ (@ ([plg) Vi) FoP
= " ([plg) Yimt1 + (2™ ([ply)

NYin+0(0) = X301 5 Q)¢ ([pla) Y

As the elements go”([p] ) and b are in C’,(Ql, therefore, it is enough to show that (b) is of the form
PP e + Zi;é Y; n, for some dj, in C’T(Zizl. From (B.1), note that for any x and y in C(i) 1, we have
that d(z + y) = d(x) + d(y) mod 07(21 and from (B.2), for z in cl )2 and y in C' )1, we have that
d(zy) = p(z)d(y) mod Cr(fll. Therefore, we can write

3(b) = @(co)8(YP,_1) + X078 o(ex)d(YE,_y) mod C .

Now, we have that §(1) = 0 on A because A is p-torsion free, and by using Lemma B.8, for each
1 <k < p, we have

Note that Y;,_1 is in C’T(Ql and an appears only when k£ = p, in which case the coefficient of Yf 18
pP~1. This allows us to conclude. |

The following fact was used above:

Lemma B.8. Let R be a §-ring and x any element of R. Then for each n € N>1, we have
o(a") = 5oy ([ tar )6 ().

Proof. We will prove the claim by induction on n. The case n = 1 is obvious, so assume that the claim
holds for some n > 1. Then, we have that

§(z"th) = §(2™)aP + "5 (z) + pd(x)d(a")
— ;}:1 (?)pjflxp(nﬂfj)g(x)j + 25 (z) + 2?21 (?)pixp(nfj)(s(x)jﬂ_

In the final term of the second line of the displayed equation above, by replacing j with k& — 1,
for 2 < k < n+ 1, and expanding, it easily follows that the expression thus obtained is the sum

Z;Lill (n;'rl)pjflxp(n+1fj)5($)j_ [ |

Let C,, be the B-subalgebra of C generated by Yi,ma foralli€e Tand0<m <n. Set C_; :=B
and note that we have 6(C,,_1) C Cp, for each n € N. Define D,, to be the quotient of C,, by the
ideal generated by 6™ (pY ;o — Y;), for all i € I and 0 < m < n. Note that the B-algebras Cy and Dy
coincide with those defined before Lemma B.6. For each ¢ € I and n € N>, let us set

X = "(pY0—Yi) —pYin €C, (B.6)

n

and by Lemma B.7 note that it is contained in ﬂan R Zp -1 75 e 16n 9 C Cp_1, where u, =

©" 1 ((p)) St p P is in A. In particular, we see that for each n € N, we have

Dot = Du[Yips1,i € 1)) (pYipsr + X0 i € 1). (B.7)

The inclusion maps C,, < C,, < C, for 0 < n < m, induce maps D,, — D,,, — D and an isomorphism

colim D,, — D. (B.8)

n
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Lemma B.9. With notations as above, we have the following:

(1) The homomorphism D,, — Dy1 induces an isomorphism Dy[1/p] — D,1[1/p], for each
n € N.

(2) Let S, denote the image of D, /pDy, in Dyi1/pDyy1, for each n € N. Then, we have S, =
(En/pﬁn)/(X,(;)rl,i € 1) and Dy11/pDnt1 = Sp[Yint1,i € I], for each n € N.

(3) For each n € N, the algebra D,, is p-torsion free.

7

Proof. The claim in (1) follows immediately from (B.7) and the fact that X7(13—1 is in C,,. For (2), note
that by taking the reduction modulo p of (B.8), we get that

Dt1/pDns1 = (Dn/pDn) /(X1 i € DY imin,i € 1.

To prove (3), let us first recall that Dy is p-torsion free by Lemma B.6. So, for each n € N, by
Lemma B.2 (2) and (B.7), it suffices to show that the sequence {XT(LZJ)rl,z’ € I}, where Xff_)H is in
Ch, is regular on (D, /pDy)[Yint1,t € I, ie. it is regular on D,,/pD,. For n > 1, the claim
follows because we have D,,/pD,, = Sp_1[Y;n,i € I] and Uy,41 modulo p is a unit in A/pA (see
the discussions after (B.6) and before Assumption B.4). For n = 0, it suffices to show that the
sequence {{[p],Yio — Yi,i € I}, {Xp,i € I}} is regular on Cy/pCy. As [p], is contained in the ideal
(p,u) C B, we are reduced to showing that the sequence {{-Y;,i € I}, {Xfl),i € I}} is regular
on Co/pCy = B/(p,u)[Yi0,% € I]. This is obvious since 73 modulo p is a unit in A/pA (see the
discussions after (B.6) and before Assumption B.4). Hence, the lemma is proved. |

Now, note that reducing the top arrow in (B.5) modulo i, we obtain the following commutative
diagram with surjective arrows:

D/uD —— E/uE,
lz l(B44) (B.9)
D—FE.
Proposition B.10. All arrows in the diagram (B.9) are isomorphisms.

Proof. By definition, the left vertical arrow in (B.9) is an isomorphism and all arrows are surjective.
Hence, it suffices to show that the lower horizontal arrow is injective. Note that we have the following
commutative diagram:

Do[1/p] —— D[1/p]

zJ(Bg) J

Eo[1/p] —— E[1/p).

The top horizontal arrow is a bijection by (B.8) and Lemma B.9 (1), the left vertical arrow is a bijection
by Lemma B.6 and the bottom horizontal arrow is a bijection by the definition of E. Therefore, it
follows that the right vertical arrow is a bijection as well, i.e. D[1/p] — E[1/p]. Finally, from (B.8)
and Lemma B.9 (3), note that D is p-torsion free. Hence, it follows that the map D — FE in (B.9) is
injective. This completes our proof. |
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