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ABSTRACT. We show that the category of analytic/completed prismatic F-crystals on the absolute
prismatic site of a small (unramified at p) base ring is naturally equivalent to the category of relative
Wach modules from the theory of (¢, T')-modules. The result is obtained by showing that the data
of the Galois action on a Wach module is equivalent to the data of a prismatic stratification on the
underlying ¢-module. Along the way, we obtain new descent results for relative Wach modules.

1. INTRODUCTION

Recent groundbreaking advances in integral p-adic Hodge theory have been brought on by the seminal
works of Bhatt, Morrow and Scholze on A;,¢-cohomology in [BMS18; BMS19], and of Bhatt and Scholze
on prismatic cohomology in [BS22]. In the latter theory, the study of prismatic F-crystals has led to
exciting applications towards the classification of p-divisible groups over a quasisyntomic base [AL23],
and more generally, of all p-adic crystalline local systems over smooth p-adic formal schemes [BS23;
DLMS24; GR24]. However, similar to the crystals appearing in the theory of crystalline cohomology
of Grothendieck and Berthelot, the prismatic F-crystals are mysterious objects.

To unravel these objects, a common idea is to describe them in terms of certain equivalent and
computable data, for example, in the crystalline cohomology theory, one usually replaces crystals with
modules equipped with a flat connection as in [Ber74]. In the prismatic theory, several successful
attempts have been made to understand prismatic crystals in terms of more explicit data in various
settings, for example, crystals on the relative prismatic site in terms of generalised representations,
g-de Rham complexes and ¢-Higgs fields in [MT20; Tsu24], Hodge-Tate crystals in terms of Higgs
fields in [Tia23], Laurent prismatic F-crystals in terms of étale (¢, I")-modules and related objects in
[Wu2l; DL21; MW21], and crystals on the relative/absolute prismatic site in terms of twisted /absolute
differential calculus in [GLQ22; GLQ23].

The aim of this article is to describe analytic/completed prismatic F-crystals of [DLMS24; GR24]
in terms of a more explicit data. More precisely, let R denote a p-completely étale algebra over a framed
Z,-algebra (see Section 1.6 for notation), and let R denote its absolute prismatic site (see Section 2.1
for definitions). Then, we show the following (see Theorem 1.2 for a more precise statement):

Theorem 1.1. There exists a natural equivalence of categories:
{ Analytic prismatic F-crystals on R } — { Wach modules for R}.

Here the category of Wach modules for R denotes a certain full subcategory of étale (p, I')-modules
for R, and was introduced in [Abh23] (see Definition 4.1) to study Z,-lattices inside p-adic crystalline
representations of the étale fundamental group of R[1/p] (see Section 1.5). Theorem 1.1 is obtained
by showing that the data of the Galois action (i.e. [-action) on a Wach module is equivalent to the
data of a prismatic stratification on the underlying p-module (see Theorem 1.4). Obtaining such an
equivalence is highly non-trivial and constitutes the heart of this article (see Remarks 1.3 and 1.5).
Moreover, our approach is different and independent of all previous methods and results in [Abh23],
[BS23; GR24; DLMS24; DL21; Wu21; MW21].

Let us note that in the case that R is a complete discrete valuation ring with perfect residue field,
Wach modules were studied in [Fon90], [Wac96; Wac97], [Col99] and [Ber04]. In this case, using our
methods, we also show that the classical Wach modules from [Wac96; Ber04] descend to a smaller ring,
beyond the Fontaine-Laffaille case treated in [Wac97] (see Theorem 1.8 and Remark 1.9). Furthermore,
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let us note that the theory of Wach modules (in the context of (¢,I")-modules) and its relationship
with crystalline representations in different settings was studied in [Abh25b; Abh25a; Abh23].

Besides being an explicit description of prismatic F-crystals, the usefulness of Wach modules stems
from its applications towards the computation of p-adic vanishing cycles via syntomic complexes.
Indeed, in order to generalise the computation of p-adic vanishing cycles via crystalline syntomic
complexes of [CN17], to the case of crystalline coefficients, in [Abh26] we used the theory of Wach
modules from [Abh25b] as an important ingredient. However, the results obtained in [Abh25b] and
[Abh26] were restrictive. Furthermore, note that in [BMS19], the authors defined a prismatic syntomic
complex for smooth p-adic formal schemes, and compared it to the complex of p-adic vanishing cycles
integrally. Beyond the smooth case, similar comparison results have also been obtained in [AMMN?22]
and [BM23], where the latter uses the theory of prismatic cohomology. The preceding results were
obtained for the case of constant coefficients, and it is natural to ask the following: is it possible to
generalise [BMS19, Theorem 10.1] to arbitrary crystalline coefficients, i.e. can one define a prismatic
syntomic complex with coefficients in a prismatic F-crystal, and compare it to the complex of p-adic
vanishing cycles? In our approach to providing an answer to the preceding question, the prismatic
interpretation of Wach modules from the current paper and the relationship between Wach modules
and crystalline representations from [Abh23] will serve as crucial inputs.

In the rest of this section, we will make Theorem 1.1 more precise (see Theorem 1.2), and discuss
the key ingredients required for its proof, i.e. Theorem 1.4, Theorem 1.6 and Theorem 1.8.

1.1. The categorical equivalence. Let p be a fixed prime, & a perfect field of characteristic
p and Op = W (k), the ring of p-typical Witt vectors with coefficients in x and equipped with the
natural Witt vector Frobenius endomorphism. Let R denote the p-adic completion of an étale algebra
over the p-adically completed Laurent polynomial ring O (X 1i17 . ,X;H) such that its special fibre
Spec (R/pR) is connected. We take X = Spf R to be an affine p-adic formal scheme, and consider
its absolute prismatic ringed site (X , O ) in the sense of [BS22] (see Section 2.1). Let Vect™™ ¥ (X )
denote the category of analytic prismatic F-crystals from [GR24] (note that one could also work with
the equivalent notion of completed prismatic F-crystals from [DLMS24], see Section 2.2 for definitions
and explanations).

Let R, denote the R-algebra obtained by adjoining to R all p-power roots of unity and p-power roots
of X;, for all 1 <i < d. Set I'g := Gal(Rxo[1/p]/R[1/p]) — Z,(1)¢ x ZX. Let Aint(Reo) = W(R:,),
where R’_ denotes the tilt of R, (see Section 1.6). Note that Aj,f(Rs) is equipped with a Witt
vector Frobenius endomorphism ¢ and a continuous action of I'g (see Section 3.1). Moreover, we have
a noetherian Op-subalgebra Ar C Ajns(Roo), which is complete for the induced topology and stable
under the action of (p,I'r) on Ajnr(Rso) (see Section 3.1.1); we equip Ag with the induced structures.
Let € == (1,(p, . ..) denote a compatible system of p-power roots of unity in R';O and let ¢ == [¢] denote
its Teichmiiller lift in Ajyf(Roo); set p:= ¢ — 1 and [p]y = (¢* — 1)/(¢ — 1) in Ainr(Roo). We denote
the category of Wach modules over Ar (see Definition 4.1) by (¢, FR)—ModEf]I:.

Now, note that the pair (Ag, [p]q) is a prism, an object of X (see Lemma 3.10) and a cover of
the final object of the topos Shv(X ) (see Lemma 3.11). Moreover, the action of I'r on Ag induces
automorphisms of (Ag, [p];) in X (see Lemma 3.12). Evaluating an analytic prismatic F-crystal on
the prism (Ag, [p]q) gives a Wach module (see Proposition 5.1), and thus, a well-defined evaluation
functor

evy,: Vet (X ) — ((p,FR)-ModEf];

(1.1)
F— F(Ar,[plg)-

Theorem 1.2 (Theorem 5.5). The evaluation functor in (1.1) induces a natural equivalence of cat-
egories ev y,,: Veot™#(X ) = (p,T)-Mod 5.

Our proof of Theorem 1.2 is direct, i.e. we do not take additional inputs, namely, the equivalence
between crystalline Z,-representations and Wach modules over Ar from [Abh23], or the categorical
equivalence results from [BS23; GR24; DLMS24]. As mentioned earlier, we show that the I'g-action
on a Wach module is equivalent to a prismatic stratification on the underlying ¢-module.

Remark 1.3. The equivalence between the I'g-action and a prismatic stratification is not at all
obvious: the quotient of Ag by I'r (in a stack-theoretic sense) is not isomorphic to the Cartier-Witt
stack of R (see [BL22, Section 3.8] for R = Z,). So, instead we employ an approach inspired by the
work of [MT20], where the authors studied coefficients for relative prismatic cohomology. However,
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the results obtained and the techniques employed in our proofs are vastly different from loc. cit. This
stems largely from the fact that our respective settings are quite different: we work over the absolute
prismatic site of R and consider analytic prismatic F-crystals, whereas in loc. cit., the authors worked
over the relative prismatic site and considered prismatic F-crystals in vector bundles. Moreover, in this
article the group I'g is non-commutative and has an arithmetic part (see I'r in Section 1.6), in contrast
with the commutative and geometric I' considered in [MT20]. As a consequence, the techniques of loc.
cit. cannot be adapted to the present setting (also see Remark 1.7).

1.2. Crystals as modules with stratification. In order to prove Theorem 1.2, our first

course of action is to bring the source of the functor ev, in (1.1) on a somewhat equal footing with
the target of that functor. This is achieved by interpreting analytic prismatic F-crystals as certain
modules with stratification. More precisely, let us note that (Ag, [p],) is a cover of the final object of
the topos Shv(X ) (see Lemma 3.11). We set Ar(e) to be the cosimplicial ring obtained by taking the
prismatic Cech nerve (Ag(e), I(e)) of (AR, [pl,) in X . Then, it is possible to describe the n*'-term
of Ar(e) in the site X (see Construction 3.13), and in the case n = 1, 2, we may describe Ar(n) very
explicitly (see the discussion after Construction 3.13). Now, let Strat*™¥(Ag(e)) denote the category
of pairs (N, ¢), with N being an “analytic” and finitely generated ¢-module over Ar equipped with
a stratification e with respect to Ag(e) (see Definition 5.6). Then, by the general theory of crystals,
evaluation of analytic F-crystals on the simplicial object (Ag(e), I(e)) induces the following natural
equivalence of categories (see Construction 5.7 and Proposition 5.8):

eV (o)t Vet (X 0 ) = Strat™™ ¥ (Ag(e)). (1.2)

1.3. Prismatic stratifications and Galois action on Wach modules. Our next
course of action is to relate the category of p-modules over Ag equipped with a stratification to the
category of Wach modules over Ag. So, let (IV, e) denote an object of the category Strat™ ¥ (Ag(e)).
Moreover, let us note that the action of I'g on (Ag, [p],) induces a natural action of Fz(nﬂ) on Ag(n),
for each n € N. Then, by using the action of I'% on Ag(1) and the stratification &, we equip N with a
continuous action of I'g satisfying the properties of a Wach module over Ag from Definition 4.1 (see
Construction 5.10). In particular, we have a well-defined natural functor

evSiIt: Strat™ ¥ (Ap(e)) — (2, Tr)-Mod}, (1.3)

and we show that it agrees with the functors in (1.1) and (1.2), i.e. the obvious diagram of functors
naturally commutes (see Proposition 5.12). Consequently, in order to show that (1.1) induces a
categorical equivalence, it is enough to show that (1.3) induces a categorical equivalence. Therefore,
we show the following:

Theorem 1.4 (Theorem 5.13). The functor in (1.3) induces a natural equivalence of categories.

In order to prove Theorem 1.4, we define a quasi-inverse to the functor in (1.3). More precisely,
given a Wach module N over Ag, we use the action of I'r on N to build a stratification on N with
respect to Agr(e), and obtain a natural quasi-inverse to the functor in (1.3):

Strat 4, (e): (w,FR)—ModEf]I: — Strat®?(Ag(e)). (1.4)

The construction of a stratification on a Wach module, using the action of I'r on it, is the main
technical heart of the paper. This is given via a 3-step arqument. The three steps correspond to the
three subgroups of different nature making up the Galois group I'p (see Remark 1.5). Also note that
the case p = 2 is different from the cases p > 3, and requires entirely different and quite technical
arguments. We refer the reader to Section 5.2 for precise details on the construction of the functor in
(1.4).

Remark 1.5. Note that we have I'p — Z,,(1)¢ x Z;. Furthermore, Z7 fits into the following exact
sequence:
1—To—2Z) — Tir — 1,

where, for p > 3 we have Ty — 1 + pZ,, and for p = 2 we have I'y — 1+ 4Z5. Moreover, for
p > 3 we have D'y, — F)¢, and for p = 2 we have 'y, — {£1} as groups. Now, the first step in the
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proof of Theorem 1.4 corresponds to the descent and Galois cohomology computations for the action
of Z,(1)% (see Section 3.4.1, 4.2 and 5.2.1). For p > 3, the second step corresponds to computations
for the action of F; (see Sections 3.4.2, 4.3.1 and 5.2.2), and the third step corresponds to the action
of 1 + pZ, (see Sections 3.4.3, 4.3.2 and 5.2.3). Additionally, for p = 2, due to the difference in the
structure of Z, the computations in steps 2 and 3 mentioned above are completely different (see
Sections 3.4.4, 4.3.3 and 5.2.4).

Note that it is absolutely necessary to carry out the computations in the order mentioned above
because the more natural ordering, i.e. carrying out computations for the Zp(l)d-action, followed by
the T'g-action and the T'y,-action at the end, does not give the desired results. Furthermore, let us
remark that while the proofs involving Z,(1)? and I'y are “prismatic/crystalline” in nature and feature
complexes similar to g-de Rham complexes, the arguments involving I'y,, feature some techniques
commonly used in Iwasawa theory (see Appendix A.2).

1.4. Some descent results for Wach modules. The most important input for the
construction of the functor in (1.4) is the following comparison result (notation are explained after the
statement):

Theorem 1.6 (Theorem 4.4). Let N be a Wach module over Ag, and let us consider the R-module
M = (Ar(1)/p1(1t) ®p, an N)'®, equipped with the tensor product Frobenius. Then, M is a finitely
generated and p-torsion-free R-module, and there exists a natural (p,T'g)-equivariant isomorphism

Ar(D)/(p1(1) @p,.r M — Ar(1)/(p1(1)) @p,.a5 N.

Moreover, the multiplication map A: Ag(1l) — Ag induces a natural p-equivariant isomorphism of

R-modules M — N/uN.

In Theorem 1.6, note that (Agr(1),[p],;) denotes the self product of (Ag,[pl,) in X , and
p1,p2: Ar — Ag(1) are the two projection maps to the two components (see Construction 3.13).

Note that Theorem 1.6 is a descent statement for the action of I and involves the ring Ar(1)/p1(1).
Therefore, in order to prove the statement, one requires an understanding of the action of I'p on the
underlying objects, and an explicit description of the ring Ag(1)/p1(p). The latter is achieved in
Proposition 3.25, using some computations of Tsuji on prismatic envelopes and divided power rings
(see Appendix B). For the former, as mentioned in Remark 1.5, our proof follows a 3-step descent
argument corresponding to the 3 different subgroups making up I'g, i.e. we first show descent for the
I'z-action, followed by descent for the I'yo,-action and finally descent for the I'g-action. Furthermore,
note that the case p = 2 is different from the cases p > 3, and requires entirely different arguments.
We refer the reader to Sections 4.2 and 4.3 for more details.

Remark 1.7. Theorem 1.6 plays a key role in obtaining a stratification on the Wach module N (see
Proposition 5.31). Let us note that Theorem 1.6 and Proposition 5.31 are new, and do not follow from
any previous works. More specifically, our statements are analogous to some statements in [MT20,
Sections 3.1 & 3.2], however, the results of loc. cit. do not adapt to our setting. This is due to the
fact that in contrast with loc. cit. the group I'g has an arithmetic part, i.e. I'r, due to which entirely
different computations are required for the descent isomorphism (compare loc. cit with Sections 4.3
and 5.2). Moreover, the computations of loc. cit. were carried out using the ¢-PD formalism of [BS22,
Section 16] which made some of the proofs straightforward, however, the same does not apply to our
current setting, and we resolve this via the 3-step proofs mentioned above.

Now, let us assume that p > 3, and note that in the course of the proof of Theorem 1.6 (namely,
the descent step for the action of I'v,r = F,’), We obtain a new descent statement for (classical) Wach
modules (see Remark 1.9). In other words, Theorem 1.8 below is an important input in the proof of
Theorem 1.6. To state the result, note that we have Ag —+ R[u] as rings (see Section 3.1.1), and
by transport of structure, we equip the target with a Frobenius endomorphism and an R-linear action
of I'p. Let N be a Wach module over Apg, i.e. a finitely generated module over R[u], equipped with
an R[u]-linear Frobenius isomorphism ¢*(N)[1/[p],] — N[1/[pl,], and an R-linear and continuous
action of I'r commuting with Frobenius, and such that the action of T'r is trivial on N/uN. Let us
set

po = =P+ Pger, L+ and  p= po +p,

as elements of R[[u] Fo. Then, from Lemma 3.4, we have a (g, 'g)-equivariant isomorphism of rings
R[[uo] = R[] , and we show the following:
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Theorem 1.8 (Proposition 4.18). Let N be a Wach module over Ar. Then, Ny = NF2 isa finitely
generated R[uo]-module, equipped with a continuous and semilinear action of Ty, such that the action
of T is trivial on No/uoNo — N/uN, and we have a natural (p, T r)-equivariant isomorphism of
R[p]-modules R[] @gpu,p No 5 N. Moreover, the sequences {p, 1o} and {po,p} are reqular on Ny,
and it is equipped with an R[uo]-linear isomorphism ¢*(No)[1/p] — No[1/p], compatible with the
respective natural actions of T'g.

Remark 1.9. In Theorem 1.8, setting R = Op shows that classical Wach modules over Ap = Op[u]

canonically descend to Wach modules over O[] — A;” . Using different arguments, the claim for
R = Op has also been proven in [Abh24, Theorem 1.6].

1.5. Relation to previous works. The theory of prismatic F-crystals was introduced in
[BS23], and its generalisation to analytic/completed prismatic F-crystals was studied in [DLMS24;
GR24]. The theory of classical Wach modules was introduced and developed in [Fon90; Wac96; Col99;
Ber04], and its generalisation to the relative case was introduced and developed in [Abh25b; Abh25a;
Abh23]. Now, let us consider the following diagram (notation explained immediately afterwards):

E=E/T |®on/z 10 [1/T ];\

Vect™ % (X ) Vect?(X ,0 [1/Z ]7)
X&" Tt
eva, (L) Repgs(GR) — RepZP(GR) teva, (1.5)
Ngr Dr ~

NHN@ARBR

(SD, FR)'MOdLIl)]q

R

(¢, T'r)-Mod$; ..

In the top row of the diagram (1.5), the top right corner denotes the category of Laurent F-crystals
over X (see [BS23] or Definition 1.5); in the middle row, G denotes the étale fundamental group of
R[1/p] (see Section 1.6), the right-hand term denotes the category of Z,-representations of G, and
the left-hand term denotes the category of lattices inside p-adic crystalline representations of Gg (see
[Bri08]); in the bottom row, we have Bg := Agr[1/u]; equipped with an induced action of (p,T'r), and
the bottom right corner denotes the category of étale (¢, 'g)-modules over By (see [And06]).

The top horizontal arrow is fully faithful by [GR24], the middle horizontal arrow is easily seen to
be a natural inclusion, and the bottom horizontal arrow is fully faithful by [Abh23, Proposition 3.12].
From the first to the second row, the slanted arrow T is the natural étale realisation functor and an
equivalence by [BS23] (see Lemma 2.10), and the slanted arrow T2 is an equivalence by [GR24] (see
Definition 2.20 and Remark 2.22); the upper square commutes using loc. cit. From the middle row to
the bottom row, the slanted arrow D g is the natural étale (¢, I')-module functor and an equivalence by
[And06], and the slanted arrow N is the natural Wach module functor and an equivalence by [Abh23,
Theorem 1.5]; commutativity of the bottom square follows from the compatibility between the results
of [Abh23] and [And06]. Next, in the diagram (1.5), the leftmost and the rightmost vertical arrows
are evaluation functors, i.e. evaluation of an analytic (resp. Laurent) prismatic F-crystal over the
prism (Ag, [plq); the left vertical arrow is an equivalence by Theorem 1.2. Note that the left-hand-side
triangle commutes by comparing the explicit formulas for the slanted arrow T2 in Definition 2.20,

and the composition of the left vertical arrow ev , . in (1.1) with the quasi-inverse of the slanted arrow
Npg described in [Abh23, Theorem 1.5], and similarly for the right-hand-side triangle. In particular,
we obtain that the right vertical arrow is an equivalence (also see [Wu2l; MW21]), and the outer
square commutes by the definition of the arrows. Hence, it follows that the results of this article are
compatible with previous constructions.

As mentioned earlier, in the proof of Theorem 1.2 we do not assume the equivalence between
crystalline Z,-representations and Wach modules over Ag from [Abh23], or the categorical equivalence
results from [BS23; DL21; DLMS24; GR24] and [Wu21; MW21]. Furthermore, our approach is inspired
by the work of [MT20], however, as mentioned earlier, the results obtained and the techniques employed
in our proofs are different.

1.6. Setup and notation. In this section, we will describe the setup for this paper and fix
some notation which are essentially the same as in [Abh23, Section 1.4]. We shall work under the
convention that 0 € N, the set of natural numbers.
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Let p be a fixed prime number and « a perfect field of characteristic p, and set Op = W (k) as
the ring of p-typical Witt vectors with coefficients in &, and F' := Op[1/p] the fraction field of Op. In
particular, F' is an unramified extension of Q, with ring of integers Op. Let F denote a fixed algebraic
closure of F so that its residue field, denoted as &, is an algebraic closure of k. Set G = Gal(F/F)
as the absolute Galois group of F.

Next, set Foo = F(fip ), where pipc denotes the set of all p-power roots of unity in F. Then, we
have Galois groups Hp = Gal(F/Fy) and I'p == Gal(Fy/F) — Z). Note that the isomorphism
x:Tr = Z; is given via the p-adic cyclotomic character, and therefore, I'r fits into the following
exact sequence:

1—Ty—Tpr—T —1, (1.6)

where, for p > 3, we have 'y — 1 +pZ,, and for p = 2, we have I'y 5 14 4Z,. Moreover, for p > 3,
we have Tiop — sz, and the projection map in (1.6) admits a section T'yor — F;f — sz & Tp,
where the second map is given as a +— [a], the Teichmiiller lift of a. Furthermore, note that for p = 2,
we have [y, — {£1} as groups.

Notation. Let s > 0 be an integer and k = (kq, ..., ks) in N® denote a multi-index, and we shall write
k — +0o to denote » k; — 4o00. For a topological algebra S and indeterminate 71, ..., Zs, define

S{(Z1,...,Zs) = {ZkeNs akal .- Zks where ay € S and ai, — 0 as k — +oo}.

Fix an integer d > 0, and let X7, Xo,..., X, be some indeterminate. Let R denote the p-adic
completion of an étale algebra over RF = Op (X fd, e 7Xdﬂ> with non-empty and connected special
fibre; the map RY — R is often referred to as a framing on R.

Let us fix an algebraic closure Frac(R) of Frac(R) containing F. Let R denote the union of finite
R-subalgebras R’ C Frac(R), such that R'[1/p] is étale over R[1/p]. Let 77 denote the fixed geometric
point of the generic fibre Spec R[1/p] (defined by Frac(R)), and let Gg denote the étale fundamental

group ¢t (Spec R[1/ p],ﬁ). We may write this étale fundamental group as a Galois group, i.e.

Gr = m{"(Spec (R[1/p]),n) = Gal(R[1/p]/R[1/p]).

Next, let us recall some constructions that depend on the framing RY® — R. Set Ry =
UL, Rlppe, X 11 /p ] C R, and note that we have the following Galois groups (see [Abh25b, Sections 2
& 3] and [Abh25a, Section 2]):

Hp = Gal(R[1/p]/R[1/p]),

I'r = Gr/Hp = Gal(Ro[1/p]/R[1/p]) = Z,(1)* x Z),
Iy == Gal(Ruo [1/p]/R(pp<)[1/p]) = Z,(1),
Gal(R(pp=)[1/p]/R[1/p]) = Tr/Tr — TF.

Let ¢: RY — RY denote a morphism extending the natural Witt vector Frobenius on O by
setting p(X;) = X7, for all 1 < i < d. The endomorphism ¢ of R is flat by [Bri08, Lemma 7.1.5],
and faithfully flat since ¢(m) C m for any maximal ideal m C R™. Moreover, it is finite of degree p?
using Nakayama Lemma and the fact that ¢ modulo p is evidently of degree p?. As the Op-algebra
R is given as the p-adic completion of an étale algebra RY, therefore, the Frobenius endomorphism
¢ on RY admits a unique extension ¢: R — R such that the induced map ¢: R/p — R/p is the
absolute Frobenius = +— P (see [CN17, Proposition 2.1]). Similar to above, we again note that
the endomorphism ¢: R — R is finite and faithfully flat of degree p?. Next, for k € N, let Q’j%
denote the p-adic completion of module of k-differentials of R relative to Z. Then, we have that
Ok = @L | RdlogX; and Q% = AkQL.

Now, let A = Ry or R. Then, recall that the tilt of A is given as A* = lim, A/p (see [Fon77,
Chapitre V, Section 1.4] and [BMS18, Section 3]). Finally, let B be a Z,-algebra equipped with a
Frobenius endomorphism ¢ lifting the absolute Frobenius on B/p, then for any B-module M, we set
©*(M) =B ®,5 M.

1.7. Outline of the paper. In Section 2 we recall some basic definitions and results from the
prismatic theory. In particular, in Section 2.1, we recall the definition of prismatic site and prismatic
crystals from [BS22; BS23], and in Section 2.2 we recall the notion of prismatic F-crystals and its
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variations from [BS23; DLMS24; GR24], as well as, describe the étale realisation functors. Section 3
is devoted to the study of the prism (Ag, [p],) in detail. In Section 3.1, we describe the ring Ag, and
study the structural properties of some of its subrings. In Section 3.2, we show that (Ag, [p],) is an
object of (Spf R) , explicitly compute the first few terms of its prismatic Cech nerve (Ag(e),I(e)) in
(Spf R) , and then study the action of I‘E("H) on Ar(n). Then, in Section 3.3, we provide an explicit
description of the ring Ar(1)/p1(p), where p;: A — A(1) is the first projection map, and study the
action of 1 x T'r C I'% on it. Finally, in Section 3.4, we study the action of I'% on Ag(1), and carry
out the 3-step proof for the ring Ar — described after Theorem 1.4 — in order to study the structure
of several rings that will appear at various stages of the proof of Theorem 1.4 in Section 5. The goal
of Section 4 is to state and prove Theorem 1.6. We begin by recalling the definition of Wach modules
and some of its properties from [Abh23], and in Section 1.6, we describe the g-connection on a Wach
module and its scalar extensions originating from the natural action of I'r. Then, in Section 4.2, we
carry out the first step of the proof of Theorem 1.6, i.e. the descent for the action of I';, and in Section
4.3, we show the second and third steps, i.e. the descent for the action of I'y — I'g X I'ior. Note that
the Section 4.3 is divided into two parts: the first part deals with the case p > 3 where we also prove
Theorem 1.8, and the second part deals with p = 2 which requires different arguments. Finally, in
Section 4.4, we put everything together to prove Theorem 1.6. In Section 5, we state and prove Theorem
1.2. We begin by describing the functor ev 4 ., and then in Section 5.1 we describe the relation between

analytic/completed prismatic F-crystals and modules with stratification, introduce the functor evit;at,

and show that it is compatible with evA® . Section 5.2 is dedicated to the construction of stratification
on Wach modules using the action of ' via a 3-step argument. This completes the proof of Theorem
1.2.

In Appendix A.1, we recall some standard definitions that have been used throughout in the text.
Then, in Appendix A.2, we describe the structure of modules admitting a continuous action of Z;* by
recalling some standard constructions of Iwasawa [Iwa59]. Appendix B has been adapted from some
notes of Tsuji, and in that section we study the structure of certain d-rings and their reduction modulo
, which is a crucial input for determining the structure of Ag(1)/p1() is Section 3.3.

Acknowledgements. I would like to sincerely thank Takeshi Tsuji for various discussions, and for
generously sharing his ideas during the course of this project and some of his computations which have
been included in Appendix B. I would also like to thank Michel Gros for some helpful remarks. Finally,
many thanks to the referee for their careful reading of the previous version of the article, pointing
out errors and providing many helpful remarks and suggestions for improvement. This research was
supported by JSPS KAKENHI Grant numbers 22F22711 and 22KF0094.

2. PRISMATIC SITE AND PRISMATIC F-CRYSTALS

In this section, we will recall some fundamental definitions and results on prismatic site and pris-
matic F-crystals from [BS22; BS23], and analytic/completed prismatic F-crystals from [DLMS24] and
[GR24]. For some standard definitions used in this section, we refer the reader to Appendix A.1. We
start with the following;:

Definition 2.1. A é-ring is a pair (A4, ) where A is a commutative ring, and §: A — A is a map of
sets with §(0) = (1) = 0 and satisfying:

d(xy) = aPd(y) + yPo(x) + pd(x)d(y),

3(a +y) = 6(x) +6(y) + “f”+y’”;<x+y)f”_ (2.1)

Remark 2.2. Given a d-ring (A, ) define p: A — A by the formula p(z) = 2P 4+ pd(zx), for any = in
A. This determines a lift of the absolute Frobenius on A/pA. Conversely, if A is p-torsion-free then
any lift ¢: A — A of the absolute Frobenius on A/pA determines a unique d-structure on A.

Definition 2.3. An element d of a d-ring A is called distinguished if 6(d) is a unit.

2.1. Prismatic site and crystals. Let 4 bea §-ring, I C A an ideal; we shall refer to (A, I)
as a d-pair.
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Definition 2.4 (Prism, [BS22, Definition 3.2]). A d-pair (A, I) is called a prism if I C A defines a
Cartier divisor on Spec (A4) such that A is derived (p, I)-complete and p is in I + ¢(I)A. The category
of all prisms is the corresponding full subcategory of all §-pairs. The prism (A4, I) is called perfect if A
is a perfect d-ring, i.e. p: A — A is bijective. Finally, (A, I) is bounded if A/I has bounded p>-torsion.
A map (A,I) — (B, J) of prisms is (faithfully) flat if the map A — B is (p, I)-completely (faithfully)
flat.

Remark 2.5. If (A4,7) is a bounded prism then A is classically (p, I)-complete (see [BS22, Lemma
3.7]). Any morphism of prisms (4, ) — (B, J) induces an isomorphism I ®4 B — .J, in particular,
we have that IB = J (see [BS22, Lemma 3.5]).

Definition 2.6 (Absolute prismatic site, [BS22, Corollary 3.12]). Let Spf (Z,) denote the category
opposite to that of the category of all bounded prisms (A, I), and endow it with a topology for which
covers are determined by faithfully flat maps of prisms. Then, Spf (Z,) forms a site. Moreover, the
functor O : Spf (Z,) — Rings (resp. Z : Spf(Z,) — Abelian Groups) defined via (A4,I) — A
(resp. (A, I) — I) forms a sheaf for this topology with vanishing higher Cech cohomology.

Definition 2.7 (Absolute prismatic site of X, [BS23, Definition 2.3]). Let X be a p-adic formal
scheme. Define the absolute prismatic site of X, denoted as X |, to be the category opposite to that
of bounded prisms (A, I) which are equipped with a map Spf (A4/I) — X, and endow X with the
topology induced by the flat topology on prisms. We shall write O for the structure sheaf, and denote
the ideal sheaf of the Hodge-Tate divisor by Z < O . Denote by Shv(X ) the co-category of sheaves
on X .

Proposition 2.8 ([BS23, Proposition 2.7]). Let X be a p-adic formal scheme, and let Vect(X ,0 )
denote the category of vector bundles of O -modules. Then, there is a natural equivalence

Vect(X ,0 )= lim_ Vect(A).
(A ex

Moreover, a similar statement holds after replacing O with O [1/T ).

Let X be a bounded p-adic formal scheme, and let X,, denote the generic fibre of X, regarded as a
presheaf on perfectoid spaces over Q.

Definition 2.9 (Laurent F-crystals, [BS23, Definition 3.2]). Define the category of Laurent F-crystals
of vector bundles on (X ,O [1/T |}) as

Vect(X O [1/1 ]]/J\)w=1 = (Alli)IgX Vect(A[l/I]I/,\)wzl,

i.e. any £ in Vect(X ,O [1/T ]7) is equipped with an isomorphism pg: ¢*& = €.
Lemma 2.10 ([BS23, Corollary 3.8|). Let Loc(X,,,Z,) denote the category of étale Z,-local systems
on X,. Then, there is a natural equivalence
Tee: Vect(X , 0 [1/T 17)9=" =5 Locz, (X))
Passing to the associated isogeny categories, we obtain that

Vect(X , O [1/T ]))?=" ®z, Qp — Locz, (X;) ®z, Q.

2.2. Prismatic F-crystals. In this section, we will recall the definition of prismatic
F-crystals and its analytic/completed variants.

2.2.1. Vector bundles. Let X be a p-adic formal scheme, and let (A, I') denote a prism with ¢ its
Frobenius endomorphism.

Definition 2.11 (Prismatic F-crystals, [BS23, Definition 4.1]). Define the category Vect?(A) of pris-
matic F-crystals of vector bundles on A as follows: an object is a pair (M, py) with M a finite
projective A-module equipped with an A-linear isomorphism or: (¢*M)[1/I] — M][1/I]. Mor-
phisms between two objects are given as A-linear maps compatible with ¢y Say that (M, ¢ar) is
effective if @y carries * M into M.
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Define the category Vect?(X ,O ) of prismatic F-crystals of vector bundles on X as follows:
an object is a pair (€, pg) with £ a vector bundle on (X ,O ) equipped with an isomorphism
e (¢*E)[1/Z | = E[1/T ]. Morphisms between two objects are maps of vector bundles compatible
with @¢. Say that (£, p¢) is effective if pg¢ carries p*€ into £.

~

Remark 2.12. From Proposition 2.8 we have an equivalence Vect¥(X ;O ) —
1im(A’[)€X VeCtW(A).

2.2.2. Completed F-crystals. Let Ok be a finite ramified extension of Op, and take 7 in Ok to
be a uniformiser and F := E(u) in Op[u] to be its minimal polynomial.

Definition 2.13 (Completed prismatic crystals, [DLMS24, Definition 3.11]). Let X be a smooth
p-adic formal scheme over O . Define the category CR"(X ) of finitely generated completed crystals
of O -moduleson X as follows: an object is a sheaf £ of O -modules on X satisfying the following:

(1) For each (A,I)in X , the evaluation of € on (A,I), i.e. E(A) = E(A, ), is a finitely generated
and (p, I)-complete A-module.

(2) For every morphism (A, I) — (B,IB) in X , the natural map B®4E(A) — £(B) is an isomor-
phism, where we set B&4E(A) == lim,, (B ®4 £(A))/(p, I)".

A morphism f: £ — F between two completed crystals is a morphism of O -modules such that for
any (A,I)in X | the evaluation f4: £(A) — F(A) is a morphism of finitely generated (p, I')-complete
A-modules, and for any (A,I) — (B,IB) in X the following diagram naturally commutes:

B&.E(A) 1214 BE L F(A)

| L

£(B) —I2— F(B).

Remark 2.14. The category of completed crystals on X , denoted as CR"(X ), satisfies descent for
Zariski and étale topologies on X (see [DLMS24, Lemma 3.39, Remark 3.40]).

A p-adically completed Og-algebra S is called small if it is p-adically completed étale over a
p-adically complete Laurent polynomial Og-algebra O K(Xlﬂ, . ,X;l“), for some d € N. For such
an S there exists a unique Op-algebra R such that Ox ®o, R — S, and R admits a lifting of the
absolute Frobenius modulo p, which we take to be the one extending the Witt vector Frobenius on
Op and such that ¢(X;) = X?; denote the lifting of Frobenius on R as ¢: R — R. Let & = R[u]
equipped with a Frobenius endomorphism ¢ which extends the Frobenius on R by setting ¢(u) = uP.
Then (&, E) is an object of (Spf S) and called the Breuil-Kisin prism (see [DLMS24, Example 3.4]).

Definition 2.15 (Completed prismatic F-crystals, [DLMS24, Definition 3.16, Definition 3.42]). Let
X = Spf S for S a small Og-algebra. Define the category CR™¥(X ) of completed F-crystals of
O -moduleson X as follows: an object is a pair (&€, ¢¢) with £ a completed prismatic crystal on X
equipped with an O -linear isomorphism ¢g: p*E[1/Z | — E[1/Z ]. Moreover, for the Breuil-Kisin
prism (&, E) in X , assume that the G-module £(S) is torsion-free, £(G)[1/p] (resp. £(G)[1/E)) is
finite projective over &[1/p] (resp. G[1/E]) and £(6) = £(G)[1/p] N E(S)[1/E] C £(6)[1/p,1/E].
Morphisms between two objects are given as maps of O -modules compatible with pg. Say that
(&, pe) is effective if pg carries p*& into &.

Let X be a smooth p-adic formal scheme over O . Define the category CR"¥(X ) of completed
F-crystals of O -modules on X as follows: an object is a pair (&, ¢g¢) with £ a completed prismatic
crystal on X equipped with an O -linear isomorphism ¢g: p*E[1/Z | — E[1/Z ]. Moreover, there
exists an affine open covering X = UxecaU)y by affine p-adic formal schemes, where Uy = Spf (S)) is
connected and small over Ok, and such that (£, ¢¢)|y, is an object of CR"™ “(U,, ). Morphisms
between two objects are given as maps of O -modules compatlble with p¢. Say that (5 pe) is effective
if p¢ carries p*& into &.

Remark 2.16. Note that Definition 2.15 is slightly more general than loc. cit. in the sense that we
do not restrict ourselves to effective completed F-crystals.
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2.2.3. Analytic F-crystals. Let X be a p-adic formal scheme.
Definition 2.17 (Analytic prismatic crystals, [GR24, Definition 3.1]). Define the category of analytic

prismatic crystals of vector bundles over X as
Vect*™ (X )= Ui Vect(S A\ V(p,I)).
et (X )= Tim Veet(Spee (4) \ V(p. 1)
Let (A,I) be a prism, and let ¢ denote the Frobenius endomorphism on A. Then, we have that
o(I) C (p,I), since p(x) = 2P +pd(z) isin (p, I), for each x in I. In particular, the Frobenius endomor-

phism ¢ on A preserves the subscheme Spec (A) \ V(p, I), and we denote the induced endomorphism
on Spec (A) \ V(p,I) again by .

Definition 2.18 (Analytic prismatic F-crystals, [GR24, Definition 3.6]). Define the category
Vect™?(A) as follows: an object is a pair (M, ¢ps) with M a vector bundle on Spec(A4) \ V(p,I)
equipped with an A-linear isomorphism ¢ar: (¢*M)[1/I] = M[1/I]. Morphisms between two ob-
jects are given as maps of vector bundles compatible with ¢ps. Say that (M, @ar) is effective if oy
carries *M into M.

Define the category of analytic prismatic F-crystals on X as follows:

(X Y= i ® A I1)).
Vect (X)) (A711)1161X Vect? (Spec (A) \ V(p, I))

Say that (&£, @) is effective if ¢ carries *€ into £.

Remark 2.19. Let X = Spf (Op), then from [GR24, Proposition 3.8] note that the functor induced
by restriction to open subsets induces an equivalence of categories Vect? (X , 0 ) — Vect™™ ¥ (X ).

2.2.4. Etale realisation functors. Let us now introduce the étale realisation functors from the
category of (completed/analytic) prismatic F-crystals using Lemma 2.10. Let X be a bounded p-adic
formal scheme over Spf (Ok), and (&, pg) an object of Vect™?(X ). Consider the open embedding
Spec (A[1/I]) C Spec(A) \ V(p,I), for any prism (A,I) in X , and let £[1/Z | denote the pull-
back of £ along this embedding, i.e. it is an object of Vect?(X ,O [1/Z ]). Using the equivalence
Vect?(X ,0 [1/T ]) — Locz,(X,) from Lemma 2.10, we have the following:

Definition 2.20. Define the étale realisation functor for completed F-crystals as
T/ : CRMP(X ) — Locz, (X))
(€, 06) — (EI/T | @opyz O [1/T )"
Similarly, define the étale realisation functor for analytic F-crystals as
TG : Vect™¥(X ) — Locz, (X,)
(€, 06) — (EIL/T | @opyz O /T )"

Remark 2.21. The étale realisation functor from Vect?(X ,O ) in [BS23, Construction 4.8] nat-
urally factors through the functors T/ (see [DLMS24, Proposition 3.43]) and T3 (see [GR24, Con-
struction 3.9]).

Remark 2.22. Assume that X is a smooth p-adic formal scheme over Spf (O ). Then, the essential
images of T/; and T3" coincide, and we have natural equivalences of categories (see [DLMS24, Theorem
1.3] and [GR24, Theorem A]):

an

CRM(X ) — Locg™(X,) —— Vect™#(X ),

cris

where Loczp (X, is the category of Z,-local systems L on X, such that L ®z, Q, is crystalline.

3. THE PRISM (Ag, [p],)

In this section, we will define and study a prism (Ag, [p]y), which is of fundamental importance in
stating and proving our main results in Sections 4 and 5. We will use the setup and notations from
Section 1.6.
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3.1. Some important rings. Let R’_ and R’ denote the tilt of Reo and R, respectively (see
Section 1.6). Set Ajnf(Roo) == W(R?,) and Ajy¢(R) = W(Eb) to be the ring of p-typical Witt vectors
with coefficients in R"Oo and Eb, respectively, and equipped with the Frobenius endomorphism on Witt
vectors and a continuous (for the weak topology) I'g-action and G g-action, respectively (see [And06,
Proposition 7.2]). Moreover, from loc. cit., we have that Aj,f(Reo) = Ains(R)2. We fix 1 == ¢ — 1,
where ¢ == (1,(p, 2, .. .) is in R%, and let ¢ = [¢] in Ajn¢(Roo) denote the Teichmiiller lift of . Let
pi=q—1and & = /o (u) be some fixed elements of A;,(Rs ), and note that g = 7 mod p. Then,
from the description of the weak topology on Aj¢(Rs) and Ajy¢(R) in op. cit., it is easy to see that
the weak topology on these rings is the same as the (p, u)-adic topology. Next, let us note that we
have ¢(q) = ¢P, and for any g in G we have that g(q) = ¢X(9), where y is the p-adic cyclotomic
character, in particular, we see that () = (14 u)? — 1 and g(1 + p) = (1 4 )X, Furthermore, we

have a G g-equivariant surjection 6: Aj,¢(R) — R and Ker 6 = ¢ Ayt (R). The map 0 further induces
a I'g-equivariant surjection 6: Aj,s(Reo) — ]/%oo, with Ker 6 = £Ajns(Roo)-

For 1 < i < d, we fix X! = (XZ',Xil/p,Xil/p?7 ...)in R’ and we fix topological generators of '},
as {71,...,74} and such that v;(X?) = £X?, if i = j and 0 otherwise. Moreover, we may view I'x

as a subgroup of I'r, and for any ¢ in 'y we have gyig™' = 72?‘(9)7 for all 1 < i < d. Let us also fix
Teichmiiller lifts [Xzb ] in Aing(Roo)-

3.1.1. The ring Agr. Let Ag denote the (p,p)-adic completion of the ring
Op[u][[X51#!, ..., [X}]*!]. Note that we have a natural injective homomorphism of rings
Apg — Ainr(Rs) and Ap is stable under the induced Frobenius endomorphism ¢ and the action of
T'r (see [Abh25b, Section 3]); we equip Ag with induced structures. Moreover, we have an injective
homomorphism ¢: R — Ap, defined via the map X; — [Xg], for 1 < i < d, and it extends to an
isomorphism of rings R9[u] — Ap. Equip RP[u] with a Frobenius endomorphism ¢ extending the
Frobenius on RY by setting (1) = (1 + p)? — 1, and note that the map ¢ is finite and faithfully
flat of degree p?t!'. Additionally, equip R°[u] with an RU-linear continuous action of Tz by
setting g(1 + p) = (1 + p)X| for any g in I'p. Then, the homomorphism ¢ and the isomorphism
RP[u] =+ A} are Frobenius and I' p-equivariant (see [Abh23, Section 2.5]).

Let Ag denote the (p, u)-adic completion of the unique extension of the injective homomorphism
Al < Ain¢(Rso) along the p-adically completed étale map RZ — R (see [Abh25b, Section 3.3.2]).
Then, we obtain a natural injective homomorphism Agr < Aj,f(Rs) and note that Ag is stable
under the Frobenius and I'g-action on the latter; we equip Ag with induced structures. Moreover,
note that the homomorphism ¢: R~ Af, < Ag and the isomorphism R[] = AL < Ag
extend respectively uniquely to an injective homomorphism ¢: R < Ap and an isomorphism of rings
R[u] = Ag. Equip R[u] with a Frobenius endomorphism ¢ extending the Frobenius on R by setting
@(p) = (1 + )P — 1 and note that the map ¢ is finite and faithfully flat of degree p?*!. Additionally,
equip R[[p] with an R-linear continuous action of 'z by setting g(1 + u) = (1 + p)X9), for any g
in ['p. Then, it is clear that the homomorphism ¢ and the isomorphism R[u] —+ Ag are Frobenius
and I'p-equivariant (see [Abh23, Section 2.5]). In particular, the Frobenius endomorphism ¢ on Ag
is finite and faithfully flat of degree p@+!.

Remark 3.1. For R = Op, we will denote the ring A by Ap which is equipped with a Frobenius
endomorphism ¢ and a continuous action of I'p.

Next, let us fix the following elements inside Ap:

P— a a N . a
ply =45 =21 o = Y (L4 = 1) = —p+ e d) = po+p =3 cr, 4.
(3.1)

Remark 3.2. Note that for p = 2, we have o = p and [p], = p+ 2 = p. However, such equalities do
not hold for p > 3. Let us also remark that we denote the sum —p + Zaer(l + )l as pg following
[Fon94, Section 5.2.5], where Fontaine denotes our p by 7 and pg by m9. Moreover, the notation for

P = po + p comes from [BL22, Section 3.8].

Lemma 3.3. The element p is the product of [plq with a unit in Ap, in particular, both p and [p],
generate the same ideal inside Ap.

Proof. Note that Ap/([plg) = Or|(p] and we have [a] = a mod pZ,. Since (f =1landp =3 ¢ (1+
w1 we see that p = > aeF, ¢ =yt ¢ = 0 mod [py. In particular, p = [p],, for some z in Ap.
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Moreover, since [p]; = p mod p and py = 0 mod 4, we conclude that & = 1+ py for some y in Ap, i.e.
x is a unit in Ap. This proves the claim. |

3.1.2. The ring R[uo]]. From Section 3.1.1, recall that the ring R[] is equipped with a continuous
aer, (1 + 1) is an element of R[u] and it is
invariant under the action of the subgroup F)’ of I'r (see the discussion after (1.6) for notation).

Now, consider an injective morphism of R-algebras R[z] — R[u] defined by sending z — puo.
Denote the image inside R[u] by R[uo] and we will view the latter as the ring of formal power
series over R in the variable pg. Note that the canonical injective homomorphism of R-algebras
R[uo] — R[u] is continuous for the (p, pg)-adic topology on the former and (p, po)-adic = (p, p)-adic
topology on the latter. Moreover, from the explicit description of ug in (3.1), it follows that R[uo] is
stable under the Frobenius endomorphism and the continuous action of I'g on R[u]; we equip R[uo]
with the induced Frobenius endomorphism and continuous action of I'g.

and R-linear action of I'r. Moreover, note that pg =

Lemma 3.4. Taking invariants of R[u] under the action of F)\ induces a (¢,To)-equivariant iso-
morphism of rings R[ue] — R[[,u]]FPX. Similarly, we have a (¢,Tg)-equivariant and R]uo]-linear
isomorphism poR[po] = (WR[u])"> .

Proof. Note that the map in the claim is (p, I'g)-equivariant by definition. Moreover, by Remark 3.2,

the claim is trivial for p = 2. So, assume that p > 3 and consider the following (¢, I'r)-equivariant
commutative diagram:

0 —— Rlpo] —— R[] R 0
l l l (3.2)
0 R[u] —"— R[] — R[] — 0,

where the vertical arrows are natural inclusions and the bottom row is exact since we have
R[u]/([ply) — R[¢) and [p],R[p] = PR[p] using Lemma 3.3. Now, note that the top row is
F, -invariant and for the bottom row, consider the associated long exact sequence for the cohomology
of FX-action and observe that H'(F), R[u]) = 0, since p — 1 is invertible in Z,,, and R[¢,)F» = R. In
particular, from the long exact sequence we obtain that R[]/ () — R[u]™ /(p). Since, R[[uo] and

R[u] Fo are p-adically complete and j-torsion-free, it follows that Rpo] — R[] Fo.
Next, for the second claim, we consider the following (¢, 'r)-equivariant commutative diagram
with exact rows:

0 —— poRJmw] —— RJuo] —— R —— 0

| |

0 —— pR[u] R[] R 0,

where the vertical arrows are natural inclusions. Note that the top row is F-invariant and for the
bottom row, consider the associated long exact sequence for the cohomology of F-action and observe

that H'(F), uR[u]) = 0, since p — 1 is invertible in Z, and we have R™" = R and R[] =
R[u]> from the first part. Hence, it follows that the left vertical arrow induces a (¢, To)-equivariant
isomorphism po R[] = (uR[u])F> . |

Remark 3.5. Note that from (A.1), we have an F)\-decomposition as R[u] = @f:_g R[u];. Moreover,

from Lemma 3.4, it follows that we have R[uo] — R[u]™» = R[u]o and the preceding decomposition
is R[uo]-linear. In particular, for each 0 < ¢ < p — 2, we have that R[[u]; is a (p, o)-adically complete
module over R[ug], equipped with a continuous action of T'g.

Lemma 3.6. Let g be any element of Ty, then (g — 1)uo is an element of puoOr[uo]-

Proof. Recall that Op[uo] C Ap is stable under the action of T'y. So if ¢ is any element of T'y, then
(9 — 1)po is an element of (uAp)™» < 1Op[uo] (see Lemma 3.4). So let us write (g — 1)po = poz.
Now, let us consider the diagram in (3.2) with R = Op, where the projection map Op[ug] — OF
sends po to —p. In particular, we see that (¢ — 1)up = —pz mod pOF[u]. Moreover, from the
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I'p-equivariance of the diagram, it follows that (¢ — 1)up = 0 mod pOp[ue]. As OF is p-torsion-free,
therefore, we conclude that 2 must be an element of pOr[ug]. Hence, (g — 1)po is an element of
ProOF o] [ |

Lemma 3.7. The element o is the product of uP~' with a unit in Ap, in particular, both o and
wP~1 generate the same ideal inside Ap.

Proof. The idea of the proof is motivated from [Fon94, Proposition 5.2.6]. Let 1 = [],cpx ((1+p) —

1) be an element of Ax. Then, by expanding the product, it is easy to see that y; = uP~1u for some
unit w in Ap. Moreover, p is invariant under the action of F;j on Ap. Therefore, we get that up is

also an element of Op[1]™ <= Op[uo] (see Lemma 3.4). So, let us write 1y = > ken GkiG, Where ay,
is in O for each k € N. But since 1 = 0 mod pAp and py = 0 mod pAp, we conclude that ag must
be 0. In particular, inside Ap, we have

PP =y = po(ar + > ok>2 appg ) (3.3)

Since Ap is pg-adically complete, it is enough to show that in (3.3), the element a; is a unit in
Or. Note that from the expression of pg, it is easy to see that we have py = pP~! mod pAr.
Therefore, reducing (3.3) modulo p, and using the preceding observation, we get that pou =
polar + 3 ko arpE™) mod pAp. Now note that Ap/p = s[u] is po-torsion-free. Therefore, from
the preceding equation, we conclude that u = a; + Zk>2 app®~DE=1) mod pAp. In particular,
a; = u— Zk>2 app®P=DE=Y mod pAp, is a unit in Ap/p = k[u]. Since a; is an element of Op, it
follows that a; mod p is a unit in x and therefore a; is a unit in Op. Hence, from (3.3) we obtain that
1P~ 1 is the product of po with a unit in Ag. [ |

Remark 3.8. From Lemma 3.7 and its proof, it follows that Ar is a free Op[uo]-module of rank
p — 1. In particular, the natural ring homomorphism Og[up] — Ap is faithfully flat and finite of
degree p — 1. Similarly, the natural ring homomorphism R[uo] — R[u] is faithfully flat and finite of
degree p — 1.

Lemma 3.9. Let us consider the ring Ap equipped with Frobenius endomorphism ¢ and its subring
Or[uo] equipped with the induced Frobenius. Then, we have the following:

(1) The ideal pAp C A is §-stable in the sense of [BS22, Example 2.10].
(2) The ideal poOr[po] C Orfuo] is 0-stable.
(3) We may write o(p0) = upop?~t, for some unit u in Op[uo].

Proof. To prove (1), note that we have §(u) = W belongs to Ar. Then, using the product
formula for d-structures from (2.1), it follows that for any = in Ap, we have o(uz) = pPdé(z) +
aPo(u) + pd(p)d(x), i.e. 6(ux) belongs to pAp. Next, by induction on m € N and using the preceding
observation, it easily follows that 6™ (uz) also belongs to uAp.

To show (2), let us first note that since the action of I'r on Ap commutes with the Frobenius,
therefore, the action of I'p also commutes with the é-map, i.e. for any x in Ap and g in I'p, we have
g(0(z)) = 6(g(x)). Now, by using (1), we have that for any y in Op[uo], the element uoy belongs
to pAp. Therefore, for any m € N, we get that §™ (uoy) belongs to pAp. But 6™ (uoy) also belongs
to Op[uo], so we get that 6™ (puoy) is an element of Op[ue] N pAp = (LAR)> < 1eOp[uo] (sce
Lemma 3.4). In particular, the ideal poOp[uo] C Op[uo] is d-stable.

The proof of (3) is similar to that of [Fon94, Proposition 5.2.6]. Using Lemma 3.3 and Lemma 3.7,
let us write [p], = vp and po = wpP~?, for some units v, w € Ap. Then, we have that

o(p0) = p(wpP~ ") = p(w)p(n)P " = p(w)pP plh " = e(w)v? PP~ PP = upep?

1 1

where u = p(w)w tvP~! is a unit in Ap. Since, po and p belong to Op[ug], it follows that v =

o(10)/ (opP~1) is an element of Op[u]™ <= Op[uo] (see Lemma 3.4). u

3.2. The prism (Ag, [p];). In this section, we will show that (Ag, [p],) is an object of the site
(Spf R) and a covering of the final object of the topos Shv((Spf R) ). Moreover, we will compute
the first few terms of its prismatic Cech nerve and study the induced action of I'g on those terms.
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3.2.1. An object of (Spf R) . We begin with the following important observation:
Lemma 3.10. The pair (Ag,[plq) is a prism and an object of (Spf R)

Proof. Note that the ring Ag is p-torsion-free and equipped with a Frobenius endomorphism ¢. So
from Remark 2.2, we get that A is a 6-ring. Moreover, we have that [p], = u?~' +puP=2 +--- +p, so
Apg is (p, [p]g)-adically = (p, u)-adically complete. Now, since ¢(u) = [p]qu, therefore, we may write
p = o(lplg) — (P~ pl2~t + puP=2[plP =2 + -+ + p(p — 1)p[ply/2), in particular, p is an element of
[PlgAr + ¢([plq) Ar-

Next, we have a I'g-equivariant surjective map AY — A%/([p],) — R" [C,,,Xll/p,. X;/p}
where the isomorphism is obtained by sending p + ¢, — 1 and [X!] + Xj/p, for 1 < i < d. The
surjective map above extends uniquely along the p-adically completed étale map RZ — R, i.e. we have
a I'g-equivariant surjection

ey B

Ar = Ar/(lg) = R[G X177, XG7). (3.4)
Clearly, we have the structure map R — R[Cp, Xll/p, cee X;/p] and Ar/([plq) is p-torsion-free. Hence,

(AR, [plq) is a prism and it satisfies the axioms of Definition 2.7, therefore, it is an object of (Spf R) . W

From Lemma 3.10 we see that (Ag, [p],) may be regarded as an object of (Spf R) via Ar —
Ar/([plq) < R. Moreover, we have the following:

Lemma 3.11. The object (Ar, [plq) is a cover of the final object of the topos Shv((Spf R) ).

Proof. Note that R is a perfectoid R-algebra (see [BMS19, Definition 4.18]) and the §-pair
(Aint(Reo), [pl4) is a prism and an object of (Spf R) , since Aint(Roo)/([plg) — Re. Moreover,
the natural map Ag — Ajnf(Rso) is compatible with the prism structure on both rings, in particular,
we have a map (Ag, [plq) = (Ainf(Roo), [Plq) of prisms in (Spf R) . So, to show that (Ag, [p]) is a
cover of the final object of the topos Shv((Spf R) ), it is enough to show that (Ainf(R), [p]g) is & cover

of the final object of the topos Shv((Spf R) ). Now, note that the natural map R — R is faithfully

~

flat and the p-complete Tor amplitude of the cotangent complex L in D(Ry) (see Appendix

oo /R
A1), isin [—1,0] because R is a p-complete smooth Z,-algebra and R is a perfectoid Z,-algebra, in

particular, R, is quasisyntomic and Lﬁ /7 has p-complete Tor amplitude concentrated in degree —1
oo/ &p

(see [BMS19, Proposition 4.19]). Therefore, R — R isa quasisyntomic cover in the sense of [BMS19,
Definition 4.10], and from [BS22, Proposition 7.11], it follows that (Ainf(Reo), [p]q) is & cover of the
final object of the topos Shv((Spf R) ). This allows us to conclude. |

Lemma 3.12. Let g be an element of I'r. Then, the action of g on Ar induces an automorphism
of (Ar,[plq) in (Spf R) . Moreover, we have that (g — 1)Ar C pARg.

Proof. As the action of 'y on Ap is continuous, it is enough to check the claim for the topological
generators {v1,...,7v4} of I'; and each g in I'p. Note that for 1 < ¢ < d, using the description of Ag
from Section 3.1.1 and explicit computations, it easily follows that we have (y; — 1)Ag C pAg and
7i([pl4AR) C [pl4Ar. For any g in T'p, note that we have (g — 1)p = (1 + p)X\9) — 1 — p = x(g)pu — p,
for some unit v in Ar depending on g, and therefore, it follows that (9 —1)Ar C pAg. Similarly, note
that g([plq) = g(w(u)/p) = e(pu)/(pu), which belongs to [p];Ar. This proves both the claims. |

3.2.2. Prismatic Cech nerve of (A, [plg)- In this section, we will provide a description of the
simplicial object (Agr(e),I(e)) in (Spf R) . Such a description would help in describing any prismatic
F-crystal over (Spf R) in terms of an Ar-module with stratification.

Construction 3.13. Let Agr(e) denote the cosimplicial ring obtained by taking the prismatic Cech
nerve (Ag(e),1(e)) of (Ag,[ply) in (Spf R) . Clearly, we have that Ar(0) = Agr. As products in
(Spf R) are computed via prismatic envelopes (which exist in our case), we may describe Ar(n) a bit
more explicitly (see Lemma 3.15 below explaining that the following construction of Ag(n) represents
the (n-+1)-fold self product of (Ag, [p],) in (Spf R) ). Forn € N, let (Ag)®(™*Y denote the (n+1)-fold
tensor product of Ar over Op and we consider the Ag-algebra structure on (A R)®("+1) via the first
component, i.e. a — a®1®™. Let (Ag)®™+1) denote the (p, [p],)-adic completion of (Ag)®"+1) which
may be written as the (p, [p]q)-adic completion of an étale algebra over a polynomial ring in finitely
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many Varlables defined over a power-series Ag-algebra in finitely many variables, in particular, we see
that (AR) (n+1) is (p, [p]q)-completely flat over (Ag, [p],). In other words, for each m € N>, we have
that the natural map Agr/(p, [ply)™ — (Ar)®™*V /(p, [p], ® 1) is flat. Since A is noetherian, from

[Sta23, Tag 0912], it follows that the map Ar — (Az)®™*Y is flat. Now, for each n € N, we have a
surjection

(Ap)®r+D _, R[C, X177, .. 7Xc1l/p]®(n+1)v (3.5)
where in the right hand term, the tensor product is over R.

For 1 <i<n+1,letn;: Agp — (Ag)®" 1) denote the map, sendinga+— 1®---®a®---®1, in
the ith positlon. Then, the kernel of (3.5) is given by the ideal

J(n) = (na([plg) ns (X)) —na([X2)P) for 1 < s < dy1 < i <ntl, 1< j < myk = j+1) C (Ag)®r+D),

Note that from the proof of Lemma 3.10, we have that Ar/([ply) — R[(p, X 1/p, . 1/1)} (see
(3.4)). Therefore, it easily follows that the sequence {p, n;([ply), n;([X2]P) — np([X2]P) for 1<s<
d1<i<n+1,1<j<nk=j+1}isregular on (Ag)®"+D. So, from [BS22, Proposition 3.13],

we set (Agr(n), nl([p]q)) to be the prismatic envelope of ((Ag)®(*+1) J(n)) over the bounded prism
(Ag, [plq). By the universal property of prismatic envelopes, the maps n; from above extend uniquely
ton;: Ag = Agr(n), for 1 <i<n+1.

Let us denote the cosimplicial ring Ag(e) by the usual diagram

e ey
AR(e): Ar(0) = Ar(1) e ARr(2)---,
\_/ \\7

where explicitly we write p; = 11: Ar(0) — Ag(1) for themap a — a®1and ps = 13: Ar(0) — Agr(1)
for the map a — 1 ® a. Similarly, we define maps p12, p13 and p23. To avoid confusion, we shall write
r; =2;: Ap — Ag(2) for the map sending a to the j*® position for j = 1,2, 3. ]

For later calculations it will be convenient to have an explicit presentation of Ag(1l) and
Ag(2). Recall that the ideal J(1) = ([p], ® 1,1 ® [p],[X)]P @1 -1 @ [X]Pfor 1 < i <

d) C Ap®o,Ag, is the kernel of the map in (3.5) for n = 1. Consider the d-algebra
_ b1p P11 — b1p . s e
(AR®OFAR){1§[%‘{, ) %qéig[xl] ey X) ?pl]qé?[Xd] }6 obtained by freely adjoining [p‘ﬁgl to
ARr®o0,Agr. Then, from [BS22, Proposition 3.13] we have that
18[pl, [X}]P©1-18[X}]” xXrei-1exgr "
Ar(1) = (AR®OFAR){[1) ®1’ P S R S = }(p,[p]q(ggl)7 (3.6)

i.e. Ag(1) is the (p, [p], ® 1)-adic completion of the §-algebra (Ar®o, AR){[p‘ﬁigl}g. Similarly, using

the ideal J(2) C (AR)@;, from [BS22, Proposition 3.13] we have that

B &3 g2 "
Ar(2) = (Ag) {[p]q®1}(p plae1)’

i.e. Ag(2) is the (p, [plq ® 1)-adic completion of the d-algebra (Ag) 3{

)y

Lemma 3.14. The Agr-linear morphisms n;: Agr — Ag(n), for 1 < i < n+1, are faithfully flat.
In particular, the morphisms p; for i = 1,2 and r; for j = 1,2,3 are fazthfully ﬂat. Moreover, the

element Z;E[[Z]]‘;g is a unit in Ag(n), for 1 <i < n+1. In particular, [ﬁq[g‘i

Proof. Note that from [BS22, Proposition 3.13], the map n;: Ag — Ag(n) is (p, [p]q)-completely
flat. In particular, n;: Ar/(p, [plg)™ — Ar(n)/(p,[plq ® 1)™, is flat for each m € Nx;. Since Ap is
noetherian, from [Sta23, Tag 0912], it follows that n; is flat. Moreover, as we have that A on; = id,
therefore, for an Ag-module M, we see that Ag(n) ®,, a4, M = 0 if and only if M = 0. Hence,
the morphisms n; for 1 < ¢ < n + 1 are faithfully flat. Finally, it is easy to see that n;([p]) is a

distinguished element of Ag(n) and writing n,([p]y) = n1([plq) Zl(([[?]“;)), from [BS22, Lemma 2.24], we

get that Z E[[Z]] y is a unit in Ag(n). |

is a unit in Agr(1).
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Lemma 3.15. The pair (Ar(n),n1([plq)) is a prism and an object of (Spf R) . Moreover, we have
that (Ar(n),n1([ply)) is the (n+1)-fold self product of (Ag, [plq) over the final object of Shv((Spf R) ).

Proof. From [BS22, Proposition 3.13] note that (Ar(n), n1([ply)) is a prism and it is (p, [p],)-completely
flat over (Ag, [plq), in particular, (Ag(n),n1([ply)) is a bounded prism by [BS22, Lemma 3.7]. Fur-
thermore, note that we have a natural map R~ — Ag(n)/(n1([p],)), defined by sending X; +
p1([X2]P) mod (n1([p],)), and by the p-complete étaleness of R~ — R, it extends to a natural map
R — Ag(n)/(n1([plq)). So we have structure maps Agr(n) - Agr(n)/(ni1([plq)) < R, and it follows
that (Ar(n),n1([p]y)) is an object of (Spf R) .

Next, we shall show that (Ar(n),n1([ply)) is the (n + 1)-fold self product of (Ag, [p]) over the
final object of Shv((Spf R) ). Let C denote the category opposite to that of (Spf R) , and it suffices
to show that for any prism (B, K) in (Spf R) , there exists a natural bijection of sets

Home(Ag(n), B) — [[;_, Hom¢(Ag, B).

From Construction 3.13, recall that we have morphisms n;: Ag — Agr(n), for each 1 <i < n+ 1. So,
given any f: Ar(n) — B in C, precomposing it with n; yields morphisms f on;: Ag — B, for each
1 <i < n+ 1. In particular, this yields a natural homomorphism of sets

h: Hom¢(Ag(n), B) — [[2) Home (AR, B)
fr— (fonz)-

From Lemma 3.14, recall that each n;: Agr — Ag(n) is faithfully flat, therefore injective, and so it
follows that h is an injective map. To show the surjectvity of h, for each 1 <i <n+1,let f;: Ag —
B denote a homomorphism in C. Then, we have a natural Frobenius-equivariant homomorphism

@t fi: A®(n+1) — B defined via (z1,...%n41) — H;Hll (i), and since B is (p, K)-adically =
(p, plg)- adlcally complete and each fz is Frobenius-equivariant, we get that ®l 1 ; naturally extends

to a homomorphism of J-algebras ®1 1 fl A®("+1)

the following diagram:

— B. Moreover, note that the commutativity of

An+l

A%(n+1) ®Qi=1 fi B

l(3~5) l

R[Cp, X177, X3P R B/K,

shows that (@?;1 fi)(J(n)) C K. Consequently, from the universal property of prismatic envelopes

[BS22, Proposition 3.13], it follows that the homomorphism @Z:ll fi naturally extends to a homomor-
phism f: Ar(n) — B in C. In particular, we get that h induces a bijection of sets, thus allowing us to
conclude. |

Remark 3.16. In the following, we will denote the prism (A (1), [p]y ® 1) simply as (Ar(1), [plg). In
the light of Lemma 3.14, this simplification should not cause any confusion to the reader.

3.2.3. Galois action on (Ag,[pl,). Note that for n € N, the product FX(nH) Of n+1

copies of I'g, naturally acts on the d-ring (AR) (n+1) and the rmg homomorphism (AR) (nt+1) _,
R[¢, X 1/1’, . l/p]®("+1) from (3.5) is easily checked to be I' ("+1)_gquivariant. So, by the univer-

sal property of prlsmatlc envelopes, the continuous action of FX (m_l) n (A R)®("+1) naturally extends
to a continuous action on Ag(n). Moreover, since the action of g is the identity on Ar/(u), we claim
the following:

Proposition 3.17. The action of the i'" component of FX(HH) is trivial on Ar(n)/(ni(w)).

Proof. From the definition of the action of I‘X(WH) (AR)@(”“), it is easy to see that the i*®

component acts trivially on (AR)®(”+1)/( i(1)). Then, from Construction 3.13, we note that to get
the claim, it is enough to show that for any x in the set of generators {n;([pl,), & ([X2]P) — ni([X2]P)},

for 1 <s<d, 1<j,k1<dandk# 1, of the ideal J(n) C (Ag)®" 1) we have that

(9 - )5m(m) € ni(n)Ar(n), (3.7)
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for each m € N and any g in the i*® component of T ;(RH). We may reduce this claim further as

follows: using Lemma 3.9 (1), let us first note that n;(u) Ar(n) is a é-stable ideal of Ar(n) in the sense
of [BS22, Example 2.10]. Then, by using Lemma 3.19 for A = Ag(n) and a = n;(u), we see that to

prove our main claim, it is enough to show (3.7) for m = 0, i.e. (g — 1)(#1%)) belongs to n;(u) Ar(n).

Let us first assume 1 < ¢ < n+1 and since the action of I'g(= ¢** component of FE("H)), on Ar(n)
is continuous, it is enough to check the preceding claim for the topological generators {~1,...,va} of
I, and each g in T'r. Now, take x = ng([X2]?) — n;([X2]?) in J(n). Then, the claim is obvious for
k # i and [ # i. So, assume that k = ¢ and [ # ¢ (the case k # ¢ and [ = i follows by a similar
argument), and note that we have

th

T 1+n; Pn,; X'S’p —n; X':p n; )N n; X:p
(73_1)(n1( ): A+ni(p)Pni ((X]7)—ni([X207) _ na(plg)ni(w)n: ([X]P)

[vle) 1 ([pl) 0 (2l € ni(n)Ar(n),

ni([plq)
n1([plq)
note that for any g in I'r, we have that

(9= D) = =ty ™ € (W Ar(n),

where the first equality follows from Lemma 3.18. Therefore, by using Lemma 3.19 for A = Agr(n)

and o = n;(u), it follows that we have shown (3.7) for all generators of J(n) and 1 < i < n+ 1.
(n+1)
, 0

where we used the fact that

is a unit in Ag(n) (see Lemma 3.14). Next, let = = n;([p],), and

Let us now assume ¢ = 1 and again note that since the action of ' = 1%¢-component of F:z n
Agr(n) is continuous, therefore, it is enough to check the preceding claim for the topological generators
{71,...,7a4} of I'; and each ¢g in I'p. An argument similar to above, shows that for all z in J(n) and
1 < s < d, we have that (v, — 1)(@) belongs to nq1(u)Ar(n). Now, take any ¢g in I'p and z an

element of J(n). Then, we have that

_ 1 1 .
(9 =D Grrrn) = *(Gameny — ) € M Ar(n),

using Lemma 3.18. Therefore, by using Lemma 3.19, it follows that we have shown (3.7) for all
generators of J(n) and ¢ = 1. This allows us to conclude. |

The following observation was used above:

Lemma 3.18. Let g € T'p, then (g — 1)[plq belongs to [plquAr and (g — 1)(@) belongs to ﬁAF.

Proof. Let us first observe that g(u) = x(g)ugp, where x is the p-adic cyclotomic character, and
ug =1+ x4, for some z, € Ap, is a unit in Ap. Then, we have that

(9= Dlply = (9 — 1) £ = £l _ olu) — (20) 1) [p], € [plopAs.

Next, observe that

Ug "

V(A — (e — 9w 1) L & &
(9 1)([1%) =g 1)<P(M) T oelg(w)  oe(p) T (sO(Ug) 1) [plq € [p]qAF'

This proves the lemma. u

The following is a useful general statement for d-rings admitting an action of I'p (see Section 3.4.3
for applications):

Lemma 3.19. Let A be a p-adically complete p-torsion-free 6-ring such that A admits a continuous
and p-equivariant action of T'r, and let o be an element of A such that the ideal (o) C A is §-stable
in the sense of [BS22, Example 2.10]. Assume that for some x in A and g an element of FE(HH),

we are given that (9 — 1)z is in (). Then, for each m € N, we have that (g — 1)6™(x) also belongs
to ().
X (n+1)

Proof. Let us fix some = in A and ¢ an element of 'y, such that (g — 1)z lies in (a). We shall
proceed by induction on m € N. So, for some m € N, let us write (g — 1)6™xz = ay. Then, observe
that

(9= DE™*Ha) = (g — 1) L")
L (p((g — 1)6™2) — (g — 1)(6™2)?)
5(p(ay) = (g = 1)d™z + ™) + (™))
1

L

L(p(ay) - X0_, (1) (ap)*(6™a)"*) = d(ay) — L 071 (2) (ay) (5™ a)r .
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Using the product formula for d-structures from (2.1), it follows that d(ay) belongs to (o). Hence,
(g — 1)(6™*1z) belongs to («), thus proving the claim. |

~

Remark 3.20. For n € N, the d-ring (Az)®"*V) is equipped with a Frobenius endomorphism given
as thg tensor product of Frobenius on each component. By compatibility of d-structures between
(AR)®(*+1) and Ag(n), we have that the Frobenius endomorphism on Ag(n) is compatible with the
one on (A R)g(”“). Then, by the description of the Galois action on Agr(1), it follows that the natural
map p;: Ar — Agr(1) is (¢,I'%)-equivariant for i = 1,2, where I'% acts on the source via projection on
to the i coordinate. Similarly, the natural map r;: Ar — Ag(2) is (¢, ['%)-equivariant for j = 1,2, 3,
where 1"% acts on the source via projection on to the j* coordinate.

3.3. The ring Agr(1)/(p1(p)). From Remark 3.20 recall that we have a (p,'%)-equivariant
maps p;: Ap — Ag(1) for i = 1,2, where Ap is equipped with a ['%-action via projection on to the

ith coordinate. Moreover, we note that there is an induced action of I'4 on Ag(1)/(p1()), where

the action of the first component is trivial. Additionally, from Section 3.1 recall that we have fixed
topological generators {~1,...,7a} of I';. The goal of this section is to give an explicit description of
the ring Ag(1)/(p1(1)) and explain some of its properties. We start with some computations.

3.3.1. Some divided power calculations. Our first goal is to show the following claim:

Proposition 3.21. The following natural map is a @-equivariant isomorphism of p-torsion-free rings
B: Ar = Rl {(0"" /)" }ienlpy = RIH(" ™" /p) " Frenly - (3.9)
Notation. For any element 2 and k € N, we use z!*! to denote z*/(k!).

Proof. Let B denote the divided power envelope of the R[u]-subalgebra R[u,u?~!/p| C R[u][1/p],
with respect to the ideal (P~ /p) C R[u, u?~'/pl, i.e. B = R[u, {(1*~ /p)*}ren]. Similarly, let B’
denote the divided power envelope of the R[u]-subalgebra R[u][u?~1/p] C R[u][1/p], with respect
to the ideal (uP~'/p) C R[u][p?~"/p), i.e. B = R[u][{(1*~/p)*}1en]. Note that the source and
the target of (3.9) are the respective p-adic completions of B and B’. Moreover, we have a natural
homomorphism of rings B — B’ induced by the inclusion R[u]{1/p] C R[u][1/p]. Evidently, the
rings B and B’ are p-torsion-free, the natural map B — B’ is injective and to show that (3.9) is an
isomorphism, it is enough to show that the natural map B — B’ induces an isomorphism of rings
B/p = B'/[p. Since, u?~1 = p(uP~'/p) in B and B’, therefore B/p = B/(uP~t,p) = (B/uP~1)/p
and B'/p = B'/(u?~",p) = (B'/uP~")/p.

Now, from Lemma 3.22, using the explicit description of B and B’, we have a natural commutative
diagram

(R[] /P~ 1) [Yo, Y1, .../ (pYo — P~ {pYis1 — Y ken))/p —=— B/p
(R[p]/pP=1)[Yo, Y1, .. .}/ (Yo — pP =1 {pYis1 — Y Tien))/p —— B'/p,

where the vertical arrows are natural maps, the top horizontal arrow is reduction modulo p of the
isomorphism in (3.10) and the bottom horizontal arrow is reduction modulo p of the isomorphism in
(3.11). Since R[u]/(uP~1) = R[u]/(uP~1), it follows that the left vertical map is an isomorphism
as well. So, we obtain that B/p — B’/p and hence (3.9) is an isomorphism of p-torsion-free rings.
Finally, note that by definition the map 5 in (3.9) is p-equivariant. This concludes our proof. |

The following descriptions of B and B’ were used in the proof of Proposition 3.21:

Lemma 3.22. The following natural map is an isomorphism of rings

R[u][Yo, Y1, .../ (Yo — =1, {pYes1 — Vi Iren) — B, (3.10)
where Yy, = (uP~1/p) "], Stmilarly, the following natural map is an isomorphism of rings

R[u][Yo, Ya,.../(pYo — pP =, {pYit1 — Y Ihen) — B, (3.11)

where Yy > (P~ /p)[P".
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Proof. We shall only show that the map in (3.10) is bijective, the claim for (3.11) follows by a similar
argument. Define an R[u]-linear map

k].

RIpl[Yo, Yi,..] — B, Yj s ()P (3.12)
Let us first note that this map is surjective. Indeed, let n € N and write n = >"_, n;p® in base p, with
0 < n; < p—1. Then, we have that
WP\ p—1 r i i r i\ r p—1 i
(W) = L i TP = LT (pi) T (A2,

An easy computation shows that the p-adic valuation of [];_, (p*)™ equals the p-adic valuation of
n!l. So, it follows that (3.12) is surjective and it is clear that the kernel of (3.12) is given by the ideal
(pYo — P~ {pYis1 — Y/} ken) C R[p][Yo, Yi,...]. This proves the claim. |

Remark 3.23. Let Ar = Op[u, {(,up’l/p)[k]}keN];\ = Opﬂu]][{(up’l/p)[k]}keN]g and from Propo-
sition 3.21 note that it is a p-torsion-free algebra over Ap = Op[u]. We equip A with a continuous
(¢,p)-action by extending the (¢, T'p)-action on Ap, and using the formulas @(uP~') = [p]p~!pP~*
and g(uP~1) = x(g)?~ P~ u, for some unit u in Ar depending on g. Then, using the completed tensor
product description, we get that the isomorphism (3.9) in Proposition 3.21 is a (¢, 'r)-equivariant
isomorphism of rings

B: Ag = R®0o,Ar — R[U]@0,[uAr- (3.13)

Moreover, recall that from Section 3.1.1, we have a (¢,I'r)-equivariant isomorphism of rings
t: R[u] = Ag. This extends to a (p, 'r)-equivariant isomorphism

L RHMH®OFHMHAF L} AR®AFAF7 (314)

where we take the tensor product action of ¢ and I'r and completion is with respect to the p-adic
topology.

For any k € N, let &k = (p — 1)f(k) + r(k), with »(k), f(k) in N and 0 < r(k) < p—1. Set

k
ikt = 7f(kﬁpf(k)’ and note that we have Ap = Op[u, {(,up_l/p)[k]}keN]}’j\ = Oply, {u{k}}keN];. In
particular, for any = in Ap we have a unique presentation z =, _\ app®t in Ap, with ay, in Op for

all £ € N, and p-adically ap, — 0 as k — +00. We note an important observation which will be used
throughout.

Lemma 3.24. The element t = log(1 + p) = ZkeN(—l)k’]‘;—: converges in pAp. Moreover, the
elements t/p, [ply/p and p/p are units in Ap.

. k 3
Proof. Formally, let us write t/p = Z:ke,\l(—l)kk“—+1 =Y en @t and p/t = m =3 en bip,
with vy (ar), vp(by) > f%, for all £ € N. From the discussion before the lemma, recall that pt*} =

u*
T T Then,

oo (i) = =51 + v (FR) + 1) > v (155)1) — 1,

where the last term goes to +0o as k — +oo. Similar claim holds with aj replaced by by above.
Hence, we conclude that t/p and p/t converge in Ap as inverse to each other. Moreover, we have
[plg = o(p) /1 = pe(p/t)t/pin Ap, so [ply/p is a unit in Ap. Furthermore, using Lemma 3.3, we see
that p/p is also a unit in Ap. [ ]

3.3.2. Explicit description of Ar(1)/(p1(n)). In this section, we consider the Ag-algebra struc-
ture on Ag(1)/(p1(1)) via the composition Agr 22 Agr(1) — Ag(1)/(p1(1)) and the I'g-action on
Agr(1)/(p1(p)) means the continuous (for the p-adic topology) action of 1xT'gr on Ar(1)/(p1(p)). Let us
consider the p-adically completed divided power Ag-algebra Ag [ [Tkenat (ur=1/p) [kO]Tl[kI] e Tgf‘i]];,
where T71,...T,; are variables. We equip this ring with a continuous (for the p-adic topology) action
of I'r by extending the I'g-action on Ag by setting v;(T;) = M[Xib] + Tj;, for j = 1, or T}, otherwise.
Moreover, we have ¢(uP~1) = [QU]{Z)_1 1P~ so we may further equip this ring with a Frobenius endo-
morphism ¢, extending the Frobenius on A by setting ¢([X?] — T;) = ([X?] — T;)P. Then, we claim
the following:
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Proposition 3.25. There exists a natural (o, 'g)-equivariant isomorphism of p-adically complete
and p-torsion-free Ar-algebras

o Ap(1)/(pr () = Ar [ TTeenas: (=1 /p) Tl o], (3.15)

where pa (1) = . p2([X7]) = [X7] and pi ([X7]) = [X7] = T

Proof. To construct the map in (3.15) and to show that it is bijective, we shall use the results of
Appendix B. Let A == Ap®0p, Ar denote the (p,p;(u))-adic completion of Ar ®0, Ar equipped
with the tensor product Frobenius, in particular, A is a p-torsion-free §-ring. Moreover, note that
©"(p1(p)) is a nonzerodivisor on A, for each n € N, and A/p;(u)A — A is p-torsion-free. Therefore,
by setting ¢ to be p; (1) + 1, we see that the ring A satisfies Assumption B.1. Next, let B := Ar®0, Ar
denote the (p, p1(1))-adic completion of Agr ®0, Agr equipped with the tensor product Frobenius, in
particular, B is a p-torsion-free d-algebra over A. Note that ¢™(p1(n)) is a nonzerodivisor on B, for
each n € N, and B/p; (1) B — R®0, AR, as the p-adic completion of R®o,. Ag, is p-torsion-free. Set
Yo = pa([ply) — p1([ply) and Y; = pa([X?]P) — p1([X?]P), for each 1 < i < d, as elements in B. Then,
it is clear that the sequence {Y7,...,Yy} is regular on B and B/pB. Moreover, from the discussion
in Construction 3.13, recall that the sequence {p,p1([plq),p2([plq), Y1,...,Ya} is regular on B and
since [p], = pP~! mod p, therefore, it follows that the sequence {p, p1 (), p2([ply), Y1, ..., Ya} is also
regular on B. In particular, we see that {Yo, ..., Yy} is regular on B/p1([p],)B and on B/(p, p1(1))B.
Therefore, we obtain that the A-algebra B satisfies Assumption B.4.

Now, let I denote the set of natural numbers {0,...,d} and for each ¢ in I, let y; == Y;/p1([plq)
be an element of B[1/pi([plq)]. Set Ey to be the B-subalgebra of B[1/p1([p]y)] generated by {y;}icr
(see the discussion before Lemma B.6), and E to be the d-subalgebra of Eo[1/p, {1/¢™(p1([pl¢)) }nen]
generated over B by {y;}icr (see the discussion before (B.4)). From the discussion before (3.6), note
that the ring Ar(1) is given as the (p, p1([plq))-adic = (p, p1(1))-adic completion of E, therefore, the
ring Ar(1)/(p1(p)) is given as the p-adic completion of E/p;(u)E.

Next, let A == A/uA and B := B/uB equipped with the induced Frobenius, in particular, an
associated é-structure, since A and B are p-torsion-free (see Remark 2.2). Let Eq := Ey/uFEy and for
each i in I, denote by Y; (resp. ¥;), the image of Y; (resp. y;) in Eq. Define E to be the -subalgebra
of Eo[1/p] generated by {7, }icr over B (see the discussion before (B.4)). Then, from (B.4), we have
a natural surjective map F — E inducing an isomorphism of p-torsion-free d-rings E/uE — E, by
Proposition B.10.

Now, for each 1 < i < d, set 7; == pa([X?]) — p1([X?]) as an element of Ey. Moreover, note that
p2(u)P~1 = Y + pa, for some a in pa(u)Ey, so we set 79 = p2(p)?~1/p = Yo + a as an element of
Fo. Let us set E = Eo[{Ti[n]}ieI,neN] as a divided power Eg-subalgebra of Fy[1/p]. We claim that
E=F in Eo[1/p]. Indeed, to show the inclusion E c E, note that for each 1 < i < d, we have
7 =Y, — pd(r;), where §(7;) is in E¢ by Lemma 3.26, in particular, 77 /p =3, — §(r;) is in By C E.
Moreover, using the equalities above we have that 75 = 75 + pb, for some b in Eq since pa(p)P is in
pEy, and by using Lemma 3.26 we have that 75 = (7,) — pd(7,) is in pE. Therefore, we get that
5 /p=0b+75/pis in E. Hence, by using [BS22, Lemma 2.35], it follows that E CE.

Next, to show the inclusion E C E/, note that since we have 7; in FI, for each ¢ € I, therefore, it is
enough to show that ¢ on E[1/p] preserves F' and the resulting endomorphism of o gives a d-structure,
or equivalently, that ¢ restricts to a lift of Frobenius on E . Note that @(T(gn]) = pg([p]q)"T(gn] is in pE
and for each ¢ € I, we may write

n

n T, TP 4pd ()™ n ¢ m— n— 1pn—k k n—
‘P(Ti[ ]) = (T = (7 +pé(m)"™ _ " %( )T»pkp k§(r)n—k =0, (pk)'p (k)Ti[p ]5(7'1') k.

n! n! k) 't n!

An easy computation shows that the coefficient of Ti[pk}d(n)”*k, for 0 < k < n, in the last term of the

equation above, lie in pZ,,. Therefore, it follows that ¢ preserves E and @(Ti[”]) = 0 mod pFI, for each

i € I and n € N»;. Moreover, note that (Ti[n])p is also in pE/, for each n € N>;. So, it follows that

the endomorphism ¢ on E' reduces modulo p to the absolute Frobenius on all generators, hence on all
elements, of £ . Therefore, we obtain that E=Ec Eo[1/p].
Finally, let us consider E as an Apg-algebra via the map ps and define a ring homomorphism of
ARr-algebras
—_ =
E=FE — AR[erNdH(Np_l/P)[ko]T}kl] "'Td[kd]}a
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by sending pa() > g, 7§ /n! = (P~ /p)" fl, pa((X2]) = [X2], pr(1X2]) v [X2) = T and 77/l o
T /n!l. Evidently, the map above is bijective and passing to its p-adic completion gives the isomorphism
n (3.15). It is straightforward to check that the map (3.15) thus obtained is (¢, I'g)-equivariant. This
finishes our proof. |

The following observation was used above:

Lemma 3.26. For each i € I, the element ¢(y;) is in pEo, and for each 1 < i < d, the element 6(r;)
is in Fy.

Proof. For 1 < i < d, we have that

(P2 ([X2))P = pa([X2))P))

((p2([X21)7 = pr(IX2D)P + pr (X)) — pr(1X2])7°)

((p2([X2)P — pr([X21)P)P) + 3023 2 (2) (p2([X2D)P — pa(IX2))P)pa (1X 7))
g S P (D) g (X))

is an element of pEy. Moreover, for i = 0, we have that

o(Y;) =

—~

"B Be B
o | | |

(o) = pa(q)?" —1 _ 1= (@11
PY0) = blp2(g)p—1) p(p2(@)? 1)

= Pl 4 S 5 () (alay — DM
P oala) )y + 1 LR T () (p2(e) — DR (@ + D

(@) +1-2=

For p > 3, it is clear that ¢(7,) is in pEy, whereas for p = 2, note that pa(q) — 1 = p2
1 < d, note that

p2([ply) — 2 = 27, i.e. p(Yy) is in pEg. This shows the first clalm Next, for 1 <

8(ri) = 6(p2(1X7]) = pr([X3D) = 5 (2([X7D)P = pa((X71)P = (p2([X7]) — pa ([X7D)7)
= S ()7 + Cpa (D)) = 021 5 (Dp2(RD* (o (X)),

is evidently in E. This proves the second claim. |

Remark 3.27. In this remark, we will use ® to denote the p-adic completion of the usual tensor
product. Let Ap = Op[u, {(u?~!/p)*}ren]) and note that it is a p-torsion-free algebra over Ap =
Op[u] (see Proposition 3.21 for R = Op). Note that the target ring in the isomorphism (3.15) of
Proposition 3.25 is p-torsion-free and by definition the ring Ag [ [Txene Tl[kl] e T(ycd]] is p-torsion-free
as well. Therefore, by checking modulo p, it is easy to see that we have a natural (¢, I'g)-equivariant
isomorphism of rings

Al Teene TV TF @, Ap = Ag [ Tieenan (0~ p)ol T T (3.16)

where we take the diagonal action of ¢ and I'g on the source. In particular, using (3.15) and (3.16) it
follows that Ar(1)/(p1(u)) is the p-adic completion of a PD-polynomial algebra over Agp® 4, Af.

Next, by an argument similar to (3.16), we note that the isomorphism in (3.14) readily extends to
a (o, 'p)-equivariant isomorphism

vt R[] [erNd T1[k1] : T[kd]]®op[[u]]AF - AR[erNd Tl[kl] : T[kd ]®AFAF

Furthermore, again arguing similar to (3.16), we note that the isomorphism in (3.13) extends to a
(¢, T'p)-equivariant isomorphism

k kal1 5 ~ k kal1 5
B: R[erNd Tl[ ! "'Tg d]}®OFAF — R[y] [erNd Tl[ R 'T<£ d]]®OFHM]]AF'
Composing these with the isomorphism in Proposition 3.25, we obtain a (¢, T r)-equivariant isomor-
phism
B o1 o AR(1)/(pr(p) = R[TTeene T -+ TV &0, Ap = Ch. (3.17)
Let Pg = R[erNd Tl[kl] x 'T(gkd}]: and note that the target ring of the isomorphism (3.17) may

also be written as Cr = Pr@pAg = Prlp AP~ /)M ken]p) = Ar[[Tkene Tl[kl] -~-Tu[lkd]]2. In
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particular, Cp is the p-adic completion of a PD-polynomial algebra over Ag. Now for k € N, let

k
k= (p—1)f(k)+r(k), with r(k), f(k) in Nand 0 < r(k) < p— 1. Set pulk}t = W, then we have
Cr = Prlp, {(*="/p) ¥} een]) = Prlp, {u{k}}keN};\. In particular, from the isomorphism (3.17), it
follows that for any z in Ag(1)/(p1(1)) we have a unique presentation (8~ tor o) (z) = 3, oy arpt®

in Cg, with ay in Py for all k € N, and since Ar(1)/(p1(1)) — Cr are p-adically separated, we have
that ap — 0 as k — +oo.

Remark 3.28. The target ring of the isomorphism « in Proposition 3.25 admits a natural
I'g-equivariant injective homomorphism into the crystalline period ring OAs(Roo) from [Bri08,
Chapitre 6]. Indeed, first of all note that the injective homomorphism Ar < Ajn¢(Roo) from Section 3.1
extends to a natural (¢, 'g)-equivariant injective homomorphism AR®AF Ap — Ainf(Roo)®AFAF =
Aqis(Rso), where the latter isomorphism follows in a manner similar to the proof of [Bri08, Propo-
sition 6.2.14]. Then, from the isomorphism (3.15) in Proposition 3.25 and from the description of
O Aris(Roso) as the p-adic completion of a PD-polynomial algebra over Agpis(Roo), i-6. O Acris(Roo) —
Acris(Roo) [ TTiend Tl[kl] e Tu[lkd]]g (see [Bri08, Chapitre 6] and [Abh25b, Section 2.2]), it follows that

we have a (p, 'g)-equivariant injective homomorphism Agr(1)/(p1 (1)) = OAcris(Roo)-

Remark 3.29. Recall that there are two Ag-algebra structures on Ag(1) written as p;: Agp — Agr(1)
fori = 1,2 (see Construction 3.13). Composing it with the injective map ¢: R — Apg (see Section 3.1.1),
gives morphism of rings R — Ag LA r(1). Reducing p; modulo p induces an R-algebra structure
on Ar(1)/(p1(p)) via the composition R =+ Ar/ (1) ==+ Ar(1)/(p1 (1)), which we again denote by p
and where the first isomorphism is induced by the map ¢. In particular, we have (p;oa)(X;) = [X?]-T;,
for all 1 < i < d. Moreover, we will denote the composition R — Ap ELEEN ARr(1) just by ps. Note
that both p; and py described above are p-equivariant.

Lemma 3.30. The morphisms p;: R — Ar(1)/(p1(p)) for i = 1,2 are faithfully flat.

Proof. From Lemma 3.14 the map p;: Ag — Ag(1) is faithfully flat, therefore the map p;: R —
Ap/(p) = Ag(1)/(p1(p)) is faithfully flat. Now recall that we have A =+ RP[u] (see Section 3.1.1)
and consider the following automorphism:

_ ks kali A ~ _ k ka]1 A
1 A [ Tenoss (2= /)P TR 20 AR [ Tyeposn (2! /) PO T,
sending [X;]* ~ [X!] + T;, T; = T; and p ~ pu. Extending this isomorphism along the p-adically

completed étale map RF — R (see Section 3.1.1) gives an automorphism f of the p-adically complete
PD-algebra Ag[[[eni+ (,up_l/p)[k‘)]Tl[kl] i -Tékd}];\, and we consider the following commutative di-

agram:
R —— Ag(1)/(p1(w))
x lla_lofooz (318)

Ar(1)/(p1(w))-

Since p; is faithfully flat, therefore, from the diagram (3.18) it follows that py is faithfully flat as
well. |

3.3.3. ¢g-connection on Ar(1)/(p1(p)). Inthissection, we will interpret the action of the geometric
part of I'g, i.e. I'; as a g-connection on Ag(1)/(p1(n)). We start by recalling the definition of a
g-connection from [MT20, Definition 2.1] and [Abh23, Section 5.1].

Let D be commutative ring and consider a D-algebra A equipped with d commuting D-algebra
automorphisms 7 ..., 74, i.e. an action of Z%. Moreover, fix an element ¢ in D such that ¢ — 1 is a
nonzerodivisor of D and «; = 1 mod (¢ — 1)A, forall 1 <i < d.

Definition 3.31 (¢-de Rham complex). Let % ,p = @Z:o qQ’j‘/D be a differential graded
D-algebra defined as follows:

o QY /p =Aand gty /p 18 a free left A-module on formal basis elements dlog(Uj).

e The right A-module structure on qu‘/D is twisted by the rule dlog(U;) - f = v:(f) dlog(Uy;).
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o dlog(U;) dlog(U;) = — dlog(U;) dlog(U;), if i # j, and 0, if ¢ = j.

« The following map, where I, = {i = (iy,...,ix) € N¥ such that 1 < i; < --- < i}, < d}, is an
isomorphism of A-modules

@iEI}c A L> qQIIZ/D
(fi) = Dier, fi dlog(Ui,) -+ dlog(Uy,).

o The 0O differential d,: A — qQ}q/D is given as f — Zgzl ﬂ”gff# dlog(U;).
e The elements dlog(U;) € ¢}, are cocycles for all 1 <i < d.

The data d;: A — (JQ,14/D forms a differential ring over D, i.e. qQ,l4/D is a D-bimodule, and d, is
D-linear satisfying the Leibniz rule d,(fg) = dy(f)g + fd4(g).

Remark 3.32. In all cases that we consider in this article, we will fix units Uy,...,Uy € A* such
that 'Yz(Uj) = qu, if 4 :j, or Uj, if ¢ #]

Remark 3.33. In Definition 3.31, let us denote the operator ”Z; : A— Aby V;Of;, and we shall refer
to these as the ¢-differential operators in logarithmic coordmates For U; as in the preceding remark,
the operators V,; = U; quolg, shall be referred to as the g-differential operators in non-logarithmic
coordinates.

Example 3.34. Take D to be Ap = Op[u], and A to be Ar equipped with the Ag-linear action
of T'r, and let {v1,...,7q4} be the topological generators of I'}; (see Section 3.1). Then, by setting
g=14pand U; = [le?], for 1 < ¢ < d, we have that v; = 1 mod pdAg forall 1 < i < d. In
particular, Ar satisfies the hypotheses of Definition 3.31. Moreover, in this case, qQ}L‘R JAr identifies
with Q}4R A e the (p, u)-adic completion of the module of Kéhler differentials of Ar with respect to

Ap. Furthermore, note that we have an isomorphism of rings Ag/(u) — R, so from [MT20, Remarks
2.4 and 2.10], reduction modulo ¢ — 1 of the differential ring d,: Ag — Q}LXR/AF’ is the usual continuous

de Rham differential d: R — Q.

Example 3.35. Take D tobe A = Op[u, {(1P~1/p) k]}keN] equipped with an action of (¢, I'r) as in
Remark 3.23 and take A to be APP == Ap[{(u?~!/p)¥] bren]y = Ap®a,Ar, equipped with the natural
and continuous tensor product (p, I'g)-action. From Remark 3.23, note that the structure map Ap —
AFD s (p, T p)-equivariant and from (3.14) note that we also have a (p, I'r)-equivariant isomorphism
of rings 1: Ar —+ AFP. Moreover, the Ap-algebra AP is equipped with a A p-linear continuous (for
the p-adic topology) action of I'; C I'r and we have {v1,..., 74} as topological generators of I'}; (see
Section 3.1). Then, setting ¢ = 1 + p and U; = [X?], for 1 < i < d, it follows that 7; = 1 mod ,uAPD
for all 1 < i < d. In particular, APP satisfies the hypotheses of Definition 3.31. Furthermore, in this
case, qQAPD/AF identifies with QAPD/AF7 i.e. the (p, u)-adic = (p, [p]q)-adic = p-adic (see Lemma 3.24)

completion of the module of Kihler differentials of APP with respect to Ap. From Definition 3.31

the g-connection on APP| denoted V,: AFP — qQApD/A , is given as f +— Zl 1 pz(u)f dlog ([X?]).
Moreover, the g-connection V, on AFP is p-adically quasi-nilpotent because we have W;(”]([X N =

1, and it is flat because v; commute with each other. Furthermore, using the g-connection, AT may
be equipped with a quasi-nilpotent flat connection V as in Proposition 3.37, which coincides with the
universal A p-linear continuous de Rham differential d: ATP — Qeo JAp Then, by using Proposition
3.37, it follows that we have (AFPP)Tr = (APP)Va=0 =, (APD)V=0 — (4PD)d=0  where the first
equality follows because the action of I'r on AP is continuous for the p-adic topology (see Lemma
A.5). Moreover, recall that from Section 3.1, for any g in 'z, we have that gy;g~ ' = 'in(f), for all
1 < i < d. Hence, from Remark 3.38, the isomorphism Ap — (APP)Ve=0 = (APP)I: induced by
the structure map, is (¢, I'r)-equivariant.

Example 3.36. Take D to be Agp = R[y, {(up’l/p)[k]}keN]g equipped with an action of (¢,I'r)
as in Remark 3.23 and take A to be A(1) = Agr(1)/(p1(n)) as a Ag-algebra via the morphism of
rings t5: Ar — A(1) defined by extending the R-algebra structure p;: R — A(1) in Remark 3.29 via
o po(p) and (uP~ /p)* i (po(u)P~" /p)*]. Using Lemma 3.30 and the explicit description of A(1)
in Proposition 3.25 and Remark 3.27, it follows that the map ¢, is injective and (p, I'r)-equivariant.
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Moreover, the A g-algebra A(1) is equipped with a A z-linear (via ¢, ) continuous (for the p-adic topol-
ogy) action of I'; C 1 x I'r and we have {’yl, ...,7d} as topological generators of Iy (see Section
3.1). Then, by setting ¢ = 1 4+ p and U; = [Xb] for 1 < i < d, and from the exph(nt description
of A(1) in Proposition 3.25, we have that v; = 1 mod pa(u)A(1), for all 1 < i < d. In particular,

A(1) satisfies the hypotheses of Definition 3.31. Furthermore, in this case, gQL A(1)/An identifies with
Q}A(l)/l\ , 1.e. the (p, p)-adic = (p, [p]q)-adic = p-adic (see Lemma 3.24) completion of the module of

Kihler differentials of A(1) with respect to Ag. From Definition 3.31 the g-connection on A(1), denoted

Vi A(l) — quz(l)/AR, is given as f — Y0, 7’1);()“)f dlog([X?]). Moreover, the g-connection V, on

A(1) is p-adically quasi-nilpotent because we have —L_([X?]) =1, and it is flat because ~; com-

P2 (M)[X JAe
mute with each other. Furthermore, using the g-connection, A(1) may be equipped with a p-adically
quasi-nilpotent flat connection V as in Proposition 3.37 which coincides with the universal A g-linear

continuous de Rham differential d: A(1) — (2114 (1)/An . Then, by using Proposition 3.37, it follows that

we have A(1)Tr = A(1)Ve=0 =5 A(1)V=0 = A(1)9=0, where the first equality follows because the
action of I'g on A(1) is continuous for the p-adic topology (see Lemma A.5). Moreover, from Section
3.1, recall that for any ¢ in I'r, we have that gv;g~! = 7~ X(f) ,forall 1 < ¢ < d. Hence, the isomorphism
Ap = A1) = A(1)Ve=0 =5 A(1)V=°, induced by ¢4 in Remark 3.38, is (¢, ' p)-equivariant. In
particular, it follows that R — A" — (A(1)Ve=")I'r =5 A(1)T'7, induced by p;: R — A(1).

From Lemma 3.24, we have that ¢ = log(1 4+ u) converges in pAp C pAg and ¢t/ is a unit.

Proposition 3.37. Let D = AR (resp. Ap) and A = Ag(1)/(p1(n)) (resp. AFP). Then, for 1 <
< d, the series of operators Vlog = 1°g% =15 en(— )k('ylijrll) converge p-adically on A. This

deﬁnes a D-linear p-adically quasi- m'lpotent flat connectzon on A, denoted V: A — Q,l4/D and given as

f— Z?Zl Viog(f) dlog([X?]). The connection V coincides with the universal D-linear continuous de
Rham differential operator d: A — Q}A/D. Moreover, the data of the connection V on A is equivalent
to the data of the q-connection Vy described in Example 3.36 (resp. Example 3.35), i.e. either may be
recovered from the other. Furthermore, the g-de Rham complex qQA/D s naturally quasi-isomorphic

to the de Rham complex QA/D. In particular, AVe=0 =5 AV=0,

Proof. The first two claims, i.e. the convergence of the operators Viog on A and the fact that the oper-
ator V defines a D-linear p-adically quasi-nilpotent flat connection on A, and the claim of equivalence
between the connection V and quasi-isomorphism of complexes, will be proven in Proposition 4.13
for finite A-modules admitting a continuous action of I'g (trivial modulo p), in particular, A itself.
Moreover, in the proof of Proposition 4.13, we shall also show that the connection V coincides with the
universal D-linear continuous de Rham differential operator d: A — Q}A p- Furthermore, note that
the proof of Proposition 4.13 is independent of the subsequent claims proved in this section. Please
refer to Proposition 4.13 for more details. |

Remark 3.38. Let A(1) = Ag(1)/(p1(n)) as in Proposition 3.37. From the isomorphism (3.17) in
Remark 3.27 recall that we have a ring Cr «— A(1). Moreover, from Remark 3.27, we have that

CpR is the p-adic completion of a PD-polynomial algebra over A and the structure map Arp — Cg

coincides with the composition Ar —2+ A(1) ©.17) Cpr. Now note that Cp is equipped with

the universal Ag-linear continuous de Rham differential d: Cr — QéR AR which may be given as

fr ZZ 1 iog( f) dlog(X;), where 821-°g = X,0; and 9;: Cr — Cpg is the unique A p-linear continuous

differential operator such that 9;(X;) = 1 if ¢ = j and 0 otherwise. So, the isomorphibm in (3.17) is

Ap-linear, and it induces an isomorphism between complexes of A(1)-modules Q2 A1)/ An = Qg A =

Cr ®py, Q}DR/R, where the right hand side is an A(1)-module via the isomorphism (3.17). Now, let f
be any element of Cg, then from Remark 3.27 we have a unique presentation f =3, appt*t with
ay, in Pg for all k € N and p-adically ar, — 0 as k — +o0. Then, it follows that f € C’%:O if and only if
ar in R, i.e. f isin Ag. In particular, we get that Agp — C%=9 so Ag = A(1)?=° via 5. Using the
same argument as above by replacing Ag by Ar, A(1) by A¥P, Cr by Ag and Pr by O, we obtain
that Ap — (APP)4=0,

Remark 3.39. Let us consider the ring AP from Example 3.35, equipped with a continuous action
of (¢,I'r). From (3.14) in Remark 3.23, note that we have a (¢, I'p)-equivariant isomorphism of rings
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t: Agp = APP. Moreover, we have a (p, I'g)-equivariant embedding APP — 4cris(Rm) from Remark
3.28. Furthermore, the injective structure map ps: Agp — Agr(1)/(p1(n)) = A(1) from Remark 3.29
extends to an injective ring homomorphism py: APP — A(1) and the target is the p-adic completion of
a PD-polynomial algebra over the source (see Remark 3.27). Now, consider the universal APP-linear
continuous de Rham differential d: A(1) — Ql A(1)/APD" which may be given as f — Zz 1 Biog(f)in,

where Y; = pi(X;) (see Remark 3.29), 8°% = Y;8; and 9;: A(1) — A(1) is the unique APP-linear
continuous differential operator such that 0;(Y;) = 1, if ¢ = j, and 0, otherwise. Then, it easily
follows that the (¢, I'g)-equivariant injective map A(1) — OAqis(Roo ) from Remark 3.28 is APP-linear
and compatible with the aforementioned AFP-linear differential operator on A(1) and the unique
Acris(Roo )-linear connection on OAis(Roo) from [Bri08, Section 6.2].

Remark 3.40. Let A(1) = Ar(1)/(p1(1)) and AFP as in Example 3.35. Note that we have a natural
injective (i, I'g)-equivariant homomorphism of rings ps: APP — A(1) (see Remark 3.39). Then, by
using the Leibniz rule for the connection on A(1) (see the proof of Proposition 4.13), it follows that the
respective connections on Z( ) and AFPD are compatible and we have QA(l)/ = A( ) ® 4PD Q.lAPD/AF'

3.4. Galois action on AR(l). Note that we have the ¢-equivariant multiplication map
A: Ag(1) — Apg. Moreover, recall that in Remark 3.20, we described the action of I'% on Ag(1).
In this section, our goal is to prove the following claim:

Proposition 3.41. The p-equivariant homomorphism A: Ar(1) — Agr restricts to a @-equivariant
isomorphism Ag(1)Y*T® =5 Ag, which is further compatible with the action of T'r on each side.

In order to prove Proposition 3.41, we will study the action of 1 x I'r on Ag(1) in three steps,
namely, the geometric part, i.e. I'};, the torsion part, i.e. I'yor, and the (free) arithmetic part, i.e. Iy
(see Section 1.6 for notations and explanations). Let us note that the results for the action of the
geometric part of I'g in Section 3.4.1, are applicable for all primes p. However, since I' has different
shape for p > 3, compared to p = 2, therefore, in Sections 3.4.2 and 3.4.3 we will assume that p > 3.
For p = 2, the arithmetic action of I'p will be handled in Section 3.4.4.

Remark 3.42. Note that it is possible to prove Proposition 3.41, by studying the action of 1 x I'g at
once and using Galois cohomology arguments, instead of the 3-step argument presented here. However,
the methods used in the 3-step proof are applicable to the case of Wach modules as well (see Section
5.2), whereas the Galois cohomology arguments do not seem to generalise.

3.4.1. The action of I';. In this section, our first goal is to show the following claim:

Lemma 3.43. For each n > 1, the following natural (p,T'r x I'p)-equivariant sequence is exact:

0 —s (AR(l)/(pl(,u)))le/R M} (AR(I)/(p1(/L))n+1)1XF/R — (AR(l)/(p1(N))")1><F/R —Z 0. )
3.19

Before proving Lemma 3.43, we provide a more explicit description of the ring Ag(1)!*T R equipped
with the induced (¢,T'r x I'r)-action. We start with the following:

Construction 3.44. From Construction 3.13, let us consider the (i, I‘%{)—equivariant surjective map
in (3.5), for n = 1. Taking invariants of that map under the action of 1 xI'; and an explicit calculations
yields a surjective map

ArBopAr — R[(p X177, X}/?] @0, OF[G)- (3.20)

Using the description of the kernel of the map in (3.5), it follows that the kernel of the surjective
map (3.20), is generated by the ideal J = (1 ® [ply,[pl; ® 1) € Ar®o,Ap. Clearly, the sequence
{p,1®[plg: [p]g ® 1} is regular on Ap&o, Ar, so from [BS22, Proposition 3.13], we set (Ag, [p|, ®1) to
be the prismatic envelope of (Az®0, Ar, J) over the bounded prism (Ag, [plg)- More explicitly, similar

to the description of Ar(1) before Lemma 3.14, let us consider the d-algebra (Ar®o, AF){ %ﬁ[g; }6

to Ar®0, Ap. Then, from [BS22, Proposition 3.13], we have that

obtained by freely adjoining [P ®1

Rr = (ArBo, Ar){ 152 (ArBo, Ap){ 122 (3.21)

}<p,[p]q®1> }<p,p®1>’
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i.e. A is the (p, [p], ® 1)-adic completion of the d-algebra (Ar&o),. Aﬂ{m}&, and in the second

equality of (3.21), we used that p is the product of [p], with a unit in Ap (see Lemma 3.3). Using nota-
tions similar to Lemma 3.14, we denote the two projection maps as p1: Agr — AR and po: Ap — AR.
Then, similar to Lemma 3.14, it is easy to see that both the preceding maps are faithfully flat, in partic-
ular, Ag is p1 (n)-torsion-free. Furthermore, note that we have a natural (¢, I'g)-equivariant injective
homomorphism Ap — Ag, where the action of I'g factors through 'y C I'g. So, by the universal
property of prismatic envelopes, the continuous action of I'r X' on A r®0 »Ar naturally extends to a
continuous action on Ag and since the homomorphism in (3.20) is compatible with the homomorphism
n (3.5), therefore, we obtain the following natural (¢, I'g x I'g)-equivariant homomorphism

1i: Ap — Ag(1), (3.22)
where the action of I'r x I'g on the source of ¢5 factors through I'r x I'r C I'p x I'g. [ |

Remark 3.45. Using an argument similar to the proof of Proposition 3.25, it may be shown that we
have a natural (p, I'p)-equivariant isomorphism of rings

Ar/(p1(p) = Ar = Rlu { (=" /p) M }endy, (3.23)

where pa(p) — p and pi([X;)°) = X, for 1 < i < d (see Proposition 3.21 for other descriptions of
AR).

Remark 3.46. In Construction 3.44, by switching the two components in (3.20) and carrying out

1®[P]q }
Pla®1 f (5, 1p], 21)

prismatic envelope of (Ap&o, Ar, J) over the bounded prism (A, [p],), where J = (1&[p],, [p],®1) C
AF®0F Ap, ie. E is the (p, [p], ® 1)-adic completion of the d-algebra obtained by freely adjoining

essentially the same steps, we may define another ring F = (AF@)OFAR){ , as the

[P ®1 to AF®0FAR, and denoted as (AR®OFAF){ P ®1}5' Now, if we use notations similar to

Lemma 3.14 to denote the two projection maps as p;: Ap — F and po: Ag — FE. Then, similar
to Lemma 3.14, it is easy to see that both the preceding maps are faithfully flat. Moreover, by the
universal property of prismatic envelopes, we see that the continuous action of I'p x I'g on Ap®o AR
naturally extends to a continuous action on E. Furthermore, using an argument similar to the proof
of Proposition 3.25, it may be shown that we have a natural (¢, T g)-equivariant isomorphism of rings
E/(p1()) <> APP = Ap[{(52~/p) ¥ }pen), where pa(y1) > p and pa([X;]?) = [X7], for 1 < i < d
(see Example 3.35 for the definition of AFP).

Lemma 3.47. For each n > 1, the map in (3.22) induces a (¢, Tr x T'r)-equivariant isomorphism

ti s Ar/ (1 ()™ = (Ar(1)/(pa()™) . (3.24)

In particular, (3.22) induces a (@, T'r x T'p)-equivariant isomorphism 15 : Ap — Ag(1)'*Tr,

Proof. As the action of ' x ' on AR factors through T'g x I'p, we see that reducing (3.22) modulo
p1(p)™ and taking (1 xI';)-invariants, we obtain the (¢, I'g XI'p)-equivariant map in (3.24). It remains
to show that it is an isomorphism. For n = 1, we consider the following (¢, ' r)-equivariant diagram

R/ (o) 22 (AR(D)/(pr ()T

ARa

(3.24)

where the isomorphism ¢y is from Example 3.36. It is easy to see that the diagram above com-
mutes. Therefore, the top horizontal map of the diagram is an isomorphism, i.e. Ar/(p1 (1)) —
(Ar(1)/(p1(p)))*Tr. Now, as both Ar(1) and Ag are p; (u)-torsion-free (see Lemma 3.14 and Con-
struction 3.44), we consider the following diagram with exact rows

0 —— Ap/(p (1) —2 s R/ (pr ()™ —————— R/(p1 ()" ——— 0

zl(3.24) l(3.24) l(3.24)

0 —— (AR(D)/ (1) 25 (Ar(1)/(p1 ()™ —— (Ar(1)/ (1 ())") T — 0,
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where the second exact sequence is from (3.19). Using the diagram, an easy induction on n > 1 glves a
natural (¢,I'g X I'p)-equivariant isomorphism induced from the map (3.22) as ¢ : AR/(pl( ))"+1 =
(Ar(1)/(p1(p))" 1)1 *Tx, ie. the isomorphism in (3.24). Finally, since both Az and Ag(1) are
p1(p)-adically complete, therefore, by taking the limit over n > 1, and noting that inverse limit
commutes with taking (1 x I';)-invariants, we obtain the (p,I'r x I'p)-equivariant isomorphism
ti: Ap =5 Ar(1)'T&. This allows us to conclude. |

Let us note an important observation for the action of I'r X I'z on Ag:

Lemma 3.48. The action of 1 x Tp is trivial on Ag/(p2(p)) and the action of T x 1 is trivial on

Ar/(p1(p)).

Proof. The proof of the claim is similar to that of Proposition 3.17. For the first part, let us note that
the action of 1 x I'r on Ar®0,OF[u] is trivial modulo ps (). Then, from the explicit description of
AR in Construction 3.44, it is enough to show that for any m € N and g in 1 x I'r, we have that

(9= 1)0™ (;544) € pa(p)Ar.

Using Lemma 3.9 (2), let us note that po QM)]\R is a d-stable ideal of A, in the sense of [BS22, Example
2.10]. Then, using Lemma 3.19 for A = A and « = pa(p), we see that to prove our claim, it is enough

to show that (g — 1)([1552‘{) belongs to pa(p)Ag, which follows from Lemma 3.18. In particular, we

have shown that the action of 1 x T'p is trivial on Ag/(pa(p)).

For the second claim, note that the action of Tg x 1 on Ar®0,Or[u] is trivial modulo p; ().
Now, from the explicit description of A in Construction 3.44, it is enough to show that for any m € N
and g in I'p x 1, we have that

(9= 10" (;:74%) € p1 () Ag.

Similar to the first part, using Lemma 3.9 (1), we note that pl(u)]XR is a d-stable ideal of Az. Then,
using Lemma 3.19 for A = A and a = p1(u), we see that to prove our claim, it is enough to show

that (g — 1)(%) belongs to py (1)A g, which again follows from Lemma 3.18. Hence, the action of

Ir x 1is trivial on Ag/(p1(p)). |

Remark 3.49. From Lemma 3.48, note that the action of 1 x T'p is trivial on Agr/(p2(y)), and
multiplication by p;(u) on Ag is equivariant for this action. Therefore, it follows that for any ¢ in
1 x T'p and any & in Ag/(p1())™ we have that (¢ — 1)z is an element of py(p)Agro/(pi(p))”. In
particular, for n = 1, using the isomorphism AR/(pl (n)) = Ag from (3.23), we get that for g in I'r

and z in Ag the element (g — 1)z belongs to uArg.
We are now ready to prove the main claim:

Proof of Lemma 3.43. To lighten notations, let us set A(1) = Agr(1) and A(1) = Ar(1)/(p1(1)).
Instead of working with the action of 1 x I'};, we shall work with the ¢g-connection arising from this
action. More precisely, in the notation of Definition 3.31, take D to be Ar = A(1)™T& (see Lemma
3.47), and A to be A(1) equipped with a A g-linear action of 1xI'y and let {71, .. .,7q} be the topological
generators of I (see Section 3.1). Then, setting ¢ = 1 + pa(p) and U; = po([X?]), for 1 < i < d,
we have that v, = 1 mod pa(u)Agr(1), for all 1 < ¢ < d (see Proposition 3.17). In particular, A(1)
satisfies the hypotheses of Definition 3.31. Moreover, in this case, qQA(l)/A identifies with QA(l)/A ,
and given as the (p, pu)-adic completion of the module of Kéhler differentials of A(1) with respect
to Ag. From Definition 3.31, the q—connection on A(1), denoted V,: A(1) — qQA(l = is given

as f — %(f )~ f dlog(p2 . Additionally, the g-connection V, on A(1 p, p1(p))-adically
=1

p2(p
quasi-nilpotent because we have m (p2([X?])) = 1, and it is flat because ; commute with each

other. Let us also note that Ar/(p1(1)) — Ar == (A(1)/(p1 (1)) = (see (3.23), Example 3.36
and the proof of Lemma 3.47). Now, consider the following exact sequence of ¢g-de Rham complexes:

[ ()" n . n .
0— qQ A(1)/Ar L) A(l)/(pl(:u)) 1 ®A(1) qQA(l)/]\R — A(l)/(pl(ﬂ)) ®A(1) qQA(l)/]\R — 0.
Since the action of 1 x I'y, is continuous for the (p, p1(u))-adic topology on A(1), therefore from Lemma

A.5, we get that (A(1)/(p1(u))")*Tr = (A(1)/(p1(1))")Ve=C. In particular, showing that (3.19) is
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exact, is equivalent to showing that H'! (qQ = 0. Now, from Proposition 3.37, recall that

A(1)/An )
T(1)/Ar is quasi-isomorphic to the de Rham complex Q% T(1)/Ar and from

the explicit description of A( ) in Proposition 3.25, it is clear that the de Rham complex Q2% T(1)/A

R
acyclic in positive degrees, in particular, H* (qQA(l)/A ) (Q‘ H)/An ) = 0. Hence, it follows that
(3.19) is exact. ]

the ¢-de Rham complex ¢S

For computations to be carried out in Section 5.2, let us consider a “diagonal map for the geometric
variables” from Ag(1) to Ag. More precisely, consider the following surjective Ag-linear (via p1) and
(p,Tr x I'p)-equivariant map:

A AR(l) — ]\R,

where po(p) + po(u) and pa([X?]) — p1([X?]), for 1 < i < d. Then, it is easy to verify that the
composition A’orz (see (3.22)) is the identity on Ag. As pl( ) is invariant under the action of 1 x I's,
we see that the reduction of A’ modulo p;(p)™ is (¢, T'g X I' p)-equivariant, for each n > 1. Now, taking
invariants of the source of A’ under the action of 1 x I';, we obtain the following (¢, I'r)-equivariant
morphism:

A" (Ar(D)/(pr ()™ — A/ (o1 (1)), (3.25)

and we claim the following:

Lemma 3.50. The (¢,I'r)-equivariant map in (3.25) is an isomorphism and it induces a
(0, T'r)-equivariant isomorphism A': Ag(1)Y*I'r =5 Ap

Proof. Let us first consider the following (¢, I'r)-equivariant diagram:

(3.25) (3.23)

Ap == (Ar(1)/(pr(p) e —— Ag.

———= Ag/(p1(n))
Using the isomorphism (3.24) in Lemma 3.47, it is easy to verify that the composition above is the
identity on Agr. Therefore, it follows that (3.25) is an isomorphism, for n = 1. Now, as both Agr(1)
and Ap are p;(p)-torsion-free (see Lemma 3.14 and Construction 3.44), we consider the following
commutative diagram with exact rows:

0 —— Ap/(pr (1)) —2 s R/ (pr ()™ —————— R /(pa ()" —— 0,

where the first exact sequence is from (3.19). Using the diagram, an easy induction on n > 1 gives
the natural (p,I'r x I'r)-equivariant isomorphism A’: (Ar(1)/(p1 ()T 25 Ag/(py ()™t
n (3.25). Finally, since both Ar(1) and Ag are p;(u)-adically complete, therefore, taking the limit
over n > 1, and noting that inverse limit commutes with taking (1 x I'};)-invariants, we obtain the
(¢, T p)-equivariant isomorphism A’: Ag(1)"*Ts =5 Ap. |

3.4.2. The action of F. In this section, we will assume that p > 3 and consider the invariants of
the exact sequence (3.19) (more precisely, its image under the inverse of ¢ in (3.24)), for the action
of 1 x FX.

P

Lemma 3.51. For each n > 1, the following natural (p,T'r x Tp)-equivariant sequence is exact:

0 — (Ar/(pr () 2 R/ (pr (1)) FF — (Ap/ (o1 (1)) 55— 0. (3.26)

Proof. Using the discussion in Construction 3.44 and the isomorphism (3.24) in Lemma 3.47, the
exact sequence (3.19) in Lemma 3.43 may be written as the following (¢, I'r X I'r)-equivariant exact
sequence:

0 — A/ (1 (1) " Rr/ (o)™ — Rr/(pr ()" — 0.
By considering the associated long exact sequence for the cohomology of (1 x F )-action and noting

that H(1 x F),Ar) = 0, since p — 1 is invertible in Z,, we obtain that the sequence in (3.26) is
exact. m
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Next, let us describe the rings (Ag/(p1(12))")**F# , more explicitly.

Construction 3.52. Note that from (A.1), the continuous action of 1 x F X induces a decomposition

Ag = EBf:_Oz(]XR)i. Let us set Aro == (Ag)o = (Ag)'*%7, complete for the (p, p1(1))-adic topology
and equipped with the induced Frobenius endomorphism and continuous action of I'g x I'g, from the
corresponding structures on Ar. Using the explicit presentation of Ar from Construction 3.44 (see
(3.21)), we obtain an explicit presentation of Ag o as follows:

- R N
Aro = (AR®OFOF[[M0]]){11%

. 3.27
}(1)713®1) ( )

Using notations from Construction 3.44, we shall denote the two projection maps as p;: Agp — 1~\370
and pa: Opfuo] — ]\R,O~ Then, similar to Lemma 3.14, it is easy to see that both the preceding maps
are faithfully flat, in particular, /~\R’0 is p1(u)-torsion-free. Furthermore, note that from (3.23), we
have a natural (¢, I'p)-equivariant isomorphism of rings Ar/(p1 (1)) — Agr. Now, using (A.1), the
action of 1 x F ¥ induces a decomposition Agr = f;oz(AR)i. Note that p;(u) in Ag is invariant under
the action of 1 x FJ* and p — 1 is invertible in Z,, in particular, HY(1 x F;,/N\R) = 0. Therefore, it
follows that for each n > 1, we have a (¢,'g X I'g)-equivariant isomorphism of rings

Aro/(pr()" = (Ar/(p1(p)™)*F> . (3.28)

In particular, for n = 1, we have a (¢,I'r x T'g)-equivariant isomorphism of rings /N\Rﬁ/(pl (n)) =
(Ar/(p1(1))**Fs . Additionally, the isomorphism in (3.23) induces a (i, I'g)-equivariant isomorphism
of rings

Rio/(1(n)) = (Ar/ (o () =5 A% =i fAny. (3.29)

Let us describe Ao more explicitly. From Proposition 3.21, recall that we have Ap =
R[u, {(upfl/p)[k]}keN]g. Moreover, recall that ¢ = log(1 + u) is an element of Ap, and since t/u

is a unit in Ar (see Lemma 3.24), therefore, we may write Ag = R[t, {(t?~1/p) [k]}keN]Q. Now, since

FX
the action of F )¢ is trivial on t*~1, so it follows that Ag o = A" = R[{(t"~"/p) [k]}keN];}. Furthermore,
recall that i is the product of uP~1 with a unit in Ar (see Lemma 3.7), and since ¢/u is a unit in Ap,
therefore, we may write pg = vtP~1, where v is a unit in Ap. As the action of F; is trivial on pg and

FX
tP~1, it follows that v belongs to Apo = A7 . In particular, p is a product of tP~! with a unit in A
and we have (¢, I'g)-equivariant identifications

Fx _
Aro = Ay = RIEE ™ /p)"en])y = RI{(10/p)™ }ren]p- (3.30)
Note that P~ is not an element of Ag o as the action of F, is non-trivial on T |
3.4.3. The action of 14+pZ,. In this section, we will assume that p > 3 and consider the invariants
of the exact sequence (3.26), for the action of 1 x Tg — 1 x (1 + pZ,), and show the following:

Lemma 3.53. For each n > 1, the following natural (p,T'r X 1)-equivariant sequence is exact:

0 — (Ar/(pr ()17 2 (Rp/ (pr (1)) — (Rp/(pr (1)) TF — 0. (3.31)

Remark 3.54. Via the natural (p,I'g x I'r)-equivariant isomorphism ¢5 in Lemma 3.47 (see (3.24)),
we see that the exact sequence in (3.26) is the invariants, under the natural action of 1 x F,, of the exact
sequence (3.19) in Lemma 3.43. Then, it follows that the exact sequence in (3.31) is the invariants,
under the natural action of 1 x I'p, of the exact sequence (3.19) in Lemma 3.43.

Note that by using the (p, ' x I'g)-equivariant isomorphism in (3.28) and (3.29), the sequence in
(3.31) may be rewritten as the following (p,T'r X T'g)-equivariant sequence:

0 — ARy 2 (R o/ (o2 ()™ )T — (A o/ (pa()") T — 0. (3.32)

In order to prove that (3.32) is exact, we will now look at the action of I'g x T'g on the rings introduced
in Construction 3.52. We start with the following observation:
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Lemma 3.55. The action of 1 x Ty is trivial on Ag.o/(p2(1o)) and the action of T x 1 is trivial on
Aro/(pr(p)).

Proof. The proof of the claim is similar to that of Lemma 3.48. Let us first note that if g is any
element of I'g, then (g — 1)uo is an element of poOp[uo] (see Lemma 3.6). Now, for the first part, let
us note that the action of 1 x I'g on ARQAQOF OFr[uo] is trivial modulo pa(p). Then, from the explicit
description of Ag ¢ in (3.27), it is enough to show that for any m € N and g in 1 x I'y, we have that

(g - 1)5’”(,132’15) € Pz(,uo)[\R,o-

Using Lemma 3.9 (2), we first note that ps (uo)[\R,O is a d-stable ideal of AR,O, in the sense of [BS22,

Example 2.10]. Then, using Lemma 3.19 for A = Ag ¢ and o = p2(po), we see that to prove our claim,
1®p X

p®1

earlier observation that (g — 1)po is an element of poOF[ug]. In particular, we have shown that the

action of 1 x Iy is trivial on Ago/(p2(po)). The triviality of the action of I'g x 1 on AR’O/(pl(u))
easily follows from Lemma 3.48. |

it is enough to show that (g — 1)(

) belongs to pa(p0)Ar,0. The assertion now follows from the

Remark 3.56. From Lemma 3.55, note that the action of 1 x I'g is trivial on 1~\R,0/(p2(/¢0)) and
multiplication by py (1) on A R0 is equivariant for this action. Therefore, it follows that for any g in
1 x I’y and any x in ARVO/(pl(,u))”, we have that (¢ — 1)z is an element of pg(,uo)/lﬁo/(pl(u))". In
particular, for n = 1, using the isomorphism Ag o/(p1(1)) ==+ Ag,o from (3.29), we get that for any g
in I’y and any z in Ag g, the element (g — 1)z belongs to poAg,o.

Using the action of 1 x 'y on /N\R,o, let us define a ¢-de Rham complex (see Definition 3.31), by
considering the following element in Ar o as a parameter:

G 1®p—p®1l _ p2(P)—p1(P) (3.33)

T el B p1(P)
Lemma 3.57. Let vy be any element of 1 x T'g. Then, we have (o — 1)5 = ups (o), for some unit
u in Ago depending on o.

Proof. Note that it is enough to show the claim for a topological generator vy of 1 x I'g such that
X(70) = 1+ pa, for a unit a in Z,. Now, recall that we have p = pg + p. Moreover, from Lemma 3.6,
recall that we may write (7o — 1)uo = puoz, for some x in Op[uo]. So, using (3.33), we have that

(o =15 = g = B = 6 = Rp(o)ra(). (3.34)

1®p
~ % p®1
of Aro as the Fj-invariants of Ag, in Construction 3.52, it follows that

From Lemma 3.3 and Lemma 3.14, it follows that

isaunit in Ag(1). Moreover, from the description
1®p
oL
Therefore, to show the claim, it is enough to show that p(z) is a unit in Apo. Again, note that
from Construction 3.52, the ring A R0 is p1(p)-adically complete and we have a (¢, I'g)-equivariant
isomorphism Ago/(p1(1)) == Ago (see (3.29)), therefore, we are reduced to showing that po(Z),
the image of py(z) under the preceding isomorphism, is a unit. Also, note that under the preceding
isomorphism, pa (o) and p2(p) map respectively to po and p in Ag . Now, reducing the equalities in
(3.34) modulo p; (@), we obtain the following expression in Ay o:

is also a unit in Agy.

—1 . =
{=Deo P ko — p2(5’3)#of,-

Note that §/p is a unit in Ao, because it is the image of the unit po(5)/p1 (5) in Ag,o (also see Lemma
3.24). Then, from Lemma 3.58, it follows that po(Z) is a unit in Ag o, and therefore, p2(z) is a unit in
AR o. Hence, we have shown that (yo — 1)3 = upa(po), for u = (p2(p)/p1(P))z a unit in Ag . |

The following observation was used above:

Lemma 3.58. Let v be a topological generator of Ty such that x(vo) = 1+ pa, for some unit a in
X

F
Z,. Then, we have (yo — 1) = vpo, for some unit v in Apo = A" depending on o.



Prismatic F-crystals and Wach modules 31

Proof. From Construction 3.52, recall that po/p is the product of tP~1/p with a unit in Apg (see
. and the discussion preceding it). So, let us write po/p = utP~ " /p, for some unit v in Agg. Note
3.30) and the di i ding it). So, 1 ite p =1 /p f it win App. N
that from Remark 3.56, we have that (yo — 1)u = pox, for some z in Apo. Moreover, we see that
(14 pa)P~! — 1 = pb, where b is a unit in Z,. Therefore, we may write
—1 —1 -1
(Yo — )52 = (30 — 12— = (30 — Du+0(w) (0 — 1)
1 _ —1
o 4+ yo(u) (x(y0)? " — D=

Pt

= pio( T + Yo (w)u~'b) = pov,

where v = (%x + Yo(u)u~'b) is a unit in Apo because vo(u)u~'b is a unit and t#~*/p is p-adically
nilpotent in Apo. Hence, the lemma is proved. |

In the rest of the Section 3.4.3, we will fix the choice of a topological generator vo of 1 x I'g such
that x(y0) = 1 + pa, for a unit a in Z,. Let us now consider the following operator on Ag o:

vq’gi AR,O — AR,O
o1 (3.35)
(v0—1)8"

T +—

From the triviality of the action of 1 x Ty on Ag,o/pa(o) (see Lemma 3.55) and from Lemma 3.57,
it follows that the operator V, s is well defined. For each n > 1, using Remark 3.56, the operator
in (3.35), induces well-defined operators V, s: Ago/(p1(1))" — Aro/(p1(p))™. In particular, for
n =1,set s := po/pin Ag,, and using Remark 3.56 and Lemma 3.58, note that we have a well-defined
operator

Vq,s: AR70 — AR,O
(3.36)

(vo—=Dz

T Go—1)s-

Remark 3.59. Considering § as a parameter, the operator V, 5 in (3.35), may be considered as a
g-differential operator in non-logarithmic coordinates, in the sense of Definition 3.31 and Remark 3.33,
where ¢} /D identifies with the (p,p;(p))-adic completion of the module of Kéhler differentials of
1~\Ryo, with respect to p1: Ap — [\R,O- Similarly, considering s as a parameter, the operator V, ¢ in
(3.36), may also be considered as a non-logarithmic g-differential operator in the sense of Definition
3.31 and Remark 3.33, where qQ}4 /D identifies with the p-adic completion of the module of Kéhler
differentials of Ag o, with respect to R.

n

For each n > 1, the operator Vs is an endomorphism of Ag o/(p1(1))", so we may define the

following two term Koszul complex:

K3 o /o1y (Vais) = []\R,o/(Pl(H))n LN /~\R,o/(p1(,u))”]. (3.37)

For n = 1, we have the following claim:

Lemma 3.60. The cohomology of the compler Kp,,(Vqs) vanishes in degree 1, i.e.
H'(Kpp,(Vg.s)) = 0.

Proof. The claim follows from the more general statement in Propositions 4.23 and 4.16, which will be
proven for finite A p-modules admitting a continuous action of I'y (trivial modulo pyg), in particular,
AR,O itself. |

Proof of Lemma 3.53. Using the (¢, T'r X I'g)-equivariant isomorphism of rings from (3.28), the exact
sequence in (3.26) may be rewritten as follows:

0 — Apo 25 R o/(a ()" — Apo/(p1 ()" — 0. (3.38)

Then, using the operator Vg, in (3.35) and the Koszul complex defined in (3.37), we obtain the
following exact sequence of Koszul complexes:

p1(p)™
0 —> Kapo(Vas) = Kz oy (Vas) — Kip s gun (Vas) — 0- (3.39)
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Considering the associated long exact sequence, and noting that H*!(K Aro(Vg,s)) = 0 from Lemma
3.60, we obtain the following exact sequence:

0 — ARG L5 (Rno/ (1 (0)™ )77 — R/ (1)) — 0. (3.40)

Since the action of 1 x T'g on A R,0 is continuous for the (p, p1 (p))-adic topology, therefore from Lemma
A.5, we have that (Ag o/ (p1 (1)) 1) Ve:=0 = (Ag.o/(p1(1))" 1) ¥ o, for each n € N. Hence, from the
preceding exact sequence we obtain that the sequence in (3.32) is exact, and therefore, it follows that
the sequence in (3.31) is also exact. This completes our proof. |

3.4.4. The case p = 2. In this section, our goal is to prove a statement similar to Lemma 3.53, for

= 2. From (1.6), recall that we have I'y — 1+ 4Z5 and T'yo, — {£1} as groups. We will first look
at the action of I'y,, on A r. Let o denote a generator of T'¢or- Then, from (A.2), recall that by setting
Agr.y = {x € Ag such that o(x) =z} and Agr,_ = {z € Ag such that o(z) = —z}, we have a natural
injective homomorphism of A R,+-modules

AR,JF &) AR,f — AR, (3.41)

given as (z,y) — = +y. Note that the action of 1 x I'z on Ag is continuous for the (p, p; (1))-adic
topology, so it follows that AR+ is a (p,p1(w))-adically complete subring of Agr. Moreover,
the (p,T'r)-action on M, induces a natural Frobenius and a continuous I'p-action on [\R,—t- and
/~\R,_, respectively. Equipping AR,+ and /~\R,— with the induced structures, we see that (3.41) is
(¢,Tr x T'p)-equivariant. Furthermore, from (3.23), recall that Az/(p1 (1)) — Ag. Then, by setting
Ag.+ = {z € Ag such that o(z) = 2} and A _ = {z € Ag such that o(z) = —x}, and from (A.2),
we get a natural (¢, I'p)-equivariant injective homomorphism of Ag 4-modules

AR,Jr D A317 — Ag. (3.42)
Lemma 3.61. The natural map in (3.42) is bijective.

Proof. Recall that t = log(1 + p) is an element of Ag and ¢/p is a unit in Ap (see Lemma 3.24), so

we may write, Ag = R[t, {(t"~!/p)M }ren]) = [{(t/?)[k]}kg\l]A Since o (t) = —t, therefore, it easily
follows that Ap 4+ = [{(t/?)[k]}kem] and Ag_ = R[{(t/2)* }k€2N+1] Then, it is immediate that
Ar=Apr+ @ Ar _. Hence, (3.42) is bljectlve |

Next, we will give another useful description of Ag ; and A _. Let us consider the following

element in Ap from [Fon94, Section 5.2.5]:

vi=g—l+o(g-1)=q+q ' —2="110 = (3.43)

Using Lemma 3.24, note that the element v is the product of t? with a unit in Ar, and set 7 := v/8.

Lemma 3.62. The element T is the product of t?/8 with a unit in Ay, i.e. we have T = ut?/8, for
some unit v in Ag . In particular, we have that

Ap+ = R{(*/8) }ien]h = RI{TM}ien]),
Ag,— = RI{(t/2)(#*/8)F}ren]py = RI{(t/2)7™}ken]p = (£/2) AR+,

Proof. Recall that o(t) = —t, so t?/8 is an element of Ar . Moreover, v = ut?, for some unit u in
Ap, so T is an element of Ap. Since, o(v) = v, it follows that 7 = /8 belongs to Ap 4+, and therefore,
w is a unit in Ap 4. Next, from the proof of Lemma 3.61, note that Ag 4 = R[{(t/Q)[”]}negN]Z/,\ and

Ap_ = R[{(t/Q)(t/Q)[”]}negN] Now, let n = 2k, for k € N, and note that

(3.44)

n k 1 k
(%)[ ] — (2k)|4k _ (k% (%)[k] — (212)2!@‘767'%]'

The equalities in (3.44) now follow from the discussion above because an easy computation shows that
we have v3(2%) + v (k!) = vo((2k)!), where vy denotes the 2-adic valuation on Zs. |
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_ Let us now consider a lifting of the element 7 = v//8 to A, under the surjective map Ar —
Ar/(p1(p)) — Ag, where the isomorphism is the (,I'p)-equivariant isomorphism in (3.23). We
have the following element in Ag:

7= (i) = et (ret) = v ) 5:8)

where the last equality follows from Remark 3.2.
Lemma 3.63. The element 7 belongs to /~XR1+ and we have ¥ = 7 mod py(u)Ag.

Proof. Let o be a generator of 1 x I'ts, and note that 0(1®q) = 1® g~ '. Moreover, since the action
of 1 x I'g commutes with the §-structure on Ag, we have

~\ o(1® q) _ 1® q) _ 1®[[ple) _ ~
0(7) = 750 (Thrd) = (19 )0(15; 1) = 50 (1 1%) = 7,

where the third equality follows from using the product formula for §-structures from (2.1) and the fact
that §(1®¢) = 0. Therefore, 7 is an element of Ag ;. Next, since the isomorphism Ag/(p1 (1)) = Ag
in (3.23) is compatible with the respective Frobenii, in particular, with respective d-structures, we have
the following:

= — 2([plq) _ \ _ (g=1)%
7 mod py () = =02 mod pi (g — 1) = 25(12) = A" =

This proves the second claim. |

Lemma 3.64. For each n > 1, reduction modulo pi(p)"™ of (3.41), induces a natural (p,I'r X
To)-equivariant isomorphism

Aret/(pr())™ = (Ar/ (pr(p))") e, (3.46)

Moreover, for n = 1, the (@, T'p)-equivariant isomorphism Ag/(p1(p)) — Ag from (3.23), induces
a natural (p, T p)-equivariant isomorphism

Apy/(pr(1) = Apy (3.47)
Proof. Consider the following natural (¢, ' x I'g)-equivariant commutative diagram with exact rows:

0 ——— Any/(p1 () —2 5 Ry /(o1 ()™ ——— Ry /(pr ()" —— 0

l(3.41) l(s.zu) l(3.41)

0 —— (Ra/(pr ()T 2825 (R (pa ()™ 1) Toer —— (R (pr ()" P,

(3.48)
where the vertical maps are injective because we have py ()" ArNA g ¢ = p1 ()" Ar 4, as p1 (1) is invari-
ant under the action of 1 xI'. Composing the left vertical arrow in (3.48) with the (¢, I )-equivariant
isomorphism Ar/(p1(x)) — Ag from (3.23), we obtain a natural (p, 'r)-equivariant injective map
Ar +/(p1(1)) = Ag +, and we claim that it is surjective as well.

Indeed, note that Ag_, /(p1(p)) is a p-torsion-free ring equipped with an induced Frobenius, in
particular, a d-structure, and so we see that the left vertical map in (3.48) is compatible with the
respective d-structures. Now, from (3.44) in Lemma 3.62, recall that we have Ap . = R[{T[k]}keN]Z/}.
If we denote by 7, its preimage under the isomorphism (3.23), then from Lemma 3.63 we have that
7 is an element of Ap 1 /(p1(1t)), and we need to show that 7% belongs to Agr 4 /(p1(1)), for each
k € N. Moreover, using [BS22, Lemma 2.35], we see that it is enough to show that T—; is an element of

Agr.+/(pi(p)). Since, Ag 4 /(p1(k)) is a d-ring, we have that

3 =8(“55) = 7 (5 - 955) = G+ 17 - ).

As [2], = ¢+ 1 may be written as the product of 2 with a unit in Ap (see Lemma 3.24), therefore,
it follows that 7'2—2 = W — ¢%6(7) is an element of Ag_ /(p1(u)). Hence, we conclude that
Ar.1/(pi(p)) = Ag ¢, in particular, the composition in (3.47) and the left vertical arrow in (3.48)
are bijective. Now, using the diagram (3.48) and an easy induction on n > 1 shows that the right
vertical arrow is bijective, the bottom right horizontal arrow is surjective and the middle vertical
arrow is bijective, for each n > 1. Hence, the natural (p,T'g X T'g)-equivariant map /N\R,Jr/(pl(u))” —
(Ar/(p1(p))™)*Teerinduced by (3.41), is bijective for each n > 1, thus allowing us to conclude. W
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Remark 3.65. Lemma 3.64 may be proven using an alternative method as in the proof of Lemma 5.24,
where a crucial input is Lemma A.8. However, the proof given above is conceptually more satisfactory.

From Lemma 3.64, we obtain the following;:

Lemma 3.66. For each n > 1, the following natural (p,I'r x Tg)-equivariant sequence is exact:

0 — (Ap/(pr () Teor 2005 (R /(pa (1)) T — (A (pr()™) T — 0. (3.49)

Proof. The sequence (3.49) is the same as the second row of the diagram (3.46), which was shown to
be exact in the proof of Lemma 3.64. |

Next, we will look at the action of 1 x Ty — 1 x (1 + 4Z5) on AR,—Q— and prove a result similar to
Lemma 3.53, for p = 2. In particular, we will show the following;:

Lemma 3.67. For each n > 1, the following natural (p,T'r X 1)-equivariant sequence is exact:

0 — (Ar/(pr ()77 29 (R (pr (1)) — (R (pr (1)) 77— 0. (3.50)

Remark 3.68. Via the natural (p,I'g x I'r)-equivariant isomorphism ¢5 in Lemma 3.47 (see (3.24)),
we see that the exact sequence in (3.50) is the (1 x I'p)-invariant of the exact sequence in (3.19) in
Lemma 3.43, for p = 2.

Note that using the (¢,I'r x I'g)-equivariant isomorphism in (3.46) and (3.47), the sequence in
(3.50) may be rewritten as the following (¢, I'r x I'g)-equivariant sequence:

()" A n A n
0 — AR, === (Ap+ /(P ()" T — (At / (pr()™) T — 0. (3.51)
In order to show that the sequence (3.51) is exact, we start with the following observation:

Lemma 3.69. The action of 1 x T is trivial on Ag_ /(pa(v)) and the action of T g x 1 is trivial on
Ar/(p1(w)-

Proof. For the first claim, note that we have pg(l/)]\Rm[\R7+ = pg(u)]\Rﬁ. So, if x is an element ofjigﬁ
and g any element of 1 x ¢, then it is enough to show that (¢g— 1)z is an element Ofpg(l/)]\R. Moreover,
recall that v is the product of u? with a unit in Ax. Therefore, we are reduced to showing that ( g—1)zis
an element of po(11)2Ag. Now, using Lemma 3.48, we may write (g—1)z = pa(u)y, for some yin Ag. Let
o be a generator of 1 xT'y,, and note that o(z) = x. Then, we have o(p2())o(y) = p2(u)y, in particular,
(c0—1)y = —(2+p2(p))y. Again, using Lemma 3.48, we may write —pa([p]q)y = (0 —1)y = pa(u)z, for
some z in A. So, we get that —py = 0 mod p, (H)]\R- Note that (p2(u), p) is a regular sequence on Ag,
since po: Ap — Ap is flat (see Construction 3.44). Therefore, we conclude that y = 0 mod pg(/,l,)]\R,
i.e. y is an element of py(p)Ag and (9 — 1)x = pa(p)y is an element of p2(p)?AR, as claimed. The
triviality of the action of I'g x 1 on Ag 1 /(p1(n)) easily follows from Lemma 3.48. |

Remark 3.70. From Lemma 3.69, note that the action of 1 x I'g is trivial on Ag 4 /(p2(v)), and
multiplication by p;(u) on /~\R,+ is equivariant for this action. Therefore, for any g in 1 x I'g and any x
in Ag_y/(p1(p))™, we get that (g — 1)z is an element of pa(v)Ag 4 /(p1 ()™ In particular, for n = 1,
using the isomorphism AR7+/(p1 (1)) = Ag 4 from (3.47), we get that for any g in I'g and any z in
AR 4+, the element (g — 1)z belongs to vAg 4.

Using the action of 1 x 'y on ]\R#, let us define a g-de Rham complex (see Definition 3.31), by
considering the element 7 in Ar 4 as a parameter. We start with the following observation:

Lemma 3.71. Let v be any element of 1 x Tg. Then, (o — 1)7 = ups2(v), for some unit u in [\Rﬁ-
depending on ~q.

Proof. Note that it is enough to show the claim for a topological generator vy of 1 x I'g such that

X(v0) = 1+ 4a, for a unit a in Zy. Let us set v = p2(lPla) o104 note that we have 7 = ;Z((v;). Now,

p1([plq)

observe that

(0 =17 = (0 = D) = (o = D730 + S50
= sty (0 = 1)3(v) = (p2(g") = 1)é(v)).



Prismatic F-crystals and Wach modules 35

Since § and 7y commute with each other, an easy computation shows that
(o = 1)8(v) = ({0 — 1)v) —v(y0 — v,
(p2(q") = 1)3(v) = 8((p2(q") = D)v) — v*(p2(g?) = 1).

Then, we note that
v(90 — D)o — 13 (pa(q®) — 1) = v(pa(g?) — 1) (LD —0) = —2(pa(q) — 1)(pa(g?) — 1)
= —v"pa(q) (p2(¢®) + p2(q) + Dpa(v) = pa(v)a1,

for some z1 in Ap and (o — 1)v = pa(q)(p2(q) — 1)(p2(g?) + )v.

Now, let a = p2(q)(p2(¢®) + 1), b = p2(q) + 1 and ¢ = (p2(g) — 1)v, and note that a — b, §(a — b)
and 0(c) are elements of (p2(q) — 1) AR, since the latter is a d-stable ideal of Ag, in the sense of [BS22,
Example 2.10]. So, we obtain that

5((y0 — 1)) — 6((pa(g?) — 1)v) = 6(ac) — 6(bc) = §(ac — be) + b2c* + abc?
=6(a—b)c® + (a—b)*5(c) +26(a — b)d(c) + b*c® 4 abc® = po(v)xa,

for some x5 in AR, and in the third equality we have used that v = @ from (3.43). Set u := ?7;?;3?

in Ag, and by putting everything together, we have that
(vo — D)7 = upa(v). (3.52)

Using that o(7) = 7 (see Lemma 3.63), o(v) = v, the group 1 x 'y is commutative and Ag_; is
p2(v)-torsion-free, we get that u is an element of INXR#. So to show the claim, it is enough to show
that u is a unit in Az. Now, note that from the discussion after (3.41), the ring ]\R,Jr is p1 (p)-adically
complete and we have a (¢, T'g)-equivariant isomorphism Ag ¢ /(p1 (1)) — Ag ¢ (see (3.47) in Lemma
3.64), therefore, we are reduced to showing that @, the image of u under the preceding isomorphism, is
a unit. By reducing the equalities in (3.52), modulo py (1), we obtain the following expression in Ag 4 :

(o =17 =(0-1)5 =
But from Lemma 3.58, we see that @ must be a unit in Ag ;. Hence, u is a unit in AR’% as claimed. W

The following observation was used above:

Lemma 3.72. Let v be a topological generator of Ty such that x(vo) = 1+ 4a, for some unit a in
Zy. Then, we have (vo — 1) = (70 — 1)§ = uv, for some unit u in Ap 4 = AII;““ depending on .

Proof. From Lemma 3.62, recall that /8 is the product of ¢*/8 with a unit in A . So, let us write
v/8 = et?/8, for some unit e in Ag . Note that from Remark 3.70, we have that (yo — 1)e = vz, for
some z in Ap . Therefore,

2
(vo—1)%=(w—-1)% =

(Yo — e +70(e) (0 — 1)&

t2
8
2 2 —

vz +70(e)(x(0)? = 1) =v(5z +0(e)e a(2a + 1)) = vu,
where u = (%x +70(e)e*a(2a + 1)) is a unit in Ap 4 because yo(e)e *a(2a+ 1) is a unit and 2/8 is
p-adically nilpotent in Ap .. Hence, the lemma is proved. |

In the rest of the Section 3.4.4, we will fix a topological generator vy of 1 x T'g such that x(yo) =
1 + 4a, for a unit a in Z,. Similar to (3.35), let us now consider the following operator on Ag 4 :

Vq,;: ARWF — AR,+
(-1 (3.53)

S CTE S

From the triviality of the action of 1 x I'g on 1~\R7+/(p2(u)) (see Lemma 3.69) and from Lemma 3.71,
it follows that the operator V, ; is well defined. For each n > 1, using Remark 3.70, the operator
in (3.53) induces well-defined operators V, 7: Ag 1 /(p1(1))* — Ag 1 /(p1(1))". In particular, for
n = 1, we have 7 = v/8 in Ag o, and using Remark 3.70 and Lemma 3.72, we have a well-defined
operator
vq,‘r: AR,—‘r — AR,+
(o1} (3.54)

T Go—Dr
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Remark 3.73. Considering 7 as a parameter, the operator V, 7 in (3.35), may be considered as a
g-differential operator in non-logarithmic coordinates, in the sense of Definition 3.31 and Remark 3.33,
where ¢Q /D identifies with the (p,p1(u))-adic completion of the module of Kéhler differentials of

/~\R7+, with respect to p1: Agp — AR7+. Similarly, considering 7 as a variable, the operator V, . in
(3.54), may also be considered as a non-logarithmic ¢-differential operator in the sense of Definition
3.31 and Remark 3.33, where the qQ}A /D identifies with the p-adic completion of the module of Kéhler

differentials of Ag y, with respect to R.

For each n > 1, the operator V, + is an endomorphism of Ag_ /(p1(1))", so we may define the
following two term Koszul complex:

Kin s ronooy (Var): [Re /1) ~225 Rp i/ (pr ()] (3.55)

For n = 1, we have the following claim:

Lemma 3.74. The cohomology of the complex Kz, (Vqr) wvanishes in degree 1, i.e.
Hl(KAR,+(VQ7T)) =0.

Proof. Similar to Lemma 3.60, the claim follows from the more general statement in Propositions 4.29
and 4.30 (also see Propositions 4.23 and 4.16), which will be proven for finite Az +-modules admitting
a continuous action of I'y (trivial modulo v), in particular, Ag 4 itself. |

Proof of Lemma 3.67. The proof follows by the same arguments as in the proof of Lemma 3.53. Indeed,
by using the (¢, 'g x I'g)-equivariant isomorphism in (3.46), in the exact sequence of (3.49), we obtain
an exact sequence (similar to (3.38)) on which we use the operator V, 7 in (3.53) and the Koszul complex
defined in (3.55) to obtain an exact sequence of Koszul complexes (similar to (3.39)). Considering the
associated long exact sequence, and noting that H'(Ky, , (V) = 0 from Lemma 3.74, we obtain
the following exact sequence (similar to (3.40)):

or=0 m(W" % . ;: . v
0 — Axty =" 2 (Rpg/(a (1)) V7= — (R e/ (pa ()™)Y 7 =0 — 0.

Since the action of 1 x Iy is continuous on AR7+ for the (p, p1(1))-adic topology, therefore from Lemma
A.5, we have that (Ag o /(p1 (1)) Ve =0 = (A4 /(p1(u))" 1) *To, for each n € N. Hence, from
the preceding exact sequence we obtain that the sequence in (3.51) is exact, and therefore, it follows
that the sequence in (3.50) is also exact. This completes our proof. |

3.4.5. Proof of Proposition 3.41. Note that from the explicit description of Ar(1)/(p1(n)) in
Proposition 3.25, it is easy to see that reduction modulo p of p;: Agp — Ag(1) induces an isomorphism
p1: R — (Ag(1)/(p1(u)))*I'=. More generally, we have the following:

Lemma 3.75. For n € N1, reduction modulo u™ of the (¢,T'%)-equivariant map p1: Ar — Agr(1)
induces a (¢, g x 1)-equivariant isomorphism p1: Ar/(pn)" — (Ar(1)/(p1(p))™)1 L'z,

Proof. Note that p; is (¢,I'%)-equivariant, and p; modulo p" factors as pi: Ag/(p)" —
(Ar(1)/(p1(p))™)*T® < AR(1)/(p1(1))™, with the composition being faithfully flat by Lemma 3.14,
and therefore, injective. In particular, we see that the induced (y, 'g X 1)-equivariant homomorphism
pr: Ar/ ()™ = (Ar(1)/(p1(p))™)**L'% is injective. Now, consider the following commutative diagram
with exact rows:

00— Ar/(n) v Ag/ ()™ Ap/ (1) ———— 0

ipl lpl lpl
0 —— (Ap(L)/(r ()T 255 (Ap/(pr ()™ 8 —— (A1) (1 (1)) T,

(3.56)
and note that an easy induction on n > 1 shows that the right vertical arrow is bijective, the bottom
right horizontal arrow is surjective and the middle vertical arrow is bijective, for each n > 1. Hence,
we obtain the claimed (¢,'r x 1)-equivariant isomorphism p;: Ag/(u)™ — (Ar(1)/(p1(p))™)1*I'z,
for each n > 1.
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Remark 3.76. From the description of the action of I'}, on Ag(2) in Remark 3.20, we note that there
is an induced action of '}, on Ag(2)/(p1(1)), where the action of the first component is the identity.
Moreover, we have a (¢, '%)-equivariant map r1: Ar — Agr(2), where Ap is equipped with an action
of I'%, via projection on to the first coordinate. Then, similar to above, it may easily be shown that the
reduction modulo p of 71: Ap — Ag(2) induces an isomorphism r1: R = (Ag(2)/(p1(u)))*'exTr,

Now, recall that we have the p-equivariant multiplication map A: Ar(1) — Ag. The map A
induces an Ag/(u)"-linear (via p;) and p-equivariant maps A: Ar(1)/(p1(p))™ — Agr/(p)", for
n € Nyi. For n = 1, using Lemma 3.75, the map A restricts to a @-equivariant isomorphism
(Ar(1)/(p1(p)))t*I'r =5 R. More generally, we have the following:

Lemma 3.77. For n € N1, reduction modulo p1(u)" of the y-equivariant homomorphism
A: Agr(1) — Ag restricts to a p-equivariant isomorphism (Agr(1)/(p1())™)*F'r =5 Ag/(u)™.

Proof. Let us first note that using Lemma 3.43, together with Lemma 3.51, Lemma 3.53 and Remark
3.54, for p > 3, and Lemma 3.66, Lemma 3.67 and Remark 3.68, for p = 2, we obtain that for each
n > 1, the following (¢, ' x 1)-equivariant sequence is exact:

0 — (Ar(1)/ (P ()™ L0 (AR1) /(o ()" )T — (AR(1)/ (2 (1)) — 0.
(3.57)
Next, we note that A is g-equivariant, so it is enough to show that the map modulo p; (u)™ is bijective.
Now, consider the following natural commutative diagram:

0 —— (Ar(D)/(pr ()T 05 (A (pr () ™) T8 s (Ar(1)/ (1 (1)) 7T —— 0

/| | |a |a

00— Ap/(n) Ag/(p)m+t Ag/(p)* ———— 0,

where the top row is the exact sequence in (3.57). Using the diagram, an easy induction on n > 1
gives the p-equivariant isomorphism A: (Ag(1)/(p1(p))"1)>*Tr =5 Ag/(u)"*1, as claimed. |

Finally, recall that the ring Ag(1) is equipped with an action of (p,I'%), and the rings Ar(1)**F'r
and (Agr(1)/(p1(p))™)*F7 are equipped with a residual action of I'r = I'g x 1 C I'4. Then, the
following observation proves Proposition 3.41:

Lemma 3.78. For n € Nxi the isomorphism (Ar(1)/(p1(p))™)'*'® = Ag/(u)™ of Proposi-
tion 3.41, is compatible with the respective (¢,I'r)-action. Passing to the limit over n gives a
(, T r)-equivariant isomorphism Ar(1)**'r = Ap.

Proof. The isomorphism in Proposition 3.41 is p-equivariant. To check I' z-equivariance, note that if
gisin g and ain Ar(1)/(p1(p))™, then we have that A((g,g)a) = g(a). Soif a is (1 x I'g)-invariant,
then for g1, g2 in T'r, we have that A((g1,92)f) = A((91,91)f) = g1(A(f)). This proves the
first claim. Next, as inverse limit commutes with taking (1 x I'g)-invariants, therefore, it fol-
lows that we have a (p,'g)-equivariant isomorphism Ag(1)'*'z = (lim, Ar(1)/(p1(p))™)*'e =
lim,, (Ar(1)/(p1(p))™)**F'® = lim,, Agr/(u)" = Ag. This proves the second claim. [ ]

4. AN INTEGRAL COMPARISON ISOMORPHISM

In this section, we shall prove an integral comparison isomorphism for Wach modules, which will be
the most important input in building a stratification on Wach modules in Section 5.2.5. We will use
the setup and notations of Section 1.6 and Section 3.

Definition 4.1 (Wach modules, [Abh23, Definition 1.1, Lemma 3.7]). A Wach module over Ap is a
finitely generated Agr-module N equipped with a semilinear action of I'z, and satisfying the following
conditions:

(1) The sequences {p, u} and {p, p} are regular on N.
(2) The action of I'g is trivial on N/uN.

(3) N is equipped with a Frobenius of finite [p],-height, i.e. an Ag-linear and I'g-equivariant iso-
morphism ¢ : (¢*N)[1/[plg] = (Ar ®p,a, N)[1/[plg] — N[1/[pl4).
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Say that N is effective if oy carries ¢* N into N. Denote the category of Wach modules over Ar as
(o, F)—Mod[g]}: with morphisms between objects being Ag-linear, I'g-equivariant and @ n-equivariant
(after inverting [p],).

Remark 4.2. Note that the action of I'g is automatically continuous on N for the (p, u)-adic topology
(see [Abh23, Lemma 3.4]). Moreover, from [Abh23, Proposition 3.8], note that for a Wach module N
over Ag, the Ag[1/p]-module N[1/p] is finite projective, the Ag[1/u]-module N[1/u] is finite projective
and by [Abh23, Remark 3.9] the Ag[1/[p],]-module N[1/[p],] is finite projective. Furthermore, from
loc. cit., the sequences {p, [p],} and {[p],,p} are regular on N and equivalent to condition (1) in
Definition 4.1.

Remark 4.3. For R = Op, a Wach module over Ap is necessarily finite free (see [Abh23, Remark
1.4]).

From Remark 3.20, recall that we have a (o, ['%)-equivariant maps p;: Ag — Ag(1) fori = 1,2,
where Ag is equipped with a F%—action via projection onto the i*" coordinate. Moreover, we note that
there is an induced action of I'% on Ag(1)/(p1(n)), where the action of the first component is trivial.
In this section, we shall identify I'g with 1 x ' and say that Ag(1)/(p1(u)) is equipped with a natural
continuous action of I'g.

Notation. In this section, by the ¢-equivariance of a morphism we always mean @-equivariance after
inverting p. However, we will not always mention this explicitly.

The goal of this section is to prove Theorem 4.4 below, which is an important ingredient for the
proof of Theorem 5.13.

Theorem 4.4. Let N be Wach module over Ar and set M = (Ar(1)/(p1(1)) @py,a, N)'E as an
R-module equipped with the tensor product Frobenius. Then, there exists a natural (¢, T gr)-equivariant
isomorphism

Ar(1)/(p1(1) ®py,r M — AR(1)/(P1(1)) @pa,an N (4.1)

Moreover, M is a finitely generated p-torsion-free R-module, and the multiplication map A: Ar(1l) —
Ag from Construction 3.13 induces a p-equivariant isomorphism of R-modules M — N/uN.

Remark 4.5. For R = Op, the R-module M in Theorem 4.4 is finite free of rank = rk4, V.

Remark 4.6. Let N be a Wach module over Ar. By extending the isomorphism in Defini-
tion 4.1 (3) along the (¢,I'g)-equivariant homomorphism ps: Ag — Agr(1)/(p1(n)), we obtain
a (g, T'y)-equivariant isomorphism (Ar(L)/(p1(1)) @psoptn N1/[plg) = (Ar(D)/(1(12)) @pi
N)[1/[plq)- Now, let us note that p;([p],) = p mod p1(n)Ar(1) and p1([ply)/p2([ply) is a unit in Ar(1)
(see Lemma 3.14). So, by setting M = (Ag(1)/(p1(1)) ®p,.ax N)' R, taking the T g-invariants in the
preceding isomorphism, and using Theorem 4.4 gives an R[1/p|-linear isomorphism (¢*M)[1/p] =
(R @p,r M)[1/p] = M[1/p].

In Sections 4.2 and 4.3, we shall prove the comparison isomorphism (4.1) claimed in Theorem 4.4.
Our proof is broadly divided into three main steps: a geometric descent for the action of I'j; (see
Proposition 4.16) and a “two-step” arithmetic descent for the action of I'r (see Propositions 4.21 and
4.24, for p > 3, and Propositions 4.25 and 4.30, for p = 2). Then in Section 4.4, we will put everything
together to complete the proof of Theorem 4.4. We begin by interpreting the action of ' on a Wach
module as a g-connection.

4.1. Wach modules and ¢g-connections. In this section, our goal is to interpret Wach
modules and its scalar extension to Ar(1)/(p1(p)) as modules with g-connections similar to [Abh23,
Section 5]. We shall work with the notation described in Section 3.3.3.

Definition 4.7 (g-connection, [MT20, Definition 2.2]). A module with g-connection over D is a
right D-module N equipped with an A-linear map Vy: N = N ® qQ}D /A satisfying the Leibniz rule
Volaf) =Vy(z)f + 2 @dy(f) for all fin D and = in N. The g-connection V, extends uniquely to a
map of graded A-modules V: N ® ¢Q3, , = N @ qQS}}q satisfying Vo(n @ w) - w') = Ve(n @ w) -
W+ (=1)%e“(n ® w) - d,(w'). The g-connection V, is said to be flat or integrable if V, 0V, = 0.
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Example 4.8. From Example 3.34, take D = Ap = Op[u], A = Ar equipped with the action of I'
and {71, ...,7a} as topological generators of I';, (see Section 3.1). Taking ¢ = 1+ p and U; = [X}], for
1 < i < d, we know that Ap satisfies the hypotheses of Definition 3.31. In particular, Ag is equipped
with an Ap-linear g-connection V,: Ap — qQ}qR/AF, givenas f — Z?Zl Wﬁilﬁf dlog(p2([X?])). Now,
let N be a Wach module over Ag. Then, from [Abh23, Proposition 5.3], the geometric ¢-connection

V¢: N = N Qua, Q}4R/AF’ given as x — Z?:l W dlog([X?]), describes (N, V,) as a p-module

equipped with a (p, [p]q)-adically quasi-nilpotent flat g-connection over Ar (see [Abh23, Section 5.2]
for details).

Example 4.9. From Example 3.35, take D = Ar and A = APP as a Ap-algebra. Note that APP is
equipped with a Ap-linear action of I, and we have {v1,...,74} as topological generators of I'}; (see
Section 3.1). Then, by setting ¢ = 1+ p and U; = [X?], for 1 < i < d, we know that APP satisfies
the hypotheses of Definition 3.31. In particular, APP is equipped with a Ap-linear g-connection
Vg APP(1) — qQka(l)/AF, given as f — Z?:l % dlog(p2([X?])). Now, let N be a Wach
module over Ap and set NFP := AP @, N, equipped with the tensor product Frobenius and the
tensor product action of I's. Then, note that for any f ® y in N'P and ¢ in I'g, we have that
(g-D(fey) =@-1fey+g(f)®(g—1)yis in uNFP. Therefore, the operator V,: N*P —
NFP ® 4ep Qe )y, given as @ — D Lﬂ)ﬁ dlog([X?]), satisfies the assumptions of Definition
4.7. Moreover, the g-connection V, on N PD is p-adically quasi-nilpotent using Example 3.35 and
Example 4.8, and it is flat because v; commute with each other.

Example 4.10. From Example 3.36, take D to be Ar and A to be A(1) = Agr(1)/(p1(pn)) as a
Ap-algebra via the morphism of rings ¢ : Ag — A(1). Then, the Ag-algebra A(1) is equipped with a
Ag-linear (via ¢p) action of I'; and we take {v1,...,74} as topological generators of I'}; (see Section
3.1). Moreover, by setting ¢ = 1 + p and U; = [X?], for 1 < i < d, we see that A(1) satisfies
the hypotheses of Definition 3.31. In particular, A(1) is equipped with a Ag-linear g-connection
Vi A1) — qQ%(l)/AR’ given as f +— Z?Zl 2:(0)~f dlog(p2([X?])). Now, let N be a Wach module

p2(p)
over Ap and set N(1) = Ag(l) ®p,.4ax N, equipped with the tensor product Frobenius and the
tensor product action of I'%, where I'% acts on N via projection onto the second coordinate. Let
N(1) == N(1)/(p1(p)) = A1) ®p, 4 N, equipped with the induced action of Frobenius and I'r =
1 x I'g. Note that for any f ® y in N(1) and g in I'g, we have that (¢ — 1)(f ®@y) = (9 — 1)y @y +

g(f) ® (g — 1)y is in p2(u)N(1). Therefore, the operator V,: N(1) — N(1) ®740) le(l)/AR, given as

T Zle w dlog([X?]) satisfies the assumptions of Definition 4.7. Moreover, the g-connection

V4 on N(1) is p-adically quasi-nilpotent using Example 3.36 and Example 4.8, and it is flat because
~; commute with each other.

Lemma 4.11. Let N be a Wach module over Ag and A(1) = Ag(1)/(p1(p)). Then, the A(1)-module
A(1) ®py 4, N is p-adically complete and p-torsion-free.

Proof. Note that the morphism ps: Agp — Ag(1) is faithfully flat from Lemma 3.14. Moreover, from
Definition 4.1 recall that {p, u} and {u,p} are regular sequences on N. Then, from the flatness of
p2, it follows that {p, p2(u)} and {p2(p),p} are regular sequences on Ar(1l) ®;, a, N. Using the fact
that p1([ply)/p2([ply) is a unit in Ag(1) (see Lemma 3.14), we get that p;(u)P~! is an element of
(p, p2(11))Ar(1). Now, since both {p, p2(r)} and {p2(u), p} are regular sequences on Ar(1) @y, a5 N,
therefore, it follows that both {p, p1 ()P~} and {p; (1)?~*, p} are regular sequences on Ar(1)®p, 4, N.
In particular, using [Sta23, Tag 07DV] we get that both {p, p1 (1)} and {p1 (1), p} are regular sequences
on Ar(1) ®p, 4, N, and we conclude that A(1) ®,, 4, N is p-torsion-free. Next, note that N is a
finitely generated and (p, p)-adically complete Ar-module. So, it follows that Ar(1) ®p, 4, N is a
finitely generated and (p, p2(u))-adically = (p, p1(u))-adically complete Ag(1)-module, in particular,
it is (p, p1(p))-adically separated. Consequently, we get that A(1) ®,, 4, N is p-adically separated
and it is clearly finitely generated as an A(1)-module, therefore, p-adically complete. This completes
our proof. |

Remark 4.12. Let N be a Wach module over Ag and let AP be the ring defined in Example
3.35. Moreover, recall that we defined a ring E in Remark 3.46, which admits faithfully flat maps
p1: Ap — E and py: Agr — E, and we have that E/(p1(u)) — AFP. Then, by an argument similar
to the proof of Lemma 4.11, it follows that the APP-module AFP ® 4, N is p-adically complete and
p-torsion-free.
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From Lemma 3.24, we have that ¢ = log(1 4+ u) converges in pAp C pAg and ¢/ is a unit.

Proposition 4.13. Let N be a Wach module over Ar and A(1) = Ag(1)/(p1(p)). Then, for 1 <
i < d, the series of operators V8 = log% =13 pen(— )k% converge p-adically on N(1) =
A(1) ®ps,Ar N. This defines a AR—linearp adzcally quasi- m'lpotent flat connection on N (1), denoted

as V: N(1) — N(1) &) Qlﬁ(l)/A and given as x — Zl L VI8 (x) dlog([X?]). The data of the

connection V on N (1) is equivalent to the data of the q-connection V4 described in Example 4.10,

i.e. either may be recovered from the other. Moreover, the q-de Rham complex N(1) ®Z) qQA(l)/AR

is naturally quasi-isomorphic to the de Rham complexr N (1) ®71) Q;l(l)/A . In particular, we have
that N(1)Ve=0 = N(1)V=0,
Proof. Our proof employs ideas similar to that of [Abh25b, Lemmas 4.36 & 4.38], [MT20, Theo-
rem 4.2] and [BMS18, Corollary 12.5]. Note that the A(1)-module N(1) is p-adically complete
and p-torsion-free by Lemma 4.11. Let us first show that for 1 < ¢ < d the series of operators
R _
vies = 1 + > ren(—1 )k% converge on N(1). As t/u is a unit in Ag, we may write

1 k=D p u’“ (vi=1)* !
?ZkeN(_l) k+1 ZkeN E+1~ pkfl

where the right hand term converges on N (1) because ¥ /(k + 1) converges p-adically to 0 in Ag as k
goes to +o00.

Next, let us check that the operator Viog satisfies the Leibniz rule. To show this, we claim that for
x in N(1), we have that
m L) — pyles

7711_1)1_11OO () = tV; 5 (). (4.2)

Indeed, note that since t*/k! converges p-adically to 0 in A(1) as k goes to 400, so we may write
v = exp(ntVlOg) for n € Z. Expanding the preceding exponential, we see that
WL StV 4 Yy 2L (V)R N(1) — N(1),

n

is well defined. Taking n = p™ and letting m — 400, we get the formula in (4.2). Now, for any f in
A(1) and 2 in N(1), we have that

P = D)(f2) = D) e+ (OO - ().

Dividing out the preceding equality by tp™, letting m — +o0o0 and using (4.2) we get that Viog( fz) =
VI8 (f)z + fVI°8(x), where the first operator on the right is Vi°% := log(v;)/t: A(1) — A(1), whose
well definedness and the equality in (4.2) may be checked similar to above. In particular, we have
shown that the operators Vi.og are well defined and satisfy a Leibniz rule.

To show that V: N(1) — N(1) ®70) oL given as © — Z?:l VI°8(2) dlog([X?]), is a well-

A(1)/ArR’
defined connection, we need to show that V: A(1) — QZ (1)/Ar is the usual de Rham differential
d: A1) —» QL . Aseach Vl-og is a continuous A g-linear derivation, we may write Viog = h;od for

A(M)/Ar

some unique continuous Ag-linear map h;: QA(D/A — Ag. Then, it is easy to see that h;(d[X?]) =

VI°§([X?]) = [X?], for i = j, and 0, otherwise. Therefore, we have d = 3, [X?]7'VI°8 () ® d[X?] =
S, VIE(—) ® dlog([X?)), as desired.

Next, let us show that the operators V, = Viog J[X?] = (logv)/(t[X?]) are p-adically quasi-
nilpotent. Indeed, we first note that from the commutativity of ¢ and ~;, it follows that log~y; o ¢ =
@ o log~y;. Therefore, it is easy to see that V; o p = p[Xib]p_lgo o V;. Recall that N is equipped
with an Ag-linear isomorphism ¢*(N)[1/[pl,] — N[1/[pl,], and [p],/p is a unit in Ar (see Lemma
3.24), therefore, N (1) is equipped with an A(1)-linear isomorphism ¢*(N(1))[1/p] — N(1)[1/p]. In
particular, for any = in N(1), there exists 7 € N large enough, such that p"z belongs to ©*(N(1)).
Then, from the relation V; o ¢ = pp o V;, we see that Vf (p"x) converges p-adically to 0 as k — +oo.
Hence, it follows that V¥(x) = p~"V¥(p"z) converges p-adically to 0 as k — o0, in particular, V;
are p-adically quasi-nilpotent.

So far, we have shown that V: N(1) — N(1) @ ) Q A(1)/Ar is a p-adically quasi-nilpotent connec-

tion and it is flat since ;, and therefore Viog, commute with each other. Moreover, we defined the con-
nection V using the action of I'}; and conversely, we have shown that the action of I';, may be recovered
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by the formula ; = exp(tViog) and it remains to check that, the action of «; thus obtained, is semi-

linear. Note that the Leibniz rule implies that %(tViog)k(xf) = uibek %(tViog)“(x)%(tViog)b(f)
for z in N(1) and f in A(1). Now, taking the sum over all k > 0, we get that exp(tVi°8(zf)) =
exp(tV;8)(x) exp(tV,8)(f) = exp(tV; ) (z)7i(f), as required. B
From the discussion above, it is clear that we have a g-de Rham complex N (1) ®71) qQ'Z (1)/A and a
R

de Rham complex N (1) ®7a) Q . We claim that these complexes are naturally quasi-isomorphic.

A(1)/AR

Indeed, let us first note that the endomorphisms Vf;jlg = %;7:1 N(1) — N(1) are commuting. So, let

Km)(vlﬁ e V};g) denote the corresponding Koszul complex (see Definition A.4). Then, we have
a natural identification of complexes

lo, lo, AT .
Kﬁ(l)(vqg’ T ti) =N(1) ®Aa) qQZ(l)/AR'

Next, let ¢ = log(1 + p), and again note that the endomorphisms Viog = bg—t'y"’: N(1) — N(1) are
commuting. So, let Km)(vﬁ"g, e Vldog) denote the corresponding Koszul complex, and again we
have a natural identification of complexes
log logy _ 77 . .
Ky (V1% V%) = N(1) @5, QZ(1)/AR'
Now, from the discussion above, recall that we have the relation v; = exp(tVi.Og) on N(1). Therefore,
we may write

o o k 0g\k—
vioe _ ! B(L 4 S iso ﬁ(vl g)k=1), (4.3)

q,% ? 1 7

where the term inside the parentheses is invertible, because ¢/ is a unit in A(1) (see Lemma 3.24)
and p*~1/(k!) is topologically nilpotent because (uP~!/p)* is topologically nilpotent in A(1) (see
Proposition 3.25). Now, in the notation of Lemma A.6, let us set M = N (1), fi = V\°® and take h; to
be the formula inside the parentheses in (4.3), in particular, f;h; = Viﬁf. Then, from Lemma A.6, we
obtain a natural quasi-isomorphism of complexes

N(1) @5, 4% — K

lo, lo ~ lo, lo, N .
/A ﬁ(l)(v s ...,qul) — K+ )(V1 € ..., V) =N(1) ®4a) %

q,1» N(1 (1)/Ar"
Finally, from the quasi-isomorphism above, it follows that we have N (1)F's = N(1)Ve=0 = N(1)V=0,

This concludes our proof. |

Remark 4.14. From Remark 4.12, recall that the A"P-module NFP = AFE) ®ap N is p-adically
complete and p-torsion-free. Then, in Proposition 4.13, replacing Ar by Ar, A(1) by APP and N(1)
by N¥P = AP ®, . N, and using essentially the same arguments, we see that for 1 < i < d, the series

k
of operators Vi.og = logt—'” =13 en(=D* (7;;11) converge p-adically on N¥P. This defines a A p-linear

p-adically quasi-nilpotent flat connection on NFP, denoted as V: NFP — NP @ ,pp QipD/AF and

given as x — 25:1 VI°8(x) dlog([X?]). The data of the connection V on NFP is equivalent to the
data of the g-connection V, described in Example 4.9, i.e. either may be recovered from the other.
Moreover, the g-de Rham complex NFP @ 4rp q2%pp e is naturally quasi-isomorphic to the de Rham

complex NPP © 4pp Q%ep /)y, In particular, we have (NPP)Va=0 ~, (NPD)V=0,

Remark 4.15. Let A(1) = Ag(1)/(p1(1)) and APP as in Example 3.35. Recall that we have a natural
injective (¢, 'r)-equivariant homomorphism of rings pa: APP — A(1) (see Remark 3.39). Now, let
N be a Wach module over Ag, then we have that A(1) ®,, 4r0 NFP =5 A(1) ®p,,4, N = N(1),
compatible with the action of (¢, T'r). So, using the compatibility of the corresponding connections on
A(1) and AFP (see Remark 3.40) and the Leibniz rule for the connection on N (1), proven in Proposition
4.13, it follows that the respective connections on N(1) and NP are compatible, in particular, the
connection on N (1) is given as the tensor product of the respective connections on A(1) and NFP.

4.2. Geometric descent: the action of ;. Let us begin by recalling that we have
an isomorphism of Ap-algebras Ar = R[u, {(u?~'/p)*}ren]) =+ AFP (see the isomorphism ¢ in
(3.14)), and A(1) = Ar(1)/(p1(1)) as in Example 3.36 admitting a natural (p, ' g)-equivariant ho-

momorphism py: APP — A(1) (see Remark 3.40). Moreover, from Section 3.4.1 recall that we have
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a (p,1 x Tp)-equivariant map A’: Ag(1) — Ag, and from the proof of Lemma 3.50 we have a
(¢, T'p)-equivariant diagram

Ar =25 Ar(U)/ (1) =5 R/ pa() 2 A,

such that the composition is the identity on Agr. By abusing notations, we will denote the composition
of the middle and right arrows again by A’. Moreover, note that the (¢, I r)-equivariant composition

APD P2, 74(1) A AR coincides with the inverse of the (o, I'r)-equivariant isomorphism ¢: Ap —

AFD,

_ Let N be a Wach module over Ar and from Example 4.10 recall that the A(1)-module N (1) =

A(1) ®p,, 4, N is equipped with a Frobenius-semilinear endomorphism ¢ (after inverting p) and an

action of 1 x I';, which induces a Ag-linear p-adically r quasi-nilpotent flat g-connection and thus a

Ag-linear p-adically quasi-nilpotent flat connection V: N(1) — N (1) @, le W)/A (see Proposition
R

4.13). Moreover, from Example 4.9 and Remark 4.14, note that N*P := APP @4 . N is a finite module
over APP equipped with a p-adically quasi-nilpotent flat connection and a Frobenius-semilinear en-
domorphlsm %) (after inverting p), and from Remark 4.15 we have a natural A(1)-linear isomorphism
A(1)®,, arp NPP =5 A(1)®p,, 4, N = N(1) compatible with the respective Frobenii and connections,
and we shall identify these objects in the following.

Now, by tensoring the map A’ from above with the APP-module NP, we obtain a natural
(¢, Tr)-equivariant homomorphism A : N(1) — Ag ®4e0 NPP = Ap ®4, N, and we make the
following claim:

Proposition 4.16. Let N be a Wach module over Ar, and set My = (A(1) @p, 4, N)V=" as a
Agr-module via 1p: Agp — A(1)V=C and equipped with an induced (p,Tr)-action. Then, there exists
a natural (p, V, T g)-equivariant isomorphism

Z(l) QAg My ;Z(l) Qpo,An N, (44)

induced by Ay : N(1) = Agp ®a, N. Moreover, we have (¢, r)-equivariant isomorphisms of finitely
generated, p-adically complete and p-torsion-free modules over Ag

MAQAR(X)ARN. (4.5)

Furthermore, the de Rham complex N(1) ® A1) Q' T(1)/An is acyclic in positive degrees.

Proof. To obtain the isomorphism in (4.4), our strategy is to translate the connection on N(1) into
a stratification (see the isomorphism £ below) and use its properties to deduce (4.4). Although one
could try to do this directly, the proof becomes more efficient and conceptually clear with the use of
crystalline site and F-crystals. We refer the reader to Section A.3 for a quick recollection.

In order to use the statements from Section A.3, we will work with the notation of Remark 4.17
below, i.e. we set ¥,, = Spec (Ar/p™) and X,,, = Y,, = Spec (AFP /p™). Note that the APP-module
NPFP is p-adically complete, and equipped with a Ap-linear p-adically quasi-nilpotent flat connection
and a Frobenious structure which is compatible with the connection (see Example 4.9 and Remark
4.14), so N¥P is an object of MIC¥? (APP) (see Section A.3). Then, from the equivalence in (A.4), there
exists a quasi-coherent F-crystal £ on X/¥ such that we have £(APP) = NFD.

Next, recall that we have a (¢, I'r)-equivariant isomorphism of rings ¢: Agr — APP from (3.14).

Moreover, A(1) is the p-adic completion of a PD-polynomial algebra over APD in  variables Th, . .., Tq,
and it is equipped with a Ag-linear flat connection V: A(1) — 9114(1 VA = = A(1l) ®ro Qzl‘lPD/AF

(see Propositions 3.25 and 3.37, and Remarks 3.27 and 3.40). Now, consider the PD-thickening

Spec (Agr/p™) £, Spec (A(1)/p™ ) induced by the (¢, ' r)-equivariant surjection A’: A(1) — Ag, and
note that the composition Ap —2+ A(1) = Ag is the identity and (¢, T'r)-equivariant (see Remark
4.17 below). So, we have the following (p, I'r)-equivariant morphisms in CRIS(X,,/%,,), for m > 1:

Spec (Ag/p™) — Spec (A(1)/p™) Spec (Ag/p™) —— Spec (A(1)/p™)

lb lpz lid lTi[ki]»—)O (4.6)

Spec (ATP /p™) —— Spec (APP /p™) Spec (Ag/p™) — Spec (A(1)/p™).
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Evaluating the F-crystal £ on Spec (Agr/p™) < Spec (A(1)/p™) for each m > 1, and taking the
limit over m, yields a p-adically complete A(1)-module £(A(1)) equipped with a (¢, ' r)-action and
a Ag-linear p-adically quasi-nilpotent flat connection (see the proofs of [Sta23, Tag 07JG, Tag 07JH]
for p-adic completeness and the connection). Then, using the diagram on the left of (4.6) and the fact
that £ is an F-crystal, we see that £(A(1)) +— A(1) ®,, arp N¥P = N(1), compatible with the re-
spective (o, 'r)-actions and A g-linear connections. Moreover, note that the right vertical arrow of the

diagram on the right of (4.6) factors through Spec (A(1)/p™) <2 Spec (Ag/p™) 2, Spec (A(1)/p™).
Therefore, from the fact that £ is an F-crystal, we obtain (p, I'r)-equivariant isomorphisms

21 A1) @100 E(AR) = E(A(L)) <= A(1) ®,, a0 NP =N(1),

and that Ag ®,, 7y N(1) —> E(Ag), where £(Ag) denotes the limit over m of the evaluation

of the F-crystal £ on Spec(Ag/p™) d, Spec (Ar/p™). Additionally, note that the isomorphism
v: Ag — APP induces an isomorphism E(Ar) — A ®,-1_4ep E(APP) = NPP and so we see that
E(AR) is a p-adically complete finite Az-module.

Using that the composition APP 22, A(1) A—l> A g coincides with the inverse of t: Ap — APP,
we observe that the base change of £ along A’: A(1) — Ag is the identity on £(Ag). So, from
the interpretation of A(1)/p™ as the self product of Ag/p™ in CRIS(X,,/%,,) (see Remark 4.17
below), we see that the isomorphism Z is just the stratification of £(Ag) over A(1). Furthermore, note
that the isomorphism Z is compatible with the respective Ag-linear connections, where the Ag-linear
connection on the source is given as V ® 1 with V being the A g-linear connection on A(1) described
above. Indeed, from the compatibility of £ with the A z-linear connection on A(1) given via the explicit
formula described in Proposition 3.37, it is enough to show that £(€(Ag)) € N(1)V=C. This follows

jl,...,j@o(_l)jﬁmﬂd ngl Vii(x) ®Tz‘[ji]a
for z in E(Ag) and V; = [X?]"1VI°® (see Proposition 4.13 for the definition of V%)
Now, consider the de Rham complex Q.Z(l)/AR = A1) ®p, Q% r (see Remark 3.38 for the

isomorphism and Remark 3.27 for the definition of Pgr), regarded as a complex of Pg-modules via the
map Pr — A(1) induced by the inverse of the map (3.17). Then, from the proof of [Ber74, Chapitre
V, Lemme 2.1.2] or [Sta23, Tag 07LC], we see that the de Rham complex Q;)R/R is acyclic in positive
degrees. Hence, from the following isomorphism of de Rham complexes:

(A(1) ®ap E(AR)) ©7p) O

from the explicit formula for € on £(AR), given as g(x) = >

(1)/A (1)/AR’

and the acyclicity in positive degrees of the left hand complex, it follows that the de Rham complex
N(1) ®4(1) Q.Z(l)/AR is also acyclic in positive degrees.

Using the preceding discussion and by taking the horizontal sections for the respective Ag-linear
connections in the isomorphism &, we obtain (p,I'p)-equivariant isomorphisms of p-adically com-
plete and p-torsion-free finite Ag-modules £(Ag) — E(A(1))V=0 <= N(1)V=°, as claimed in
(4.5). Composing the preceding isomorphism with the (o, I'g)-equivariant composition N(1)V=0 C

N(1) B, Ar ®ap0 NFP = E(AR) yields the identity on £(Ag). Thus, we have the following
(¢, V,T'p)-equivariant diagram:

A(1) @p, E(AR) —— A(1) @ gpp NPP
1®Aﬁl H (4.7

Z(l) ®Ag N(I)V:O — Z(l) Opa,Ar N,

where the bottom horizontal arrow is taken to be the composition of the left vertical, top horizontal and
right vertical arrows. In particular, the bottom horizontal arrow of (4.7) constructs the claimed iso-
morphism (4.4) (a simple diagram chase in (4.7) shows that (4.4) is the Ar(1)/(p1(p))-linear extension
of the natural Ag-linear inclusion M C Ag(1)/(p1(1t)) ®p,, 4, N). This allows us to conclude. |

Remark 4.17. In the notation of Section A.3, we may take A to be Ap with the PD-structure on it
given by p(Ar/p™) + JAp/p™, where J = ({(u?~'/p)*}1>1) C Ap, and B = D to be APP which is a
p-adically completed étale algebra over Ag (see Remark 3.23 and Example 3.35). In particular, we set
Ym = Spec (Ap/p™) and X,, = Y,, = Spec (AP /p™). Now, recall that we have an isomorphism of
rings ¢: Agp — AFP from (3.14). Moreover, from Proposition 3.25 and Remark 3.27, recall that A(1)


https://stacks.math.columbia.edu/tag/07JG
https://stacks.math.columbia.edu/tag/07JH
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is the p-adic completion of a PD-polynomial algebra over APP in variables T1,...,Ty, so we have a
PD-thickening Spec (Ar/p™) < Spec (A(1)/p™) induced by the surjection A’: A(1) — Ag (see before
the statement of Proposition 4.16) with the composition Ag —2+ A(1) — Ag being the identity. In
particular, we see that Spec (Ag/p™) < Spec (A(1)/p™) is an object of CRIS(X,,/%,,). Furthermore,
by identifying the rings Ap and AP via the isomorphism ¢, it is easy to see that A(1)/p™ is the
self product of Ag/p™ in CRIS(X,,/%,,) with the two maps t5: Agp — A(1) and py: APP — A(1)

describing the two projection maps.

4.3. Arithmetic descent. In this section, we shall carry out descent for the arithmetic part
of I'g, i.e. I'p. This will be worked out in two steps, namely, the torsion part, i.e. I'tor, and the
(free) arithmetic part, i.e. T'g (see Section 1.6 for notations and explanations). However, since I'p has
different shape for p > 3, compared to p = 2, therefore, in Sections 4.3.1 and 4.3.2 we will assume that
p = 3. The case of p = 2 will be handled in Section 4.3.3.

4.3.1. The action of F;'. Our first goal is to obtain the descent of Wach modules, for the action of
F), in the case p > 3. Let N be a Wach module over Ar and let us consider it as a module over R[[u]
via the (p, I'r)-equivariant isomorphism of rings ¢t: R[u] — Ag (see Section 3.1.1). In particular, by
abusing notations, we will consider N to be an R[u]-module equipped with an R[u]-linear Frobenius
isomorphism ¢*(N)[1/[p],] — N[1/[p],], and an R-linear and continuous action of I'r commuting
with the Frobenius and such that the action of I'p is trivial on N/uN. Next, from Sections 3.1.1 and

3.1.2, recall that we have ug = —p+5>_ (14 ) and p = po + p, as elements of R[[u] F2 . Moreover,

acF,
from Lemma 3.4, we have a (¢, [o)-equivariant isomorphism of rings R[uo] — R[x] . Then, we
claim the following:

Proposition 4.18. Let N be a Wach module over Ar. Then, Ny = NFe is a finitely gener-
ated R[ug]-module, equipped with a continuous and semilinear action of Ty, such that the action
of T is trivial on No/uoNo — N/uN, and we have a natural (p, T r)-equivariant isomorphism of
R[u]-modules R[u] @ g, No — N. Moreover, the sequences {p, po} and {uo, p} are regular on Ny,
and it is equipped with an R[uo]-linear isomorphism ¢*(No)[1/p] — No[1/p], compatible with the
respective natural actions of T'y.

R[po]-module equipped with a continuous and R-linear action of I'g. Now, recall that R[u] is flat
and finite of degree p — 1 over R[ug] (see Remark 3.8), so it follows that N is finitely generated as
an R[po]-module. Since R[uo] is noetherian, therefore, the R[uo]-submodule N; C N is finitely
generated, hence, (p, ug)-adically complete, for each 0 < ¢ < p — 1. Moreover, recall that ug is the
product of yP~! with a unit in R[u] (see Lemma 3.7), so we see that N is ug-torsion-free, therefore, it
follows that each N; is pp-torsion-free as well.

Next, note that by extending the natural R[ug]-linear and (p, I'r)-equivariant inclusion Ny C N,
along the map R[uo] — R[u], we obtain a natural (¢, I'r)-equivariant map

Proof. From (A.1), note that we have an F}-decomposition N = (a5 _02 N;, where each N; is an

N’ = R[[[L]] ®R[[uo]] NO — N, (48)

and our goal is to show that (4.8) is bijective. As the natural map R[uo] — R[y] is flat and Ny is
Jig-torsion-free, therefore, we get that N’ is po-torsion-free = uP~!-torsion-free, hence, p-torsion-free.
Moreover, as Ny is (p, 10)-adically complete, it also follows that N’ is (p, po)-adically = (p, u)-adically
complete.

Let us first show that (4.8) is surjective. Indeed, note that we have an R-linear and I" p-equivariant
surjective map N — N/uN. Then, from the F‘-decomposition in (A.1), we may rewrite the preceding
map as @f;g N, — @f;oz (N/pN); which is R-linear and I' p-equivariant, in particular, it is termwise
surjective, i.e. the induced R-linear map N; — (N/uN); is surjective for each 0 < 7 < p — 2. However,
since the action of I'p is trivial on N/uN, therefore, we obtain that N/uN = @f;g(N/uN)i =
(N/uN)o and it follows that the natural R-linear map Ny — N/uN is surjective. As p is in the
Jacobson radical of R[[u], therefore, by Nakayama Lemma we see that the natural (¢, I'r)-equivariant
map R[u] @gpu,) No — N is surjective as well.

Next, note that N is (p, u)-adically complete and p-torsion-free, therefore, to show that (4.8) is
bijective it is enough to show that (4.8) is bijective modulo p. Now, consider the following commutative
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diagram:
N'/uN" — N/uN

H / (4.9)

No/ poNo,

where the top arrow is surjective by the discussion above, the slanted arrow is the natural R-linear and
I’ p-equivariant map induced by the inclusion Ny C N and the left vertical equality follows because we
have that

N'/uN" = (N'/poN") /= (R[u]/(1"~") @& No/poNo)/ 1 = No/ 1o No.

To show that (4.8) is injective modulo f, it is enough to show that the slanted arrow in (4.9) is injective.
So, set N .= uN N Ny C N as an R[uo]-module and note that we have a natural (¢, 'r)-equivariant
inclusion N” C puN. The preceding inclusion induces a I' p-equivariant map N — uN/u?N, where
the source admits a trivial action of F)S and the target admits a non-trivial action of FS (see Remark
4.19). So it follows that N” = pu?N N Ny C N. Iterating the preceding argument p — 2 times, we
obtain that N” = pP"'N N Ny = uoN N Ny C N = pugNy, where the last equality follows because for
any z in N and g in F), we have that g(uoz) = poz if and only if g(z) = z, i.e. z is in No. Thus, from
these observations, it follows that the natural map No/uoNg — N/uN is injective. Hence, from (4.9),
we conclude that No/uoNyg — N/uN as R-modules and (4.8) is bijective. Moreover, we get that the
action of 'y is trivial on No/puoNop, and from (4.8) and (4.9), it also follows that the sequences {p, 110}
and {po, p} are regular on Njy.

Finally, let us show the Frobenius finite height condition on Ny. Note that since p is the product
of [p]g with a unit in R[u] (see Lemma 3.3), therefore, the Frobenius finite height condition on N may
also be stated as an R[u]-linear isomorphism *(N)[1/p] — N[1/p]. Now, as the Frobenius on N
commutes with the action of I'p, therefore, taking the invariants of the preceding isomorphism under
the action of F)* and using the (¢, I'r)-equivariant isomorphism in (4.8), we obtain that Ny is equipped
with an R[uo]-linear isomorphism ¢*(No)[1/p] — No[1/p], compatible with the natural action of T'g
on each side. This allows us to conclude. |

Remark 4.19. Let N be a Wach module over Ag. Then, as the action of 'y is trivial on N/uN,
therefore, we see that for each k € N, over the quotient ¥ N/u*+1 N, the action of I'g is given via the
p-adic cyclotomic character. In particular, it follows that F)* has a non-trivial action on PFEN/ N,
forl<k<p—2.

Remark 4.20. In Proposition 4.18, for R = Op, note that the Op[uo]-module Ny is p-torsion-free
and po-torsion-free. Moreover, No/poNo — N/uN is p-torsion-free. Therefore, from [Abh23, Lemma
3.3] and [Fon90, Proposition B.1.2.4], it follows that Ny is finite free over Op[uo]-

Proposition 4.21. Let N be a Wach module over Ag and let My = (Ar(1)/(p1 (1)) ®py.a, N) ¥ be
the Agr-module from Proposition 4.16. Then, My o = MiXFP is a finitely generated, p-adically com-

plete and p-torsion-free module over Ag o = A;" , equipped with an induced semilinear and continuous
action of Ty, such that the action of Ty is trivial on M o/poMna 0. Moreover, M o is equipped with
an induced A g o-linear isomorphism ¢*(Ma o)[1/p] — M o[1/p], compatible with the natural action
of 'y on each side. Furthermore, the Ag-linear extension of the Aro-linear inclusion My o C My,
yields a natural (¢, T p)-equivariant isomorphism of Agr-modules

AR ®p gy Mpo — My.

Proof. From Proposition 4.16, recall that M, is a finitely generated, p-adically complete and
p-torsion-free Az-module and we have a (o, 'r)-equivariant isomorphism of Agz-modules M, —
Ar®a4, N via the composition Ap — APP =5 AR, where the last isomorphism is the inverse of (3.14).
Now, consider N as an R[u]-module via the (p, I'r)-equivariant isomorphism of rings ¢: R[u] — Agr
(see Section 3.1.1), equipped with a (¢, ' r)-action (see Section 4.3.1). Then, from Proposition 4.18,
we have that No :== NFr isa finitely generated and (p, uo)-adically complete R[uo]-module, equipped
with an induced action of (¢,T'g). Moreover, from Proposition 4.18, note that the R[u]-linear exten-
sion of the natural inclusion Ny C N, induces a (p,'r)-equivariant isomorphism of R[u]-modules
R[u] ®gpuep No =5 N. Combining this with the preceding discussion, it follows that we have a

X

(¢, T'r)-equivariant isomorphism of Ag-modules My —+ Ap ®R[uo] No- Using that Ago = A}F{
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(see Construction 3.52), together with the preceding isomorphism, we obtain a (¢, T'g)-equivariant
isomorphism of A g g-modules

1xFX

MA,O = MA LY AR70 ®R[[M0]] Np. (410)

In particular, the Ag g-module M} o is finitely generated, p-torsion-free and p-adically separated (since
My is p-torsion-free and p-adically separated), hence, p-adically complete.
Now, let g be any element of I'g. Then, note that for any f in Ar o and y in Ny, we have that

(Yo=Dfy=00o—-1f -y+%(f)(0— 1)y € po(Aro ®@a, N).

From the (¢, T'g)-equivariant isomorphism in (4.10), it follows that for any « in M}y o, we have that
(9—1)zis an element of oMy o. Furthermore, from (4.10) it also follows that the A p-linear extension of
the natural Ag g-linear inclusion My o C My, gives a (¢, 'r)-equivariant isomorphism of A g-modules

AR @np o Mao — M. (4.11)

Finally, note that from Proposition 4.18, we have an R[uo]-linear isomorphism ¢*(No)[1/p] —
No[1/p] compatible with the action of I'y on each side. Then, by extending this isomorphism
AR o-linearly, using the (¢, I'p)-equivariant isomorphism in (4.10) and noting that p/p is a unit in
Ap from Lemma 3.24, we obtain a A g o-linear isomorphism ¢* (M )[1/p] — Ma o[1/p] compatible
with the action of I'g on each side. Hence, the proposition is proved. |

4.3.2. The action of 1+pZ,. We will assume that p > 3 and show the descent step, for the action

of 1xTy =5 1x (1+4pZ,). Let N be a Wach module over Ag, let My = (Ar(1)/(p1(11)) @py. a5 N)¥Tr

be the A p-module from Proposition 4.16 and let My o = M/IXXF” be the Ar ¢-module from Proposition

4.21. Let o be a topological generator of I'g such that x(79) = 1 + pa, for a unit @ in Z,,. Then, from
Proposition 4.21 note that for any = in M}, o, we have that (79 — 1)z is an element of pg My o.

Set s := po/p in Ag, and from Lemma 3.58 recall that (o — 1)s = upy, for some unit u in Apg
depending on ~y. Therefore, we see that the following operator is well defined:

V%S: MA,O — MA>0

(yo—D)z
(vo—1)s~

(4.12)
T =

As the operator V¢ is an endomorphism of My g, we may define the following two term Koszul
complex:

Va,s
KMA,O (vq,s) : [MA,O —_— MA,O} . (4.13)

Remark 4.22. Considering s as a variable, similar to Remark 3.59, the operator Vs in (4.12), may
also be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.33. Then, (4.13) is the ¢g-de Rham complex arising from such a ¢-connection.

i
Proposition 4.23. The series of operators Vg)g = log{.((ji(zfo)) = 10g(X1(A,0)) ZkeN(_l)k% con-
verge p-adically on My . Let z == tP=1/p in Agp, then the operator Vo = ﬁvgog defines an

R-linear p-adically quasi-nilpotent flat connection on My o, denoted by V: My o — Mp0®Ar, Q}\R,O/R
and given as x +— Vo(z)dz. The data of the connection ¥V on My is equivalent to the data
of the g-connection Vs from (4.12), i.e. either may be recovered from the other. Moreover, the
q-de Rham complex Ky, (Vqs) in (4.13) is naturally quasi-isomorphic to the de Rham compler

~

Mp0 ®npo 0, /g 10 particular, we have that MX%’SZO — MX%ZO.

Proof. Recall that s = po/p = ut?~! /p, for a unit u in Ap (see Construction 3.52, in particular, (3.30)
and the discussion preceding it). Moreover, from Lemma 3.57 we have that (yo—1)s = (v0—1)£ = vpo,
for a unit v in Apg. Now, let z = t?=!/p and we write (1 + pa)?~! =1 + pb, where b is a unit in Z,,.
Then, note that we have

tr?t Pt

(o~ 1z = (-1 = (x()P " =D = (A +pa)P ™ = 1) =btP ™ = u by, (4.14)
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Therefore, it follows that the complex Ky, ,(Vy,s) is quasi-isomorphic to the following complex:

Vg
Kty o(Vg,2): [Mao —"= Ma. (4.15)

Rest of the proof is similar to the proof of Proposition 4.13, with some changes. To avoid confusion,
let us provide additional details.

We will first show that V8 = 10?(‘3)((?3(3)) = log(xl(% ZkeN(—l)k%, converge as a series of
operators on My o. Indeed, let x be any element of My o, then using Proposition 4.21, we may write
(70 — 1)x = tP~1zy, for some x1 in My o. Let us note that log(x(70)) = log(1 + pa) = pe, where c is a
unit in Z,, and we also have (yo — 1)tP~! = ((1 4 pa)P~! — 1)tP~! = pbtP~1, where b is a unit in Z,,.
Therefore, an easy induction on k € N, shows that (v — 1)k*le = p*tP~lg,, 4, for some x4 in My 0.
In particular, we get that

1 1)kt (g
Vo () = e ken(— 1)k bep o)

_ 1 kptP Tz el EpPa
= Tateo)) 2okeN (D T = S en(CD)

which converges in %MA)O = zMj g, since My o is p—adically complete (see Proposition 4.21).

Moreover, it also follows that the operator Vo = V is well defined on My o. Next, similar

(p—1)z 1
to the case of V % in the proof of Proposition 4.13, it can be shown that V¥, and therefore Vo =

\ satlsﬁes a Leibniz rule, i.e. Vo(fz) = Vo(f)x + fVo(z), where the ﬁrst operator on the

log

(r—1)z 1
right is Vg = %: ARro — ARy, whose well definedness can be checked similar to above.
Moreover, note that the operator V is flat by definition. Furthermore, similar to the case of V; in the

proof of Proposition 4.13, it can be shown that the operator Vo: Ar o — Q}\R_O/R is the continuous de
Rham differential operator d: Ar o — Q}\R,O/R' So, in particular, the operator V: My o — Ma 0 ®ap,
Q}\R_O/F{? given as x — Vo(x)dz, is a well-defined flat connection.

Next, let us show that the operator Vy is p-adically quasi-nilpotent. Indeed, we first note that
from the commutativity of ¢ and 7o, it follows that Vi o ¢ = ¢ o V{'8. Therefore, it is easy
to see that Voo p = pP~lp o Vy. Recall that My o is equipped with a Ag -linear isomorphism
©*(Ma0)[1/p] — My o[1/p], compatible with the action of I'y on each side. In particular, for any
x in My o, there exists r € N large enough, such that p"z belongs to ¢*(Ma o). Then, from the
relation Vg o ¢ = pP~ly o Vg, we see that VE(p"z) converges p-adically to 0 as k — +oo. Hence, it
follows that VE(x) = p~"V&(p"x) converges p-adically to 0 as k — 400, in particular, V is p-adically
quasi-nilpotent.

So far, we have defined the p-adically quasi-nilpotent flat connection V using the action of
Ty and conversely, we have shown that the action of Iy may be recovered by the formula vy =
exp(log(x(70))VEE). Again, similar to case of 4; in the proof of Proposition 4.13, using the Leibniz
rule for V), it can be checked that the action of vy thus obtained, is semilinear.

Finally, it remains to compare the g-de Rham complex in (4.13) with the de Rham complex
Mpo @ro 8,0/ = Mao ®apo 3,.,/0, As Vo is an endomorphism of My o, let Ky, (Vo)
denote the corresponding Koszul complex in the sense of Definition A.4. Then, we have an identifica-
tion of complexes:

° v
Mao ®@npo U po/or = Kty o(Vo): [Aro — Aryp).

Now, recall that we have vo = exp(log(x(70)) V%), Therefore, we may write

_ —1 1)z1 (70)) (1 (7o) lo
Vo = oh; = Eloseloll g, (1 4 57, | (oBXGO)” (7logyky (4.16)

Recall that (7 — 1)z = pbz and log(x(v0)) = pc, for units b and ¢ in Z,. Therefore, we have that

log(x(('yo))()p—l)z - C(pb—l)
Yo—1)z
hand side of (4.16), converges p-adically to a unit. Now, in the notation of Lemma A.6, let us set

i =1, M = My, fi = Vo and take h; to be the product of @ with the formula in parentheses on
the right hand side of (4.16), in particular, fih; = V, .. Then, from Lemma A.6, we obtain a natural
quasi-isomorphism of complexes

KMA,O (VQ,S) = KMA,O (vqyz) - KMA,O (VO)

is a unit, and it is clear that the term inside the parentheses, on the right

In particular, we get that MAVS'S:O =5 MY9~". This allows us to conclude. [ |
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Proposition 4.24. Set M = MX%ZO as an R-module via the isomorphism R — AXUOZO, Then,
M is a finitely generated p-torsion-free module over R. Moreover, the AR o-linear extension of the
natural R-linear inclusion M C My o yields a natural (¢, Vo)-equivariant isomorphism

AR70 QKr M ;MA,O- (4.17)

Furthermore, the de Rham complex Mp g ®pp QRF.O/OF is acyclic in positive degrees. In particular,
from Proposition /.23, we get that HI(KMA,O(V(LS)) =0.

Proof. The proof is similar to the proof of Proposition 4.16. To avoid confusion and for the sake of
completeness, let us provide additional details.

We shall use the results from Section A.3, by setting %,, = X,, = Spec(R/p™) and Y,, =
Spec (Ag,0/p™) (from Construction 3.52, recall that Ag ¢ is the p-adic completion of a PD-polynomial
algebra over R in the variable s, see (3.30)). Let us first note that from Proposition 4.23, the
AR o-module M} o is equipped with an R-linear p-adically quasi-nilpotent flat connection V: My o —
Mpo ®np, Q}\R,O/R = Mp0 ®@np, Q}\F,O/OF and a Frobenius structure (after inverting p) compatible
with the connection, in particular, My o is an object of MIC?(Ag ). Then, from the equivalence in
(A.4), there exists a quasi-coherent F-crystal £ on X /3 such that E(Ag o) = My, ¢. Now, consider the
PD-thickening Spec (R/p™) < Spec(Ag,o/p™) induced by the ¢-equivariant surjection Ag o — R,
sending s[¥l — 0 for each k& > 1, and note that the composition R — ARro — R is the identity and
p-equivariant. So, we have the following ¢-equivariant diagram in CRIS(X,,/%,,), for m > 1:

Spec (R/p™) <=5 Spec (Ag,o/p™)

lid l (4.18)

Spec (R/p™) —— Spec (R/p™).

Evaluating the F-crystal £ on Spec (R/p™) < Spec (Ag,0/p™), for each m > 1, and taking the
limit over m, gives the Ar ¢g-module £(Ag,o) = M . Now, using diagram (4.18) and the fact that £
is an F-crystal, we have the following ¢-equivariant isomorphism:

f:Aro®rE(R) = E(AR) = Mo,

where £(R) denotes the limit over m of the evaluation of £ on Spec (R/p™) d, Spec (R/p™). Moreover,
it is easy to see that the base change of f along the map Ar ¢ — R yields a p-equivariant isomorphism
E(R) = R®a,, £(ARy), in particular, £(R) is a finitely generated R-module. Furthermore, f is
compatible with the respective R-linear connections, where the R-linear connection on the source is
given as V ® 1 with V being the R-linear connection on Ag described in the proof of Proposition
4.23. Indeed, from the compatibility of f with the R-linear connection on Ag ¢ given via the explicit
formula described in Proposition 4.23, it is enough to show that f(€(R)) C MY5°. This follows
from the explicit formula for f on E(R), given as f(z) = > ,(— 1)7V(z) @ 21, for z in £(R) and
Vo= 1)Zvl°g (see Proposition 4.23 for the definition of Vlog).

Next, consider the de Rham complex QF =, = AR ®Arpy Q3% ,.0/0, regarded as a complex of
Apo-modules via the natural map Apo — Ago. Recall that Apo = OF[{s[k}}keN]g, i.e. the p-adic
completion of a PD-polynomial algebra over O in one variable, and from this it follows that the de
Rham complex Q;\R,O/R =AR0®Ap, QRF,O/OF is acyclic in positive degrees (also see [Ber74, Chapitre
V, Lemme 2.1.2] or [Sta23, Tag 07LC]). Hence, from the following isomorphism of de Rham complexes:

(Aro ®r E(R) ®npo Wpo/r — Mao @are W po/ro

and the acylicity in positive degrees of the left hand complex, it follows that the de Rham complex
Mpo ®npo Q' o/R is also acyclic in positive degrees.

Using the precedmg discussion and by taking horizontal sections for the respective connections in
the 1somorphlsm f from above, we obtain a p-equivariant isomorphism of finite R-modules £(R) —
E(AR 0) = My VO Y. Moreover, as M A,0 is p-torsion-free, it follows that MX% Y is p-torsion-free.
Furthermore, from the isomorphism f, we deduce that Ag o-linearly extending the natural inclusion
MAVB Cc M A,0, We obtain the following (¢, V)-equivariant commutative diagram:


https://stacks.math.columbia.edu/tag/07LC
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Ao ®r E(R) —L— E(Agy)

o

V=0 (4.17)
AR70 QAg MA,% E— MA,O-

Hence, it follows that (4.17) is an isomorphism. This concludes our proof. |

4.3.3. The case p = 2. In this section, we shall prove statements analogous to Proposition 4.21,
Proposition 4.23 and Proposition 4.24, for p = 2. Let N be a Wach module over Ar and let My =
(Ar(1)/(p1(1)) @py.ar N)*T® be the Ag-module from Proposition 4.16 equipped with an induced
action of (¢, I'r). First, we will look at the action of I'yo; on My. Let o denote a generator of I'y,,.
Then, from (A.2), recall that by setting M 4 = {x € M, such that o(z) = 2z} and My _ = {z €
M such that o(z) = —x}, we have a natural injective map of torsion-free modules over Ar 4 (see
Section 3.4.4),

MA7+€BMA7_ — My, (4.19)

given as (z,y) — x + y. Note that the action of (¢, I'r) on M, induces a natural Frobenius structure
(after inverting p) and a continuous I'g-action on My 1 and My _, respectively. Equipping My + and
My with the induced structures, we see that (4.19) is (¢, I'p)-equivariant.

Proposition 4.25. The Ag _-module My 4 is p-adically complete and p-torsion-free. Moreover,
we have that My — (t/2)Mp 1 as Ag -modules compatible with the respective (¢, To)-actions.
Furthermore, the natural map in (4.19) is bijective and we have the following natural Ar-linear and
(¢, T'p)-equivariant isomorphism:

AR @pp . My — M. (4.20)

Proof. Let us first recall that we have Ap = Agr + & (¢/2)Ag + from Lemma 3.61 and Lemma 3.62,
in particular, Ap is finite over Ag 4, which implies that M is a finite Ap _y-module. Moreover, by
using Lemma A.7, note that we have a natural Ag i-linear surjection My — My 1. So, it follows
that My 4 is finitely generated over Ag 4 and it is p-torsion-free and p-adically separated (since
M, is p-torsion-free and p-adically separated), therefore, p-adically complete (see [Sta23, Tag 031B]).
Furthermore, as the action of ' is continuous for the (p, p1 (1))-adic topology on My, so it follows that
the induced action of I'g on My 4 is continuous as well. Next, note that by Ag-linearly extending the
AR y-linear and (¢, I'p)-equivariant injective map My y — My from (4.19), we obtain the Ag-linear
and (¢, I'r)-equivariant map in (4.20). Moreover, we have that (t/2)Mx 1 C Mx _, so from the
injectivity of (4.19), it follows that (4.20) is injective. To prove that (4.19) is bijective, it is enough to
show that (4.20) is surjective.

Let I denote the kernel of the surjective map Ag — R. Then, from the explicit description of Ap
in Proposition 3.21, it follows that I is the ideal of Ar generated by the divided powers of t/2. As
the divided powers of ¢/2 are topologically nilpotent, it follows that I is contained in the Jacobson
radical of Ag. Moreover, since the ideal T is stable under the action of (¢, I'r) on Ag, therefore, it
follows that the map Ag — R is (¢,I'r)-equivariant. Next, from (4.5) in Proposition 4.16, recall
that we have a (¢, ['r)-equivariant isomorphism of Ag-modules My —+ Ap ®4, N. Base changing
this isomorphism along the surjective map Agp — R, we obtain a (p, I'r)-equivariant isomorphism of
R-modules My /IMy —+ N/uN. Precomposing it with (4.20) gives a A g-linear map

AR @pp, My — Mp/IMy =5 N/uN. (4.21)

As I is in the Jacobson radical of Ag, therefore, by Nakayama Lemma, to show that (4.20) is
surjective, it is enough to show that the first map in (4.21) is surjective. So, let T be any element of
My /IMy and let x in M be a lift of Z. We first claim that (0 4+ 1)z is an element of 2M . Indeed, let
us write x = ), a; ® x;, for some a; in Ag and «; in N. Then, from the description of Ar in Lemma
3.61 and Lemma 3.62, we have that (¢ — 1)a; = tb;, for some b; in A 4, and from the triviality of the
action of T'g on N/uN, we may write (o — 1)x; = py;, for some y; in N. So, we have the following:

(c+lz=(c—1Nz+2zx=(c—-1)>,a®@z;) +2z

=) (c=1Da;@x;+> ,0(a;) ® (0 —1)x; + 22
=2 thi @i+ 32, 0(ai) ® pyi + 2,
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which is clearly in 2M (since ¢t/ is a unit in A, see Lemma 3.24). As M, is p-torsion-free, therefore,
we set ©’ = w(a@) in M, and note that o(z’) = 2/, i.e. @’ is in My ;. From the computation
of (0 + 1)z above and the fact that My/IMy — N/uN (see (4.21)) is p-torsion-free, we see that
2’ =7 mod IMy. In particular, we conclude that the first map of (4.21) is surjective, hence, (4.20) is
bijective.

Finally, from the decomposition Agr = Ar + ® (t/2)AR 4, the inclusion (¢/2)Ma 1 C My, _ and the
bijectivity of (4.20), it follows that (4.19) is bijective and Mx _ — (t/2) My 4 compatible with the

respective (¢, I'g)-actions. This completes our proof. |

Next, we will look at the action of 'y —+ 1+ 4Z3 on My ;. From (3.43), recall that v = % is an
element of Ap_ and we claim the following:

Lemma 4.26. The action of Ty is trivial on My 4 /vMy 4.

Proof. The claim follows from Remark 5.28. Note that the arguments in Remark 5.28 do not depend
on Lemma 4.26 and the subsequent results of the current Section 4.3.3. |

Alternative proof of Lemma 4.26. We provide a more explicit proof of the claim. Note that I'g acts
continuously on Mj 4, so it is enough to show the claim for a topological generator of I'g. So, let us
fix 7o to be a topological generator of I'y such that x(v9) = 1+ 4a, for a unit a in Zy. Moreover, using
Lemma 3.24, it is easy to see that v is the product of t? with a unit in Ag 4. So, for any m in My ., it
is enough to show that (79 — 1)m is an element of t?M, .. Now, from Lemma 4.27 below, let us write

(vo — 1)m = 2tm/, for some m’ in My. Since, o(m) = m, therefore, we get that o(m’) = —m/, i.e. m’
is in M _. Then, by using Proposition 4.25, we may write m’ = (¢/2)n, for some n in M, 4. Hence,
we get that (yo — 1)m = t2n, as claimed. [ |

The following observation was used above:

Lemma 4.27. Let vg be a topological generator of Tg such that x(yo0) = 1 + 4a, for a unit a in Z,.
Then, for any m in My, the element (g — 1)m belongs to 2t M.

Proof. Let f be an element of Ag. Then, using that Ap = Ar 4+ @ (¢/2)Ag + from Lemma 3.61 and
Lemma 3.62, and the fact that the action of 7q is trivial on Ag 4 /vAg 4, where v is the product of ¢
with a unit in A 4, it follows that (yo — 1) f is an element of 2¢AR.

Next, let z be any element of My . C Mj, then from the (o, I'g)-equivariant isomorphism My —
AR ®4, N (see (4.5) in Proposition 4.16), the triviality of the action of T'r on Ag/(u) (see Lemma
3.48) and N/uN (see Definition 4.1), and the fact that ¢/u is a unit in Ap (see Lemma 3.24), it follows
that we may write(yo — 1)z = tz1, for some 1 in My. Aszisin My 4, we have o(z) = z, and since '
is commutative and M, is t-torsion-free, therefore, it follows that o(z1) = —x1, i.e. 1 is an element
of My _. Then, using Proposition 4.25, we may write 1 = (t/2)x2, for some x2 in My 4, and get that
(70 — 1)z is an element of (t2/2) My .

Next, let y be any element of M, _ and using Proposition 4.25, write y = (¢/2)y1, for some y; in
My . From the preceding discussion, note that we have (o — 1)y = (£2/2)y2, for some yo in My .
So, we get that,

(Yo =Dy =(v—1)(311) = 3 (1 (70 — Dt +70(t) (0 — L)y1)

1
L(datys + (1 + 4a)tys ) = 2t(ays + (1 + 4a)ys ),
is an element of 2tMy .

Next, note that since N[1/p] is finite projective over Ag[1/p] (see Remark 4.2) and the map
AR — Ap is injective, therefore, it follows that the Ag-linear and (p,'r)-equivariant map N —
AR ®a, N <— M, is injective. Now, let z be an element of N and let us denote its image in My,
again by z. Then, by Definition 4.1, we have that (yo — 1)z = 2o, for some zg in N < M,. Using
Proposition 4.25, let us write z = = + y, for some = in My 4 and y in Ma _ = (¢/2)My 4. Then, from
the preceding discussions and the fact that ¢/ is a unit in Az, we may write (yo — 1) = (u2/2)2’ and
(vo — 1)y = 2uy’, for some o’ and y’ in M. In particular, since My is p-torsion-free, therefore, we get
that zo = (/2)z’ + 2y in M. Reducing the preceding equality modulo TMy, where I is the kernel
of the surjective map Ar — R (see the proof of Proposition 4.25), we see that zp = 2y’ mod I My,
in My/IMy = N/uN (see (4.21)). Since y’ mod IM, is an element of My /IMy — N/uN and
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2o is in N, therefore, we get that zp mod pN is an element of 2(N/uN). In particular, we may write
zo = 221 + pzo for some z1, z9 in N. So, we have that

(0 — 1)z = pzo = 2p21 + [z = 2#(21 + 522),

is an element of 2t My, since ¢/ is a unit in Ap.

Now, let f ® z be an element of Arp ® 4, IV, and using the discussion at the beginning of the proof,
let us write (yo — 1)f = 2te, for some e in Ag. Moreover, from the discussion above we may write
(v0 — 1)z = 2t2/, for some 2’ in M. In particular, we see that

(o —=D(f®@2) =((0—1)f) @ z+70(f) @ (70 — 1)z = 2te 4+ 70(f)2tz" = 2t(e + 10(f)2),

is an element of 2¢My. Using the (p,'r)-equivariant isomorphism My — Ar ®a4, N (see (4.5)
in Proposition 4.16) and the preceding observation, we conclude that for any m in My, the element
(70 — 1)m belongs to 2t M. Hence, the lemma is proved. |

In the rest of this section, let us fix 7p to be a topological generator of T'g such that x(vo) = 1+ 4a,
for a unit @ in Zy. Then, from Lemma 4.26, note that for any x in M, 4, we have that (y — 1)z is
an element of vMp 4. Set 7 :=v/8 in Ar 4, then from Lemma 3.72 we know that (yo — 1)7 = uv, for
some unit v in Ap 4 depending on 7y. Therefore, we see that the following operator is well defined:

VqJ: MA7+ — MA_’+

4.22)
(ro=D=z (
T (yo—1)T"

As the operator V, , is an endomorphism of My 4, we may define the following two term Koszul
complex:
Varr
]"{]\4/\’Jr (Vq_’.r): [MA7+ L) MA7+]. (423)
Remark 4.28. Considering 7 as a variable, similar to Remark 3.73, the operator V,, - in (4.22), may

also be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.33. Then, (4.23) is the ¢g-de Rham complex arising from such a g-connection.

o . 1 1
Proposition 4.29. The series of operators V® = logﬁi(ﬁo)) = 10g(X1(A,0)) 2ken(=1)

_q)k+1
k (’Yok+)1 con-

verge p-adically on My 4. Let w :=t%/8 in AR 1, then the operator Vo = ﬁvg’g defines an R-linear
p-adically quasi-nilpotent flat connection on My y, denoted by V: My ¢ — Mp y ®ap Q}\R,+/R
and given as © — Vo(x)dw. The data of the connection V on My 4 is equivalent to the data
of the q-connection V4. from (4.22), i.e. either may be recovered from the other. Moreover, the
q-de Rham complex Ky,  (Vqr-) in (4.23) ds naturally quasi-isomorphic to the de Rham complex

~

Mp + Opp Q?\R,+/R' In particular, we have that MZTZO — MAV,?FZO.

Proof. The idea of the proof is similar to the proof of Proposition 4.23, but with different computations.
We sketch it below for completeness. Recall that 7 = et?/8, for a unit e in A (see Lemma 3.62).
Moreover, from Lemma 3.72 we have that (yo — 1)7 = (0 — 1)§ = uv, for a unit v in Ap . Now, let
w = t?/8 and we write (1 +4a)? = 1 + 8b, noting that b = a(2a + 1) is a unit in Zy. So, we have that

(o—Dw= (-1 =(x(0)? - D = ((1+40)% - D =bt2 =e'b2a+1)v.  (4.24)

Therefore, it follows that the complex Ky, , (Vg,7) is quasi-isomorphic to the following complex:

Vaow
Ky (Vgw)t [Mae — M) (4.25)
Now, let us show that Vgog = lolgo(g;(ﬂfvoo))) = log(xl(%)) ZkeN(_l)k%7 converge as a series of

operators on My . Indeed, let x be any element of M, 1, then using Lemma 4.26, we may write
(Yo — 1)z = t2x1, for some xq in My ;. Let us note that log(x(70)) = log(1 + 4a) = 4c, where ¢
is a unit in Zy, and we also have (yo — 1)t? = ((1 + 4a)? — 1)#*~! = 8bt?, where b is a unit in Z,.
Therefore, an easy induction on k € N, shows that (o — 1)k+1x = 8%t%x4 1, for some xp41 in My 4.
In particular, we get that

_)F (e
EeTCT] P pen(—DF e

— 1 K 8%tz 2 L8k
= tereoy ken(CDF T = B e (CD

Ve (z)
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which converges in ﬁM A+ = 2wMjy 4, since My 4 is 2-adically complete. Then, it also follows that
the operator Vj = 1 Vlog is well defined on My . Next, similar to the case of Vlog in the proof of
Proposition 4.13, it can be shown that V%, and therefore Vo = %V}fg satisfies a Leibniz rule, i.e.

Vo(fx) = Vo(f)z+ fVo(z), where the first operator on the right is Vg = % Ap+ — Ap .+
whose well definedness can be checked similar to above. Moreover, note that the operator Vy is flat
by definition. Furthermore, similar to the case of V; in the proof of Proposition 4.13, it can be shown

that the operator Vo: Ap 1 — Q /R 1S the usual de Rham differential d: Ap  — QAR /R So,

in particular, the map V: My 4 *) MA,+ ®Ap.+ QAR&/R, given as  — Vo(x)dw, is a well-defined
connection.

Now, let us show that the operator V is p-adically quasi-nilpotent. Indeed, we first note that from
the commutativity of ¢ and 7, it follows that V{8 o ¢ = @ o V8. Therefore, it is easy to see that
Voo ¢ = 4p o Vy. Next, recall that My is equipped with a Ag-linear isomorphism ¢*(My)[1/p] —
Ma[1/p], compatible with the action of I'r on each side. Then, by taking the I'io,-invariants of the
preceding isomorphism and using the isomorphism (4.20) in Proposition 4.25, we easily obtain that
My 4 is equipped with a Ag i -linear isomorphism ¢*(My 4 )[1/p] — Mx +[1/p], compatible with the
action of 'y on each side. Using this observation and the relation Vyop = 4oV, similar to the proof
of Proposition 4.23, it can be shown that for any = in My ., the sequence V§(z) converges p-adically
to 0 as K — o0, in particular, V is p-adically quasi-nilpotent. Furthermore, note that so far we
have defined the p-adically quasi-nilpotent flat connection V using the action of I'y, and converbely, we
have shown that the action of I’y may be recovered by the formula ~y = exp(log(x (’yo))V %). Again,
similar to case of 7; in Proposition 4.13, using the Leibniz rule for V, it can be checked that the action
of g thus obtained, is semilinear.

Finally, it remains to compare the ¢-de Rham complex in (4.13) with the de Rham complex
My 4 OAg ¢ Q;\R,+/R = M + OAp 4 Q;\F,+/OF. As Vj is an endomorphism of My 4+, let KMA,+ (VO) de-
note the corresponding Koszul complex in the sense of Definition A.4. Then, we have an identification
of complexes

. v
M+ ONp ¢ QAF,+/OF = KMA,+ (VO): [AR,+ — AR#]'

Now, recall that we have vo = exp(log(x(70)) V%), Therefore, we may write

_ -1 _ 2wlo (log x(v0) lo
Vouw = ot = R0V (1+ iSRG (V6. (4.26)

Recall that (y9 — 1)w = 8bw and log(x(y0)) = 4c, for units b and ¢ in Zy. Therefore, we have that

log(x(v0))2w
(vo—Dw
(4.26), converges p-adically to a unit. Now, in the notation of Lemma A.6, let usset ¢ = 1, M = M, 4,

J1 = Vg and take h; to be the product of § with the formula in the parentheses in (4.26), in particular,
fih1 = Vg4, Then, from Lemma A.6, we obtain a natural quasi-isomorphism of complexes

KMA +(Vq,‘r) — K]VIA,+(VQ71U) — KMA,Jr(VO)'

= ¢ is a unit, and it is clear that the term inside the parentheses, on the right hand side of

In particular, we get that MY ALY (- M[\vfo. This allows us to conclude. |

Proposition 4.30. Set M : MVO 9 as an R-module via the isomorphism R — AVO 0. Then,
M is a finitely generated p- torswn free module over R. Moreover, the Ap _y-linear extenswn of the
natural R-linear inclusion M C My 4 yields a natural (p, Vo)-equivariant isomorphism

AR7+ Qr M = MAH" (427)

Furthermore, the de Rham complex My  Qp,. QRF Or is acyclic in positive degrees. In particular,
from Proposition 4.29, we have H' (K, , (Vg.r)) = 0.

Proof. The proof works in exactly the same manner as the proof of Proposition 4.24 by changing the
notations as follows: replace Ar o with Ag 4 = R[rM k€ N]g, and replace My o with My 4 equipped
with a Frobenius endomorphism (after inverting p) and a p-adically quasi-nilpotent flat connection
as in Proposition 4.29 compatible with the Frobenius, Where in the definition of the connection we
replace the parameter 2 with w and the operator Vo = ¢,—55; 1) Vlog with Vo = 5 Vlcg. Then, the
proof of the isomorphism (4.27) and the acyclicity of the de Rham complex My 4 ® Ars 3, 0, I
positive degrees, respectively, follow by arguments similar to the ones given in Proposition 4.24 for
the isomorphism (4.17) and the acyclicity of the de Rham complex My 1 ®a, Q;&F,+/0F in positive
degrees. This completes our proof. |
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4.4. Proof of Theorem 4.4. Let N be a Wach module over Ap as above and consider
the Ar(1)-module Ar(1) ®p, 4, N equipped with the tensor product Frobenius and tensor product
action of I'%, where I'% acts on N via projection onto the second coordinate. Then, in Example 4.10,
using the action of 1 x I'y, we equipped Ag(1)/(p1(1t)) @py, 4, N with a g-connection, denoted as V.
Moreover, in Proposition 4.13, we equipped Agr(1)/(p1(1)) ®p,,a, N with a connection, denoted as
V, and showed that we have the second equality in the following set of equalities:

(AR(l)/(pl(M)) ®pa,Ar N)lXF;% = (AR(l)/(p1<M)) Ops,Ar N)vq=0 = (AR(l)/(pl(:u» Ops, A N)V:O’

and where the first equality follows because the action of 1 xI'; on Ag(1)/(p1 (1)) ®p,, 4, N is continuous
for the p-adic topology (see Lemma A.5).

Next, from Proposition 4.16, let us recall that My = (Ar(1)/(p1(1)) @ps,a, N)V= is a finitely
generated A g-module, equipped with an induced action of (¢, 'r). Then, from (4.4) we have a natural
(¢, V,T'p)-equivariant, or equivalently, a (¢, I'g)-equivariant isomorphism

Ar(D)/(p1(1) @ar Ma = AR(1)/(p1(11)) @pa, a5 N.

(A simple diagram chase in (4.7) shows that the preceding map is the Ar(1)/(p1(n))-linear extension
of the natural Ag-linear inclusion My C Ag(1)/(p1(1)) ®@py.an N).

Now, let us set M = M};F as an R-module. Then, by using Proposition 4.21 and Proposition
4.24, for p > 3, and by using Proposition 4.25 and Proposition 4.30, for p = 2, we see that M is
a finitely generated R-module. Moreover, since Ar(1)/(p1(1t)) ®p,,ar N is p-torsion-free by Lemma
4.11, therefore, we get that M is p-torsion-free as well. Furthermore, for p > 3, using (4.11) in the
proof of Proposition 4.21 and (4.17) in Proposition 4.24, and for p = 2, using (4.20) in Proposition 4.25
and (4.27) in Proposition 4.30, we see that the Ag-linear extension of the natural inclusion M C My
yields (p, I'r)-equivariant isomorphism of A z-modules

AR ®RML>MA. (4.28)

Putting everything together from the discussion above, we have the following (p, 1 xI'g)-equivariant
diagram:

Ar(D)/ (1) @pr.r M ——— Ar(1)/(p1 (1) ©ps.an N

{(4'28) %}

Ar(1)/(pr(1)) ©ap Ma.

The top horizontal arrow is defined to be the composition of the left vertical arrow and slanted arrow (by
definition of the arrows, it follows that the top horizontal arrow is the Ar(1)/(p1(1))-linear extension
of the natural R-linear inclusion M C Ag(1)/(p1(1t)) ®p,,a, N). Hence, the diagram constructs the
claimed isomorphism in (4.1), proving the first part of Theorem 4.4.

Finally, it remains to show that we have a p-equivariant isomorphism of R-modules M — N/uN.
To show this claim, let us note that the multiplication map A: Ag(1) — Ag is (¢, g x 1)-equivariant,
where I'g X 1 acts on Ag via projection onto the first coordinate (see Lemma 3.78). Then, the multi-
plication map A induces a p-equivariant map Ay : Ar(1) ®p, 4, N — N. Reducing it modulo p; (1),
we obtain an Ag/(u)"-linear and p-equivariant map Anx: Agr(1)/(p1(1))"” @py,ar N — N/u"N. For
n = 1, we claim the following:

Proposition 4.31. Let M = (Agr(1)/(p1(p)) ®py.an N)VIR as a finitely generated p-module over
R. Then, the map AN restricts to a p-equivariant R-linear isomorphism

M = (Ar(1)/(p1(1)) @pa,ap N)I" =5 N/pN. (4.29)
Proof. By definition, we have that Ay is p-equivariant, so we only need to check the bijectivity of the
map in claim. Let us note that the composition R 2% Ar(1)/(p1 (1)) 2, Ris the identity. Moreover,
the composition Ar 22 Ar(1) — Ar(1)/(p1(1)) 2, R coincides with the map Ar - Ar/(p) = R.
So, we have that
AN: M = ROAAx(1)/(p1 (1)) (AR(l)/(pl(M)) Op1,R M)
> ROA an(1)/((w)) (AR(D)/(01(1)) @pap N) = Ar/(11) @4, N = N/uN,

where the first isomorphism follows from the isomorphism in Theorem 4.4 and the second isomorphism
follows from the discussion above. Hence, we get the claim. |
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This completes the proof of the second part of Theorem 4.4.

Remark 4.32. Let N be a Wach module over Ag. Then, we have a ¢-equivariant commutative
diagram

Ar(1)/(p1(1) @pr.an N ——— Ar(1)/(p1(1)) ®py,an N
H T, (4.30)

Ar(1)/(pr(n)) @p,.r N/uN —— Ar(1)/(p1(1)) ©p,.8 M,

where the bottom horizontal arrow is the extension along p;: R — Agr(1)/(p1(r)) of the inverse of
the isomorphism Ay in (4.29), the right vertical arrow is (4.1) and the top horizontal arrow is the
composition of the left vertical, the bottom horizontal and the right vertical arrows. Let us note
that in Proposition 5.30, we shall show that the map Ay is equivariant for the natural action of
1 x I'r on the source and the natural action of I'r on the target. Then, it will follow that the
bottom arrow in the diagram (4.30) is (¢, 1 x I'g)-equivariant, and therefore, the diagram (4.30) is
also (¢, 1 x T'g)-equivariant.

5. PRISMATIC F-CRYSTALS AND WACH MODULES

In this section, let X := Spf R denote a p-adic formal scheme, where R is the ring from Section 1.6.
Our main goal in this section is to relate analytic/completed prismatic F-crystals on the absolute
prismatic site (Spf R) (see Section 2.2) to Wach modules over Ag (see Definition 4.1). We start with
the following construction:

Proposition 5.1. Let £ be an object of Vect™ (X ) and set N := E(Ag, [plq). Then, N is a finitely
generated (p, p)-adically complete Agr-module equipped with a continuous action of T'r such that the
action of T'r is trivial on N/uN. Moreover, if £ is an object of Vect®™ ¥ (X ), then N is a Wach
module over Ag.

Proof. From Lemma 5.3 below, with £(Ag,[plq)[1/p] as a finite projective Ag[l/p]-module, and
E(AR, [plq)[1/p] as a finite projective Ag[1/u]-module, we see that the Ag-module

N = E(Ar; [Plg) = E(ARr, [plg) [1/p] N E(AR, [plg)[1/ 1] € E(AR, [plg)[1/p, 1/ 1],

is finitely generated and the sequences {p, u} and {u,p} are regular on N.

Next, let g be any element of I'r and from Lemma 3.12 recall that g is an automorphism of
(AR, [ply) in X | i.e. we have that g: (Ag, [pl;) — (AR, [ply). Since, £ is a crystal, it follows that
base changing N = E(ARg, [p],) along g, induces an A g-semilinear isomorphism g: Ap®y 4, N — N,
in particular, a semilinear action of I'r. Note that Ar/(u) — R, the pair (R, p) is a prism and an
object of (Spf R) and I'g acts trivially on R. Therefore, the reduction modulo p of the isomorphism
g: Ar ®4.4, N — N yields an isomorphism g mod p: R ®yr N/uN — N/uN, which is the
identity, in particular, we see that the action of I'g is trivial on N/uN. Now, additionally assume that
€ is an F-crystal, i.e. an object of Vect™ ¥ (X ). Then, from Definition 2.18, we have an Ag-linear
isomorphism ¢y : (¢*N)[1/[pl,] — N[1/[p],]. Again, using that & is a crystal and any g in I'g is an
automorphism of (Ag, [p]y) in X , it is easy to show that ¢y is equivariant for the action of 'y on N
described above. So, we see that N = £(Ag, [p],) satisfies all the axioms of Definition 4.1, i.e. it is a
Wach module over Ag. |

Remark 5.2. A claim similar to Proposition 5.1 holds for completed prismatic F-crystals. More
precisely, let £ be an object of CR"(X ) and set N := £(AR, [pl,). Then, N is a finitely generated
Ag-module equipped with a continuous action of I' such that the action of 'y is trivial on N/uN.
Moreover, if £ is an object of CR™¥(X ), then N is a Wach module over Ag.

Proof. By Definition 2.13, note that N = E(Ag,[ply) is a finitely generated (p, [p],)-adically =
(p, p)-adically complete Ag-module. Then, similar to the proof of Proposition 5.1, using that £ is a
crystal and the fact that any g in I'g is an automorphism of (Ag, [p]y) in X with the action of I'g being
trivial on Ar/(u) — R, we get that N is equipped with a semilinear action of I'g such that the action
of T'g is trivial on N/uN. Now, additionally assume that £ is an F-crystal, i.e. an object of CR™¥(X ).
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So, from Definition 2.15, we have an Ag-linear isomorphism ¢ : (¢*N)[1/[pl,] — N[1/[p],] and sim-
ilar to above, it is easy to see that ¢ is I'g-equivariant. It remains to show that the sequences {p, u}
and {u,p} are regular on N.

Let & := R[u], and recall that the Breuil-Kisin prism (&, u—p) from Section 2.13 is an object of X
and a cover of the final object of the topos Shv(X ) (see [DLMS24, Section 3.3]). In particular, there
exists a prism (B, J) in X so that it is (p, [p]q)-completely faithfully flat over (Ag, [p]y) and admits a
map from (&,u—p)in X . Moreover, as Ag is noetherian, it follows that the map Ag — B is faithfully
flat. Now, using an argument similar to [DLMS24, Lemma 3.19] we have that B®4, N — &(B, J),
and therefore

(B @ag N)[1/p] — E(B, J)[1/p] «— B ®e E(6,u—p)[1/p],

where the last isomorphism follows from [DLMS24, Lemma 3.24]. As £(&, u—p)[1/p] is finite projective
over 6[1/p] and Ap — B is faithfully flat, therefore, it follows that N[1/p] is finite projective over
Ag[1/p]. A similar argument (by inverting the prismatic ideal instead of p) shows that N[1/[p],] is
finite projective over Agr[1/[p],]. Then, by using Lemma 5.3, we see that the sequences {p, [p],} and
{[plq,p} are regular on N, and therefore, the sequences {p, 1} and {u, p} are regular on N by [Abh23,
Lemma 3.2]. Hence, it follows that N satisfies all the axioms of Definition 4.1, in particular, it is a
Wach module over Ag. |

Let a be an element of Ag such that the sequences {p,a} and {a, p} are regular on A and we have
an equality of zero loci V(p,a) = V(p, [p]4) inside Spec (Ag). For example, we may take a = p or [p],.
Then, we have the following:

Lemma 5.3. Let M be a finite projective Ag[l/p]-module and D a finite projective
Ag[1/a]-module, equipped with an Ag[1/p,1/a]-linear isomorphism f: Agr[1/p,1/a] @ a,pnp M —
Agr[l/p,1/a] ®apnja) D. Then, N == M N D C Ag[l/p,1/a] ®a,11/a) D is a finitely generated
Agr-module, the sequences {p,a} and {a,p} are regqular on N, and we have natural isomorphisms

N[1/p]| =+ M and N[1/a] = D.

Proof. Let S = Spec(Ag), Z = V(p,a) C S as the zero locus of the ideal (p,a) C Apr (the same

as the zero locus of (p,[p],) C Ar) and set U == S\ Z NS Then, note that the natural map
Spec (Agr[1/a]) U Spec (Ar[1/p]) — Spec(Ar) \ V(p,a) = U is a flat cover. Therefore, from the
data (M, D, f) and faithfully flat descent, we obtain a vector bundle F over U C S. Now, as U is
irreducible and F is a vector bundle on it, therefore, the only associated point of F is the generic
point of U. Moreover, U is the complement of a codimension 2 closed subset Z C 9, so from [Sta23,
Proposition 0BK3] it follows that j.F is coherent, i.e. N = HY(S,j.F) = H*(U,F) = MND C
Ag[1/p,1/a] ® ap[1/a) D is a finitely presented Agr-module. Furthermore, [Sta23, Tag 0BKO] implies
that j*j.F — F on U and H2(N) = H}(N) = 0. Then, an easy argument shows that the sequences
{p,a} and {a,p} are regular on N, and N[1/p] — M and N[1/a] — D (for example, see [Abh23,
Remark A.6 and Lemma 3.3] for a = ). This allows us to conclude. |

Remark 5.4. Let N be a finitely generated Agr-module, let a in Ar be as above, and assume that the
sequence {p, a} and {a, p} are regular on N. Then, we have equalities (N/pN)[a] = (N/aN)[p] = 0, and
(N[1/u))/p = (N/pN)[1/p]. So, it follows that we have natural inclusions N/p"N — (N/p"N)[1/u]
for each n > 1, and therefore [Abh23, Lemma A.1l] implies that we have N = N[1/p] N N[1/a] C
N[1/p,1/a].

From Proposition 5.1, note that we have a well-defined evaluation functor for analytic F-crystals:

evy,: Vect™ (X ) — (%FR)‘MOdEg];

(5.1)
& — E(AR, [plg)-

Similarly, from Remark 5.2, we also obtain a well-defined evaluation functor for completed F-crystals:

evy,: CRM (X ) — (cp,FR)—ModEf;];

(5.2)
& — E(Ar, [ply)-

From Lemma 3.11, recall that (Ag, [p],) covers the final object of the topos Shv(X ), and we claim
the following:


https://stacks.math.columbia.edu/tag/0BK3
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Theorem 5.5. The evaluation functors in (5.1) and (5.2) induce equivalences of categories.
Proof. The claim follows from Propositions 5.12 and 5.8, and Theorem 5.13 shown below. |

In the rest of this section, we shall state and prove Proposition 5.12 and Theorem 5.13. We start
by building some necessary tools to state these claims.

5.1. Ap-modules with stratification. In order to prove Theorem 5.5 we shall interpret
crystals in terms of modules with stratification. We begin with the definition of some cosimplicial
objects in Shv(X ).

5.1.1. Stratifications. Using the simplicial object (Ar(e),I(e)) in (Spf R) as described in Con-
struction 3.13, we define modules with stratifications as follows:

Definition 5.6 (Prismatic stratification). A stratification on an Ag-module N with respect to Ag(e)
is an Apg(1)-linear isomorphism e: Ag(1) ®p, an N — Ag(1) ®p, 4, N satisfying the following
conditions:

(1) The scalar extension A*(g) of e by A: Ag(1) — Apg is the identity map on N;
(2) Cocycle condition over Ag(2), i.e. pis(e)opis(e) = pis(e): Ar(2) @y, axg N = AR(2)®ry.4, N.

Let Strat(Ag(e)) denote the category of Agr-modules equipped with a stratification with respect to
Ag(e). Additionally, we will say that N is analytic if the following holds:

(3) The sequences {p, u} and {p, p} are regular on N.

Let Strat®™ (Ag(e)) denote the full subcategory of analytic objects in Strat(Ag(e)). Furthermore, we
will say that N is a ¢-module over Ar equipped with a stratification if N is finitely generated and
equipped with,

(4) An Ag-linear isomorphism @x: ¢*(N)[1/[pl,] — N[1/[p],] compatible with the stratification
€.

Let Strat®™¥(Ag(e)) denote the category of analytic ¢-modules over Ag equipped with a stratification.

Now, let us relate the category Vect™ ¥ (X ) of analytic prismatic F-crystals over X to the
category Strat®?(Ag(e)) of analytic p-modules over Ag equipped with a stratification.

Construction 5.7. Let £ be an object of Vect™ ¥ (X ) and set N := £(Ar(0)) as an Ag-module.
Then, by using Proposition 5.1, we have that N = £(Ag, [p]y) is a finitely generated Ag-module such
that the sequences {p, 1} and {u,p} are regular on N. Moreover, N is equipped with an Ag-linear
isomorphism oy ¢*(N)[1/[plg] > N[1/[pl]. Next, set D i= E[1/T [(An,[oly) = N[1/[plq] as a
finite projective Ar[1/[p]4]-module and note that D is equipped with a stratification with respect to
Ag(e) given as the composition

ep: Ar(1) ®p, 4 D 2 E[I/T (AR(1)) =2 Ag(1) ®p, a5 D, (5.3)

such that A*(ep) = id on D and ep satisfies the cocycle condition over Ar(2). Similarly, set M =
E1/pl(Ar, [plq) = N[1/p] as a finite projective Ar[1/p]-module and note that M is equipped with a
stratification with respect to Agr(e) given as the composition

ear: Ar(1) ®pan M L EN/pl(AR(D) 2 A(1) @paan M, (5.4)

such that A*(eps) = id on M and e, satisfies the cocycle condition over Ag(2). Note that
by definition, we have an Ag[1/p,1/[p]s]-linear isomorphism f: Ag[1/p,1/[plg] ®app/m M —
Ar[1/p,1/[plg] ®ar/p),) D> and (5.3) and (5.4) are compatible with the preceding isomorphism,
ie. fo(em[l/[plg]) = (ep[l/p]) o f. Therefore, by taking the intersection of (5.3) with (5.4) in-
side Ag[1/p,1/[plg] ®axp1/1p),) D> and noting that N = M N D (see Remark 5.4) and that the maps
p1,p2: Ar — Ag(1) are faithfully flat (see Lemma 3.14), we obtain an isomorphism

e: AR(1) ®py 4 N 25 E(AR(1)) =2 AR(1) @p, 4y N, (5.5)
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such that A*(e) = id on N and ¢ satisfies the cocycle condition over Ar(2). Hence, N is an analytic
w-module over Agr equipped with a stratification and it is clear that our construction is functorial in
E. In particular, we have described a well-defined natural functor

eV g p(eyt Veet™ ¥ (X ) — Strat™ ¥ (Ag(e)), (5.6)

by sending an analytic F-crystal £ to the finitely generated Agr-module N := £(Ag(0)) equipped with
a stratification as in (5.5). |

5.1.2. Equivalence between crystals and stratifications. The main goal of this section is to
prove the following claim:

Proposition 5.8. The functor in (5.6) induces a natural equivalence of categories.

Proof. From Lemma 3.11, recall that the prism (Ag, [p]y) in X is a cover of the final object of the
topos Shv(X ), therefore, from Construction 3.13 and the limit description of analytic F-crystals (see
Definition 2.18), it follows that we have a descent equivalence

Vect™#(X ) = lim Vect® ¥ (Ag(e)). (5.7)

From Definition 2.18, the target category may be described as follows: let U = Spec (Ag) \ V(p, [plq),
U(1) = Spec(Ar(1)) \ V(p,[plq) equipped with projection maps p1,p2: U(1) — U and a diago-
nal map A: U — U(1), and set U(2) = Spec(Ar(2)) \ V(p,[ply) equipped with projection maps
P12, P23, p13: U(2) — U(1) (see Construction 3.13 for the maps). Then, an object in the category
lim Vect*™™?(Ag(e)) is a vector bundle £ on U equipped with an isomorphism e: pi& — p3E of
vector bundles over U(1) such that A*(¢) = id on &£ and e satisfies the cocycle condition over
U(2), i.e. p35(e) o pia(e) = pis(e). Moreover, £ is equipped with an Ag[1/[p],]-linear isomorphism
et (0*E)[1/[plg] = E[1/[pl4] (see Definition 2.18), compatible with e.
Now, let us consider the following diagram of functors between categories:

Vect*™ (X ) Lj)* lim Vect™™¥ (Ag(e))

l (5.8)
Strat®™¥(Ag(e)),

(5.6)

where the right vertical arrow is defined by sending an object £ to the finite Agz-module N := H°(E,U)
equipped with a Frobenius structure and a stratification constructed similar to (5.5) in Construction
5.7. Tt is clear that the diagram (5.8) commutes by definition.

We claim that the right vertical arrow in (5.8) induces a natural equivalence of categories. Indeed,
let us describe its quasi-inverse: let N be an analytic p-module over Ag equipped with a stratification
en with respect to Ar(e). Then, from Construction 5.10 below we see that N admits the structure of
a Wach module over Ag. In particular, from Remark 4.2 it follows that the Ag[1/p]-module N[1/p]
is finite projective and the Ag[1/[p],]-module N[1/[p],] is finite projective, and from Remark 5.4 we
have that N = M N D C D[1/p]. Then, from the proof of Lemma 5.3 we may obtain a vector bundle F
on U such that H°(F,U) = N. It remains to construct a stratification on F using the stratification
on N.

We being by noting that Spec (Ar(1)[1/p]) U Spec(Ar(1)[1/[pl4]) — U(1) is a flat cover, and
similarly, Spec(Agr(2)[1/p]) U Spec(Ar(2)[1/[ply]) — U(2) is a flat cover. Let us denote by
i: Spec(Ag(1)[1/p]) = U(1) and j: Spec (Ar(1)[1/p]) — U(1) the respective natural maps. Then, by
faithfully flat descent, we see that the data of a stratification ex on F, i.e. an isomorphism of vector
bundles er: p; F — p3F over U(1) with A*(ex) = id on F and eF satisfying the cocycle condition
over U(2), is equivalent to the following two pieces of data:

(1) a stratification g;+r on i*F over Spec (Ar(1)[1/p]) with A*(g;«r) = id on i*F and €;+ r satisfies
the cocycle condition over Spec (Ar(2)[1/p]),

(2) a stratification €;-7 on j*F over Spec(Agr(1)[

(1)[1/[plg]) with A*(g;+F) = id on j*F and £;-F
satisfies the cocycle condition over Spec (Ag(2)[

1
1/[plq)),
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and such that (1) and (2) agree over the intersection Spec (Ar(2)[1/p,1/[plq])- In other words, the two
respective pullback stratifications along the two maps Spec (Ar[1/p,1/[pl4]) <% Spec (Ag[1/p]) and
Spec (Ar[1/p,1/[pl,]) — Spec (Ag[1/[p],]) must agree, i.e. u*(g;5) = v*(gj+F) on u*i* F = v*j* F.

As Spec (Agr(1)[1/p]) is an affine scheme and for the vector bundle i*F on Spec (Ag(1)[1/p]) it is
clear that we have H°(Spec (Ar(1)[1/p]),i*F) = H°(U, F)[1/p] = N[1/p] = M, therefore, the piece
of data in (1) is equivalent to having an Ag(1)-linear isomorphism

em: Ar(1) ®pr,ar M — Ar(1) ®ps,ar M,

such that A*(ep) = id on M and e)s satisfies the cocycle condition over Ag(2)[1/p]. This is ob-
tained by setting epy = en[1/p]. Similarly, as Spec (Ar(1)[1/[pl4]) is an affine scheme and for the
vector bundle j*F on Spec (Agr(1)[1/[pl,]) it is clear that we have H(Spec (Ar(1)[1/[pl]),j*F) =
HOY(U,F)[1/[ply) — NI[1/[ply) = D, therefore, the piece of data in (2) is equivalent to having an
Apg(1)-linear isomorphism

ep: Ar(l) ®p,.ax D — AR(1) ®py,ar D,

such that A*(ep) = id on D and ep satisfies the cocycle condition over Ar(2)[1/[p],]. This is ob-
tained by setting ep = en[1/[p]q]. Furthermore, as Spec(Ag[1/p,1/[ply]) is affine, to show that
u*(ei+r) = v*(gj-7) on u*i* F = v*j* F, it is enough to show that e [1/p] = ep[1/[p]] on M[1/[p],] =
N[1/p,1/[plq] = D[1/p], but this is obvious because ens[1/p] = en[1/p,1/[plq] = ep[1/[pl4), by defini-
tion. Hence, the stratification on N naturally induces a stratification on F.

It is easy to check that the construction above yields a quasi-inverse to the right vertical arrow
in (5.8), thus establishing a natural equivalence of categories. Consequently, we get that the slanted
arrow in (5.8), i.e. (5.6), induces a natural equivalence of categories. This allows us to conclude. W

Remark 5.9. Following arguments similar to Construction 5.7 and Proposition 5.8, it can also be
shown that we have a natural equivalence of categories

eV ap(ey: CRMP(X ) <5 Strat™?(Ag(e)), (5.9)

obtained by sending a completed F-crystal £ to the finitely generated Ag-module N = £(AR(0))
equipped with a stratification similar to (5.5) in Construction 5.7.

Our next goal is to show that the functor ev ) in (5.6) (resp. (5.9)) is suitably compatible with
the functor ev 4 _ in (5.1) (resp. (5.2)), similar to [MT20, Lemma 3.16]. From Remark 3.20, recall that
for n € N, the product Fg(nﬂ) of n + 1 copies of I'g naturally acts on (Ag(n), [p]y). Moreover, from
Proposition 3.17, we have that the action of the i*® component of F}X%(nﬂ) is trivial on Ag(n)/(n;(1)).

Construction 5.10. Let (N,e) be an object of Strat™¥(Ag(e)), i.e. N is a finitely generated
Apg-module on which the sequences {p,u} and {u,p} are regular, N is equipped with a stratifica-
tion ¢ with respect to Ag(e) and an Ag-linear isomorphism oy : ¢*(N)[1/[pl,] — N[1/[pl,]. We
define a functor

VSTt : Strat™# (Ag(e)) — (¢, Tr)-Mod}?, (5.10)

by setting the underlying Agr-module to be N satisfying (1) and (3) of Definition 4.1. We equip N
with an action of I'r by noting that the I'%4-action on Ag(1) induces a semilinear action of I'r on

N. Indeed, for each g in I'g, the base change of the stratification ¢ along Ar(1) % Agr(1) 2, AR
defines an isomorphism Ar ®g4.4, N =4 N, i.e. a semilinear action of the element g on N. Moreover,
for any ¢’ in I'g, base change of the aforementioned isomorphism along ¢': Ap — Ag is the base
change of € along ¢ o Ao g = Ao (g'g,g’). So, from Definition 5.6, it follows that the isomorphisms
AR ®g.a, N =5 N, for g in I'g, define a semilinear action of I'z on N. Finally, since the action of
Tg x 1is trivial on Ag(1)/(p1(n)), therefore, it follows that the induced action of I'p on N/uN is also
trivial (in particular, I'g acts continuously on N by [Abh23, Lemma 3.4]). Hence, we conclude that N
is a Wach module over Ag in the sense of Definition 4.1. |

In Theorem 5.13, we shall show that the functor in (5.10) induces a natural equivalence of categories
(the proof of which will be independent of the claims proven in this section). We have the following
compatibility between the functors of (5.1), (5.6) and (5.10) (resp. (5.2), (5.9) and (5.10)):
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Proposition 5.11. The following diagram is commutative up to canonical isomorphisms:

eVAR(.)(S.G evAR(.)(SAQ)

~

)
Vect™?(X ) Strat®™™ ¥ (Ag(e)) CRM(X )
(5.10) evit;:t
evAR(5.1) evAR(5.1)

((pa FR)_MOdEI;]; .
Proof. We will only prove the commutativity of the left triangle; commutativity of the right triangle
follows by a similar argument. Let & be an object of Vect™ (X ) and set (N, ¢) :=ev, () (€). Since
N = E(AR(0)) and Ar(0) = Ag, therefore, we note that the Ag-module obtained by composing the
top horizontal arrow and the middle vertical arrow is isomorphic (as an Agr-module) to the module
obtained via the slanted arrow on the left hand side. Moreover, from Lemma 5.3, we know that the
sequences {p,u} and {p,p} are regular on N. Furthermore, the conditions on ¢y as explained in
Proposition 5.1 and Construction 5.10 ensure that the Frobenius on N is of finite [p],-height. So, it
remains to check the compatibility of the action of I'g. Note that for each g in ', the following
diagrams commute:

Ar(1) 2 AR(1) Ar(1) 2 AR(1)
PlT J{A PzT J{A
Ar(0) —— Ar(0), Ar(0) —— Ar(0).

Therefore, the action of g on N = £(Ag(0)) induced by the stratification e (see Construction 5.10)
coincides with the action of g on £(Ag(0)) induced by the action on Ag(0) and the crystal property
of £ (see Proposition 5.1). Hence, evi**(N,e) — E(Ag(0)) = £(AR) = ev,y,(£), thus allowing us
to conclude. ]

From Proposition 5.12, we note that in order to show that the functor ev 4 induces an equivalence

of categories, it is enough to show that the functor evit;at induces an equivalence of categories.

5.2. Constructing stratification on Wach modules. In this section, we shall show
the following claim:

Theorem 5.12. The functor in (5.10) induces a natural equivalence of categories

evii™t: Strat™ ¥ (Ag(e)) — ((,D,FR)—MOdE;[‘)];.
Proof. In (5.32), we will define a functor Strat 4 ,(4) from the category of Wach modules to the category
of p-modules over Ar equipped with a stratification with respect to Ag(e). Moreover, in Proposition
5.32, we shall show that Strat,,() is a quasi-inverse to the functor evit;at, thus establishing the

claimed equivalence. |

Our first goal is to construct a stratification on a Wach module. Our strategy will be similar to
that of [MT20, Section 3.2]. However, note that we are working with the Galois group I'g, which
has “arithmetic = I'p” and “geometric = I';” parts, instead of being a truly “geometric” Galois
group as considered in loc. cit., therefore, our arguments are of different nature and require different
computations (see Section 1.6 for notation and explanations on the group I'g).

Let us set N(1) :== Ar(1) ®p,, 4, N equipped with the tensor product Frobenius and tensor product
action of I'%, where I'% acts on N via projection to the second coordinate. We will start by proving
some results on the cohomology of N(1) for the action of 1 x I'p. The steps will be similar to the
3-step argument presented in Section 3.4. In particular, let us note that the results for the action of
the geometric part of I'p in Section 5.2.1, are applicable for all primes p. However, the structure of
T'r is different for p > 3 compared to p = 2, therefore, in Sections 5.2.2 and 5.2.3, we will assume that
p = 3. For p = 2, the action of ' will be handled in Section 5.2.4. Finally, we will put everything
together in Section 5.2.5 to construct a stratification using the action of I'r on Wach modules (see
Proposition 5.32).
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5.2.1. The action of I';. Our first goal is to show the following claim:

Lemma 5.13. For each n > 1, the following natural (p,Tr X T'r)-equivariant sequence is exact:

0 — (N(1)/pr ()T 205 (N (1) fps ()" )T — (N(1)/pr()") T — 0. (5.11)

Proof. The proof is similar to the proof of Lemma 3.43. To lighten notations, let us denote by A(1) :=
Agr(1), A(1) == Ar(1)/p1(p) and N (1) := N(1)/p1(n). Instead of working with the action of 1 x ', we
will work with the g-connection arising from this action. More precisely, in the notation of Definition
3.31, take D to be Ap =+ A(1)"*Tr (see Lemma 3.47), set A to be A(1) equipped with a A g-linear
action of 1 x I',, and let {v1,...,7a} be the topological generators of I', (see Section 3.1). Then, by
setting ¢ = 1 + pa(p) and U; = pa([X7]), for 1 < i < d, we know that A(1) satisfies the hypothesis

of Definition 3.31 (see the proof of Lemma 3.43). In particular, A(1) is equipped with a Ag-linear
g-connection V,: A(1) — qQ}a&(1)/AR7 given as f — 2?21 % dlog (p2([X?])).

Next, we have that N is a Wach module over Ar and N(1) = A(1) ®p,. 4, N is equipped with the
tensor product Frobenius and the tensor product action of I'%. Note that for any f ® y in N(1) and ¢
in 1 x I'r, we have that (¢ —1)(f®y) = (9 — 1Dy ®y+g9(f) ® (g — 1)y is in p2(u) N(1). Therefore,
the operator

Vg N(1) — N(1) ®aq) Qy 43,

d (x)—x
w e S, BT dlog (X)),

satisfies the assumptions of Definition 4.7. Moreover, from the proof of Lemma 3.47 and Example
4.8, we see that the g-connection V, on N(1) is (p, p)-adically quasi-nilpotent, and it is flat because
7v; commute with each other. Let us also note that the action of 1 x I'}; is trivial on p;(u) and
Ar/(p1(p) == Ar =5 A(1)™Tr (see (3.23), Example 3.36 and the proof of Lemma 3.47). Therefore,
we see that the g-connection on N(1), induced by reducing the g-connection on N (1) modulo p; (i),
coincides with the g-connection on N (1) described in Example 4.10. Now, consider the following exact
sequence of ¢-de Rham complexes:
pi(w)"

N ° n+1 °
0— N(1) @701y 451y 0, —— NO/21()™ a0y 025, —

— N()/pr(w)" ©aq) 42515, — 0-

Since the action of 1 x I'; is continuous on N(1), therefore by Lemma A.5, we see that
(N(l)/pl(u)”)lxpi: (N(1)/p1(p)™)Ve=0. In particular, showing that (5.11) is exact, is equivalent to

showing that H! (N(l) ®7(1) qQ'Z(l)/A ) = 0. From Proposition 4.13, recall that the ¢-de Rham com-
R

plex N(1) ®F) qQ'Z(l)/A is naturally quasi-isomorphic to the de Rham complex N (1) ®Z) Q.K(l)/A .

R R

Moreover, in Proposition 4.16, we have shown that the de Rham complex N (1) A1) Q.Z (1)/A is acyclic
R
in positive degrees, in particular, we see that H' (N (1) @, 90y a ) = H' (N(1)®74)0%
R

/an) =
0. Hence, it follows that (5.11) is exact. |

Let My = N(1)'*Tx as a module over A(1)'*Tr < Ap (see Lemma 3.47), equipped with the
induced Frobenius and an induced semilinear and continuous action of I'g X I'r. Then, we note the
following:

Lemma 5.14. The sequence {p2(p),p} is regular on Mj.

Proof. From Definition 4.1 recall that {u,p} is a regular sequence on N and py: Agp — Ag(l) is
faithfully flat by Lemma 3.14. Therefore, it follows that {p2(u), p} is a regular sequence on Ar(1)®p, 4,
N. Since py(p) is invariant under the action of 1 x I', it follows that pa(p) N (1) N Mz = po(p)Mj.
In particular, the natural map M3 /pa(pu)Mz — N(1)/p2(p)N (1) is injective. Hence, My /pa(p) My is
p-torsion-free, as claimed. [ |

Our next goal is to describe the A p-module M3y, as well as, the action of 1 x I'r CI'r X I'r on it,
more explicitly. So, let us consider the following (¢, 1 x I'p)-equivariant composition:

p: R[u) > Ag 225 Ap(1) 25 A,
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where the map ¢ is described in Section 3.1, the map p is described in Section 3.2.2 and the map A’ is
described in Section 3.4.1 (see before Lemma 3.50), and we set p := A’ o py 0 ¢. In particular, we have
that p(1) = pa(p) and p(X;) = p1([X7]), for all 1 < i < d. Moreover, by the definition of A’, we have
that A’op; = A’ opy: Agr — AR as ring homomorphisms, and the composition A’ o p; coincides with
the structure map py: Ag — Ag, which is faithfully flat (see Construction 3.44). Therefore, it follows
that the composition A’ o py, and hence, p :== A’ o py 0 v: R[u] — A g is also faithfully flat.

Now, tensoring the (o, 1 x I'p)-equivariant map A’: Ag(1) — Ag with the Wach module N over
Apg, we obtain the following (p, 1 x I'r)-equivariant map:

A?V: N(l) = AR(l) Ops,Ag N — ]\R QA’ops, Ag N = ]\R ®p,R[[u]] N,

where we consider N as an R[u]-module via the isomorphism ¢: R[u] — Ag, equipped with a
(p,1 x I'p)-action (see Section 4.3.1). For each n > 1, reducing the map A’y modulo p;(u)™ and
taking (1 x I'j;)-invariants of the source, induces the following (¢, 1 x I'p)-equivariant map:

Ayt (N(1)/pr()") " — (Ar ®p, 1y N)/pr(1)" (5.12)

Lemma 5.15. For each n > 1, the map Aly in (5.12) is a (¢,1 x I'rp)-equivariant isomorphism of
Agr-modules. Moreover, (5.12) induces a Ag-linear and (¢, 1 x T'g)-equivariant isomorphism

Aly: My = N(1)">Te =5 Agp ®, g N- (5.13)
In particular, for each n > 1, we have natural Ag-linear and (¢, T r x I'p)-equivariant isomorphisms

My /p1(p)™ == (N (1) /p1()") . (5.14)

Proof. Note that for n = 1, from (5.12), we have the following Ag-linear and (p,'r)-equivariant
composition: o )
My = N(l)lXFR — AR ®P7R[[H]] N,

where N(1) :== N(1)/p1(1), and we have used that N(1)!*Tz = N(1)Ve=0 = N(1)V=0 = M, (in
the notations of Proposition 4.13 and Proposition 4.16), where the first equality follows because the
action of 1 x I'; is continuous on N (1) (see Lemma A.5). Now, from Proposition 4.16 we see that the
composition above is precisely the isomorphism in (4.5), in particular, (5.12) is an isomorphism for
n = 1,. So, consider the following A g-linear and (¢, 1 x I'p)-equivariant commutative diagram:

0 My —s (N(1)/pr ()T ——— (N(1)/pa()") T ——— 0

zl(5.12) l(5.12) l(s,u)

W7 ; ; .
0 —— Ar @y apy N = (Ar @ riup N)/p1 ()" —— (AR ®p rp N)/p1 ()™ — 0,

where the bottom row is exact and the top row is the exact sequence from (5.11). Using the diagram,
an easy induction on n > 1, shows that the natural Ag-linear and (¢, 1 x I'p)-equivariant map in
(5.12) is an isomorphism, i.e. Ay : Mg /p1(p)™ = (Ar ®, gy N)/p1()™. Moreover, as both N(1)
and (AR ®p,r[u) IV) are p1(u)-adically complete, taking the limit over n > 1, and noting that inverse
limit commutes with taking (1 x T';)-invariants, we obtain the Ag-linear and (p, 1 x I'r)-equivariant
isomorphism in (5.13), i.e. Ay : Mz = N(l)lxr;% = Ag ®p Rr[u] N-

Finally, note that for each n» > 1, it is clear that we have a natural Apg-linear and (p,Tr %
I' r)-equivariant inclusions M3 /p1 ()" C (N(1)/p1(12)™)**Tx, in particular, the map in (5.14) is injec-
tive. To obtain the surjectivity of (5.14), consider the following A g-linear and (¢, 1 x I'p)-equivariant
morphisms:

n (5.14 n 1o (512) % "
L (V)1 ()™ T C2 (R @, mga N) /o1 ()"

M /p1(p)
where it is easy to see that the composition is reduction modulo p;(©)™ of the isomorphism M5 =
AR ®,,gpu) N Since the composition is bijective, therefore, we get that (5.14) is bijective as well. This
allows us to conclude. |
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5.2.2. The action of F. In this section, we will assume that p > 3 and consider the invariants of
the exact sequence (5.11), for the action of 1 x F)*. More precisely, we claim the following:

Lemma 5.16. For each n > 1, the following natural (¢, T x Tg)-equivariant sequence is exact:
0 — My L (M fpy ()™ )R — (M fpr (1)) — 0. (5.15)

Proof. Using the A g-linear and (¢, 'r xI'p)-equivariant isomorphism (5.14), the exact sequence (5.11)
may be written as the following Ag-linear and (¢, 'r X I'p)-equivariant exact sequence:

0 — My % M;\/pl(u)”Jrl — Mz /p1(p)" — 0.

By considering the associated long exact sequence for the cohomology of (1 x F)\)-action and noting
that H'(1 x F),M,) = 0, since p — 1 is invertible in Z,,, we obtain that the sequence in (5.15) is
exact. |

Let us describe the Ag-modules in Lemma 5.17 more explicitly. Recall that from Construction

3.52, we have the ring /~\R’0 = INX;XF”, which is (p, p1(u))-adically complete and equipped with
an induced Frobenius and continuous action of I'r X I'r. Moreover, Mz = N (1)1XF R is a finite
and (p,p1(w))-adically complete Agr-module, equipped with an induced action of (¢, T'r X I'z). Set

1xFX ~
Mg, =M AX ? as a Ar o-module, equipped with an induced Frobenius and an induced semilinear and
continuous action of I'g x I'g. Furthermore, from (5.14) in Lemma 5.16, we have a natural Ag-linear

X
and (¢, 1 x I'p)-equivariant isomorphism M3 /p1(p) — My, and we set My o == MiXF” as a module
over Apo «— Ago/(p1(p)) (see (3.29)), equipped with an induced Frobenius and an induced semilin-
ear and continuous action of I'g. Then, from the discussion in Proposition 4.21, we have that My o is a
finitely generated, p-adically complete and p-torsion-free A o-module, and Ag-linearly extending the
natural Ap o-linear inclusion My o C My, induces a (¢, I'p)-equivariant isomorphism of A g-modules
AR ®AR,0 MA,O = My.

Lemma 5.17. The /~\R70—module M5  is finitely generated and (p,p1(p))-adically complete. More-
over, by AR-lineale extending the natural /~\R,0-linear inclusion M[\,O C Mg, we obtain a (p,Tr X
T'r)-equivariant isomorphism ~

AR ®AR,O MZ\,O L)MA. (5.16)

~ 1xFX
Furthermore, we have a natural (v, To)-equivariant isomorphism M[\’O/pl(u) — MAX P = M.

Proof. From (5.13) in Lemma 5.16, recall that we have a (¢,1 x I'g)-equivariant isomorphism of
]&R-modules Aly: My = /~\R ®p,r[u] IN- Moreover, from Proposition 4.18 recall that Ny = N isa

finitely generated module over R[uo] = R[u]™ (see Lemma 3.4), equipped with the induced action of
(¢,T0), and we have a natural (,I')-equivariant isomorphism of R[u]-modules R[u] ® g,y No —
N. Then, taking invariants of (5.13) under the action of 1 x F, induces a (¢, 1 x I'g)-equivariant
isomorphism of A r,0-modules

M5 o — ]\R,O ®p,R[uo] No- (5.17)

In particular, it follows that My , is finitely generated over AR,O, and (p,p1(p))-adically separated,
hence, (p, p1(u))-adically complete. Now, consider the following natural Apg-linear diagram:

(5.16) M

zl(s.w) zl(s.m)

AR @p Rluoy No —— Ar @, rpup N,

where the bottom horizontal arrow is the extension along the (¢, 1 x I'p)-equivariant map p: R[u] —
AR (see the discussion before Lemma 5.16) of the (p,'r)-equivariant and R[u]-linear isomorphism
R[u] ®rpue No % N from Proposition 4.18. The diagram commutes by definition, and it follows
that the top horizontal arrow, i.e. (5.16) is also an isomorphism. Finally, it is easy to see that the iso-

morphism (5.16) induces a natural (o, 'o)-equivariant isomorphism My ,/p1(p) = M;\XF" /p1(p) —

1xFX .
MAX ? = Mj o, thus allowing us to conclude. |
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Let us note an important observation for the action of I'r x I'r on Mj5.

Lemma 5.18. The action of 1 x T'p is trivial on M3 /p2(p) and the action of T'r x 1 is trivial on
Mj /py(p)-

Proof. From (5.13) in Lemma 5.16, recall that we have a (¢,1 x I'r)-equivariant isomorphism
é’N: My = Apg ®@p,r[u] V- Now, let g be any element of I'r = 1 x I'r, then for any f ® y in
AR ®p gy N, we have that

g-D(fey)=((9-f)eoy+g(f)®(g—-1)y.

Since the action of 1 x ' is trivial on Ag/(pa (1)) (see Lemma 3.48), as well as, on N/uN by definition,
therefore, it follows that (g — 1)(f ® ) is an element of po(u)Ag ®p,Ru) V- Then, using the (o, 1 x
I'r)-equivariant isomorphism (5.13), it follows that for any z in Mj, we have that (¢ — 1)z is an
element of po(p) My, in particular, the action of 1 x I'g is trivial on My /p2(p). Next, since the action
of T x 1 is trivial on N(1)/p1(p) (see the proof of Lemma 5.14), therefore, it easily follows that the
induced action of I'g x 1 trivial on M3 /p1(p) — (N(1)/p1 (1)) *Tx (see (5.14) in Lemma 5.16). This
concludes our proof. |

5.2.3. The action of 1+ pZ,. We will assume that p > 3 and consider the invariants of the exact
sequence (5.15), for the action of 1 x 'y — 1 x (1 + pZ,), and show the following:

Lemma 5.19. For each n > 1, the following natural (p,T'r X 1)-equivariant sequence is exact:

0 — MUTE P (g ()T s (M /pa (1)) T — 0. (5.18)

For each n > 1, note that by reducing modulo p; (u)", the (¢,T'r x I'r)-equivariant isomorphism
(5.16) from Lemma 5.18, taking its (1 x F))-invariants, and observing that p; (1) is invariant under the
action of 1XI'r, we obtain a (¢, I'g xI'g)-equivariant isomorphism Mg ,/p1(1)" =5 (M3 /p1(p)™)*> Fo.
Consequently, the sequence in (5.18) may be rewritten as the following (¢, T'r x I'g)-equivariant se-
quence:

n

0 — MES P (Mg ()T s (M o /1 (1)) T — 0. (5.19)

In order to prove that (5.19) is exact, let us now look at the action of I'r x I'r on M3 and Mj ,,
respectively. We start with the following observation:

Lemma 5.20. The action of 1 x 'y is trivial on My ,/p2(po) and the action of T'r x 1 is trivial on
M[\,o/pl (1)

Proof. Using the triviality of the action of 1 x I'r on My /p2(p) from Lemma 5.19, the (¢,1 x
Tp)-equivariant isomorphism Mj — AR ®p R[] No (see (5.16) in Lemma 5.17), and the fact
that the action of 1 x T is trivial on Ag o/(p2(t0)) (see Lemma 3.55) and on Ny /o Ny (see Proposi-

tion 4.18), it follows that the action of 1 x Iy is trivial on M[\’O/pg(/j,()). Next, observe that the action
of I'r x 1is trivial on N(1)/p1(p) (see the proof of Lemma 5.14), therefore, it easily follows that the

induced action of I'g x 1 is trivial on My ,/p1 () — MiXF” (see Lemma 5.18). |

Remark 5.21. From Lemma 5.21, note that the action of 1 x I'g is trivial on My ,/p2(o) and
multiplication by pi(x) on Mj , is equivariant for this action. Therefore, for any g in I'y and any x
in My o/p1(p)", we see that (g — 1) is an element of pa(uo) M5 o/p1(1)". In particular, for n = 1,

using the isomorphism M3 /p1(p) <— My o from Lemma 5.18, we get that for any g in I'g and any
in My o, the element (g — 1)z belongs to poMa 0.

Now, using the action of 1 x I'g on My , let us define a g-connection (see Definition 4.7). Recall

that, to define a ¢g-de Rham complex over A R,0, we fixed the following element in A R,0 &S a parameter
(see (3.33)):
1@p—pR1 _ p2(B)—p1(P)

pR1 - p1(P) ’

§:

Moreover, if g is an element of 1 x I'g, then from Lemma 3.57 we have that (o — 1)5 = up2(p0), for
some unit v in Ag ¢ depending on vy. So, let us fix the choice of a topological generator v of 1 x I'y
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such that x(vo) = 1 + pa, for a unit @ in Z,, and consider the following operator on Mj ,:

V,Lg: M]\,O — Mf\,O (5 20)

(vo—1)=
T oD

From the triviality of the action of 1 x I'g on M ,/p2(po) (see Lemma 5.21) and from Lemma 3.57,
it follows that the operator V, 5 is well defined. For each n > 1, using Remark 5.22, the operator in
(5.20) induces well-defined operators Vg s: Mz o/p1(p)" — Mj o/p1(p)". As the operator V5 is an
endomorphism of My /p1(p)™, we may define the following two term Koszul complex:

n K n
Kt o foauyn (Va,)t [M o/pr(p)™ —"= Mg o/p1(p)"]. (5.21)

In particular, for n = 1 we set s := uo/p in Ag o, and using Remark 5.22 and the fact that (yo — 1)s =
viig, for some unit v in Ag o depending on vy (see Lemma 3.58), we have a well-defined operator

V‘LS : MA;O MA70

(ro=1)z
T GoDs

Note that the operator above coincides with the operator defined in (4.12), and the complex from (5.21)
for n = 1 coincides with the complex from (4.13). Therefore, from Proposition 4.24, we have that the
cohomology of the Koszul complex Ky, ,(Vg,s) vanishes in degree 1, i.e. H' (K, ,(Vq,s)) = 0.

Remark 5.22. Considering § as a parameter, similar to Remark 3.59, the operator V, s in (5.20)
can be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.33. Then, (4.13) is the ¢g-de Rham complex arising from such a g-connection. Similarly,
considering s as a parameter, the operator V, . on My o can also be considered as a g-connection in
non-logarithmic coordinates, in the sense of Definition 4.7 and Remark 3.33.

Proof of Lemma 5.20. The proof follows by the same arguments as in the proof of Lemma 3.53. In-
deed, by using the (p,'g x [g)-equivariant isomorphism My o/p1(p)" — (Mp/p1(0)™)*F5 (see
the discussion before (5.19)), in the exact sequence of (5.15), we obtain an exact sequence (similar
to (3.38)) on which we use the operator V, s in (5.20) and the Koszul complex defined in (5.21) to
obtain an exact sequence of Koszul complexes (similar to (3.39)). Considering the associated long
exact sequence and noting that H' (K, ,(V4,s)) = 0, from Proposition 4.24, we obtain the following
exact sequence (similar to (3.40)):

VYV, s= ()™ n = n =
0 — My =0 22 (M o/pa (1)) V050 — (M5 o /p1(1)™) V270 — 0.

As the action of 1 x Iy is continuous on Mj , for the (p, p1(1))-adic topology, therefore from Lemma

A5, we obtain that (Mj o/p1(p)"T)Ves=0 = (My ,/p1(p)" 1)1 <TI0, for each n € N. Hence, from the
preceding exact sequence we obtain that the sequence in (5.19) is exact, and therefore, the sequence
in (5.18) is exact as well. |

5.2.4. The case p = 2. In this section, our goal is to prove a statement similar to Lemma 5.20,

for p = 2. From (1.6), recall that we have 'y — 1 + 4Z5 and 'y, — {£1} as groups. Let us first
look at the action of I'yo, on M3. Let o denote a generator of I'yo,. Then, from (A.2), recall that by
setting M3 | = {z € Mj such that o(z) = v} and My _ = {x € Mj such that o(z) = —z}, we have

a natural injective map of A R,+-modules
M[\,+EBM1~\,7 —>MA’ (522)

given as (z,y) — x +y. Note that the action of 1 x I'r is continuous for the (p, p1(p1))-adic topology
on My, so it follows that M3  is a (p, p1(u))-adically complete Ag t-submodule of My, stable under
the action of (p,I'gr x I'p) on My, and similarly, My _isa /NXR,JF—submodule of My, stable under the
action of (¢,I'r x I'r). Equipping My  and My _ with induced structures, we see that (5.22) is
(¢, T'r x I'p)-equivariant. Furthermore, from (5.14), recall that M5 /pi (1) — (N(1)/p1 (1) Tr =
M)y, and similar to above, in Section 4.3.3 we defined Ag 4-modules My 4 and M, _ and showed that
their natural inclusions in M, induce a natural (¢,T'r)-equivariant isomorphism of Ap y-modules
Ma 4+ ® Mp — — My 4 (see (4.19) in Lemma 4.25).
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Lemma 5.23. For each n > 1, the reduction modulo p1(p)™ of (5.22) induces a natural (¢, I'r x
Ty)-equivariant isomorphism

Mj  /pi(p)" == (Mg /pa(p)") " er. (5.23)

Moreover, for n =1, the (¢,T'r)-equivariant isomorphism My /p1(p) — My from (5.14) induces a
natural (o, T F)-equivariant isomorphism

My o /pr(p) = (Mg /py () Tier = My (5.24)
Proof. Let us consider the following natural (¢, ' x I'g)-equivariant commutative diagram:

)" n n
0 ——— My /pi(n) ——=— My, /p1 ()" ———— My, /p1 ()" —— 0

l(5.22) l(5.22) l(5.22)

()" N ) , t
0 —— (Mg /pr () Tor #5555 (M fpn ()" ) Teor —— (M /i ()") T —— 0,

(5.25)
where the top row is exact, and the vertical maps are injective because we have p; (u)" Mz N M At =
p1 (u)"MA’Jr, as p1(u) is invariant under the action of 1 x T'p. Since the action of 1 X Ty, C 1 X T'p
is trivial on My /p2(pe) from Lemma 5.19, therefore, for each n > 1 and x in M3 /pi(p)™ we see that
(o — 1)z is an element of po(u) (M5 /p1(p)™). Then, from Lemma A.8 it follows that the bottom right
horizontal arrow in (5.25) is surjective, in particular, the bottom row is exact.

Next, by composing the left vertical arrow in (5.25) with the (¢,T'r)-equivariant isomorphism
M5 /p1(p) = My from (5.14), we obtain a natural (¢, I'p)-equivariant injective map Mg /pi(p) =
M 4, i.e. (5.24), and we shall show that it is surjective as well. Indeed, since the action of 1 x I'p is
trivial on My /p2(p) from Lemma 5.19 and the action of I'r is trivial on My /My using (4.5) in Propo-
sition 4.16, therefore, by using Lemma A.8 it follows that the Ag-linear and (p,1 x I'p)-equivariant
surjective map Mz — M, from (5.14), induces a Ag ;-linear and (p,1 x I'g)-equivariant surjective
map Mz , — My 4, which factors through (5.24). In particular, we get that the composition in (5.24)
is bijective, therefore, the left vertical arrow in (5.25) is also bijective. Now, using the diagram (5.25),
an easy induction on n > 1 shows that the right vertical arrow is also bijective. Hence, it follows that
the natural (p,I'r x I'g)-equivariant map Mz , /pi(p)" — (Mz/p1 (p)™)*Teer - induced by (5.22), is
bijective for each n > 1, thus allowing us to conclude. |

From Lemma 5.24, we obtain the following:

Lemma 5.24. For each n > 1, the following natural (¢, T x Tg)-equivariant sequence is exact:

. ()™ n tor n tor
0 — (Mj /pr () Fror 22 (M /pa ()" )P Tor — (Mg /pr ()™) > Feor — 0. (5.26)

Proof. The sequence (5.26) is the same as the second row of the diagram (5.23), which was shown to
be exact in the proof of Lemma 5.24. |

Next, we will look at the action of 1 x T'y — 1 x (1 + 4Z3) on Mj , and show the following:

Lemma 5.25. For each n > 1, the following natural (p,T'r X 1)-equivariant sequence is exact:

n

0 — (Mg /pr ()" 2 (Mg /py ()™ TF — (M /pa (1)) — 0. (5.27)

For each n > 1, note that the reduction modulo p;(u)™ of the (p,I'r X I'p)-equivariant iso-
morphism (5.16) from Lemma 5.24, and taking the (1 x I'y,)-invariants of the target yields a
(¢, T r xTp)-equivariant isomorphism My | /p1(p)" — (Mg /p1(p)™)* > ter, because py (p) is invariant
under the action of 1 x I'p. Consequently, the sequence in (5.27) may be rewritten as the following
(¢, Tr x T'p)-equivariant sequence:

0 — ML, 2 (ar oy ()T — (M Jp()") T — 0. (5.28)

In order to prove that (5.28) is exact, let us now look at the action of I'r x I'r on My and My ,
2

respectively. From (3.43) recall that we set v = in Ap, and now we make the following observation:

K
14+p
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Lemma 5.26. The action of 1 x I'g is trivial on My , /p2(v) and the action of g x 1 is trivial on
M5 /pr().-

Proof. For the first claim, note that v is invariant under the action of Iy, and we have that ps(v) Mz N
My, = pg(y)MA)Jr. So, if x is an element of Mz , and g any element of 1 x Iy, then it is enough to
show that (g — 1)z is an element of ps(v)Mj. Moreover, note that v and p? differ by a unit in Ap.
Therefore, we are reduced to showing that (g — 1)z is an element of pa(p)?Mj;. Now, using Lemma
5.19 we may write (¢ — 1)z = p2(n)y, for some y in M. Let o be a generator of 1 x I't,; and note
that o(x) = z. Then, we have that o(p2(u))o(y) = p2(u)y, in particular, (o — 1)y = —(2 + pa(p))y.
Again, using Lemma 5.19 we may write —ps([plq)y = (6 — 1)y = pa(p)z, for some z in My. So, we
get that —py = 0 mod pa(p)Mjz. Note that (p2(i),p) is a regular sequence on My (see Lemma 5.15).
Therefore, we conclude that y = 0 mod py(p)Ag, i.e. y is an element of py(1)Ag and (g—1)z = pa(1)y
is an element of po (,u)2/~\ R, as claimed. The second claim easily follows from Lemma 3.48. |

Remark 5.27. From Lemma 5.27, note that the action of 1 x T'g is trivial on My | /pa2(v) and
multiplication by py () on M A is equivariant for this action. Therefore, it follows that for any g
in 1 x I'gp and any = in Mz , /p1(u)", we have that (¢ — 1)z is an element of po(v)Mj , /p1()". In

particular, for n = 1, using the isomorphism My | /p1(u) — Ma 4 from (5.24), we get that for any g
in 'y and any x in My 4, the element (g — 1)z is in v My 4.
Now, using the action of 1 x I'g on My ,, let us define a g-connection (see Definition 4.7). Recall

that in Section 3.4.4, to define a g-de Rham complex over A R, we fixed the following element in A R+
as a parameter (see (3.45)):

7::

1 (pz([p]q)
p2([plg) “ \pPa([ple)

Moreover, if g is any element of 1 x T'g, then from Lemma 3.71 we have that (yo — 1)7 = upz(v), for
some unit v in Ag 4+ depending on 7y. So, let us fix the choice of a topological generator vy of 1 x I'g
such that x(v0) = 1 + 4a, for a unit a in Z,, and consider the following operator on My 4

qu-i M;\+ —)M]\_,'_
(o—1) (5.29)
(vo—1)7"

T +—

From the triviality of the action of 1 x I'y on Mj , /p2(v) (see Lemma 5.27) and from Lemma 3.71,
it follows that the operator V, ; is well defined. For each n > 1, using Remark 5.28, the operator in
(5.29) induces well-defined operators Vg z: Mz , /p1(p)" — My , /p1(p)". As the operator V, 7 is
an endomorphism of M At /p1(1)™, we may define the following two term Koszul complex:

n Vg,z n
K, o on (V) s [My /o) —= M5, /p1(u)"]. (5.30)

In particular, forn = 1 weset 7 := /8 in A 4, and using Remark 5.28 and the fact that (yo—1)s = vv,
for some unit v in A depending on 7y (see Lemma 3.72), we have a well-defined operator

Vgr: Mp g — My ¢

(vo=Dz

T Ge—D)r

Note that the operator above coincides with the operator defined in (4.22), and the complex from (5.30)
for n = 1 coincides with the complex from (4.23). Therefore, from Proposition 4.30, we have that the
cohomology of the Koszul complex Ky, . (Vg ) vanishes in degree 1, i.e. H' (K, . (Vg,r)) = 0.

Remark 5.28. Considering 7 as a parameter, similar to Remark 3.73, the operator V, 7 in (5.29)
can be considered as a g-connection in non-logarithmic coordinates, in the sense of Definition 4.7 and
Remark 3.33. Then, (4.23) is the ¢-de Rham complex arising from such a g-connection. Similarly,
considering 7 as a parameter, the operator V, , on My 4 can also be considered as a g-connection in
non-logarithmic coordinates, in the sense of Definition 4.7 and Remark 3.33.

Proof of Lemma 5.26. The proof follows by the same arguments as in the proof of Lemma 3.53. Indeed,
by using the (¢, T'r x Tg)-equivariant isomorphism My 1 /p1(u)™ — (Ma/p1(p)™) > eer (see the
discussion before (5.28)) in the exact sequence of (5.26), we obtain an exact sequence (similar to
(3.38)) on which we use the operator V, 7 in (5.29) and the Koszul complex defined in (5.30) to obtain
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an exact sequence of Koszul complexes (similar to (3.39)). Considering the associated long exact
sequence, and noting that H* (K, , (Vg,7)) = 0 from Proposition 4.30, we obtain the following exact
sequence (similar to (3.40)):

Vg, r=0 ()™ n = n =
0— My =" 22 (My | /pa ()™)Y =0 — (M, /pi ()™)Y o7 =0 — 0.

Since the action of 1 xI'g is continuous on Mj _ for the (p, p1(u))-adic topology, therefore from Lemma
A5, we get that (M /p1(pu)"T1)Ver=0 = (Mg , /p1(p)"+*)**To, for each n € N. Hence, from the
preceding exact sequence we obtain that the sequence in (5.28) is exact, and therefore, the sequence
in (5.27) is also exact. n

5.2.5. Stratification on Wach modules. In this section, we shall construct the promised strati-
fication on a Wach module over Ag and prove Proposition 5.32 stated below. Let N be a Wach module
over Ag and recall that N(1) = Ag(1) ®p, 4, N is equipped with a (¢, '%)-action (see the discussion
before Section 5.2.1). Moreover, from the discussion before Proposition 4.31, recall that we have a
p-equivariant homomorphism Ay : N(1) — N induced by tensoring A: Ar(1l) — Ag with N. After
reducing Ay modulo p;(p)™, we claim the following:

n

Proposition 5.29. Let n € Nsi, then Axy modulo pi(u)
isomorphism of Ar/(u)™-modules

restricts to a (¢, I'r x 1)-equivariant

An: (N(1)/pi(w)™)*H® =5 N/p"N,
where the Agr-module structure on the source is defined via the map p1: Agr — Agr(1).

Proof. Let us first consider the following (p,T'r X T'g)-equivariant short exact sequence of
Agr(1)-modules:

0 — N(1)/pr () 225 N1 /pr ()™ — N(1)/pa ()™ — 0.

Then, for p > 3, using Lemma 5.14, Lemma 5.17 and Lemma 5.20, and for p = 2, using Lemma 5.14,
Lemma 5.25 and Lemma 5.26, it follows that the following (¢, g X 1)-equivariant sequence is exact:

0 — (N(1)/p1 (1)) T L2 (N (1) /()™ 1)2T% — (N1 /pa (0)") T — 0. (5.31)
Now, consider the following p-equivariant commutative diagram with exact rows:

0 —— (N(1)/pa ()05 280 (N (1) /pa ()™1) 5T ——s (N(1)/pa (1)) X7 —— 0

ZlA N ’ lA N lA N

0 ——— N/uN & N/p™+t'N N/y*N —— 0,

where the bottom row is exact and the top row is the exact sequence in (5.31). For n = 1, from Theorem
4.4 (see Proposition 4.31), recall that we have the isomorphism Ay: (N(1)/py(u))**'" =5 N/uN.
Then, by using the diagram, an easy induction onn > 1, gives the following p-equivariant isomorphism:

An: (Ar(1)/pr()™™ ®pya, N)EP =5 N/ TN,

Finally, we need to check the (I'r x 1)-equivariance of Ay, the proof of which is similar to that of
[MT20, Lemma 3.19]. From Lemma 3.78 recall that for any g in I'g and a in Ag(1)/(p1(p))" ",
we have that A((g,g)a) = g(a) which implies that Anx((g,9)(z)) = g(An(z)), for any g in I'p
and x in N(1)/p1(u)"*1. So, if x is (1 x ['g)-invariant, then for any g;, go in ', we have that
An((g1,92)x) = An((91,91)2) = 91(An(x)). This concludes our proof. |

An immediate consequence of Proposition 5.30 is the following;:

Proposition 5.30. Let N be a Wach module over Ar. Then, the natural (o, r)-equivariant ho-
momorphism An: Ar(1l) ®py ar N — N induced by A: Ar(l) — Ag, restricts to a (¢, T'r x
1)-equivariant isomorphism of Ar-modules

ANZ (AR(l) ®p27AR N)lXFR L) N,

where the Ar-module structure on the source is defined via the map p1: Agr — Agr(1).
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Proof. Note that by construction Ay is (¢, g x 1)-equivariant. Moreover, Ay is p-adically complete
and N is a finite Ag-module, in particular, we have that N = lim,, N/u"”N. Furthermore, we have that
p2: Ap — Ag(1) is faithfully flat and Ar(1) is p1 (u)-adically complete, so we get that Ar(1) ®p, ap
N = lim, (Ag(1)/p1(1)" ®py,ax N). Now, recall that inverse limit commutes with taking (1 x
I'g)-invariants, so we get that

(AR(1) @psan N)TH = (lim Ar(1)/pr(p)" @paan V)

. n IXTr ~ . n
:hTan(AR(l)/pl(/f’f) Opo, Ag N) xR T)]1713’11\]//.1, N =N,

where the isomorphism follows from Proposition 5.30. This concludes our proof. |

Using Proposition 5.31 we may define a natural stratification on a Wach module over A as follows:

Proposition 5.31. Let N be a Wach module over Ar and let e: Ar(1) ®p, ax N = Ar(1) ®p,.ay N
be the Agr(1)-linear homomorphism induced by the inverse of the isomorphism in Proposition 5.31.
Then,

(1) The homomorphism € is a stratification on N with respect to Ag(e).

Strat

(2) The action of 'r on ev™**(N,¢), whose underlying Ar-module is N, coincides with the original

action of Tr on N, i.e. evit;at(N, €) =+ N as Wach modules over Ag.

Let us first note that the construction of the stratification ¢ in Proposition 5.32 is functorial in N.
In particular, we have a well-defined natural functor

Strat 4, (e): (¢, FR)—ModEf;]; — Strat™™?(Ag(e)). (5.32)

Moreover, from the statement of Proposition 5.32 it is clear that the functor Strat 4, (s in (5.32) is a

quasi-inverse to the functor ev**" in (5.10). We note the following:

Lemma 5.32. The Ag(1)-linear homomorphism € in Proposition 5.32 is I'%-equivariant.

Proof. 1t is enough to show that (1 ® ¢1(y)) = (91,92)(e(1 ® y)), for all y in N and gi, g2 in I'g.
Similar to the last part of the proof of Proposition 5.30, we note that for any z in Ag(1) ®,, a, N, we
have that Ax((g1,92)x) = g1(An(x)). Then, by setting y = Ay (z), we get the claim. |

The goal of the rest of this section is to prove Proposition 5.32. To that end, we need a result
analogous to Proposition 5.31 over Ag(2). Recall that we have (¢, '%;)-equivariant maps r;: Ap —
AR(2), for i = 1,2,3, where Ar(2) is equipped with an action of I'% as discussed before Construction
5.10, and Ap is equipped with an action of I'}, via projection onto the itP-coordinate. Similarly, we
have natural (¢, ['})-equivariant maps p;;: Ar(1) — Ag(2) for (i,5) € {(1,2),(2,3), (1,3)}, and where
ARg(1) is equipped with an action of I'} via projection onto the (i, j)*!-coordinate.

Now, let N be a Wach module over Ar as above and consider the Ar(2)-module Ar(2) @y 4, N
equipped with the tensor product Frobenius and the tensor product action of I'%, where I'} acts on
N via projection onto the third coordinate. Note that the multiplication map A: Ar(2) — Ag is
(¢, Tr x 1 x 1)-equivariant, where I'r x 1 x 1 acts on Ag via projection onto the first coordinate. The
multiplication map A induces a (¢,I'r x 1 x 1)-equivariant map Ay : Ag(2) @y, 4, N — N, where
I'r x 1 x1actson N (in the target) via projection onto the first coordinate.

Proposition 5.33. The homomorphism An: Ar(2) ®ry.a, N — N induced by A: Ar(2) — Agr
restricts to an injective map

ANZ (AR(Q) ®T37AR N)lXFRXFR — N.

Proof. Recall that inverse limit commutes with taking (1 x T'r X I'g)-invariants. Moreover, Ag is
p-adically complete, N is a finite Ag-module, Ar(2) is p1 (1)-adically complete and r;: Agr — Agr(2)
is faithfully flat, for ¢ = 1,2, 3 (see Lemma 3.14). Therefore, we have that

(AR(Q) Qrs,Ag N)lxrRXFR = (h,rln AR(Q)/(pl(:u))n Qrs, Ag N)lxrRXFR
= Um(AR(2)/(p1 ()" @raoan N) 000

AN lim N/p"N = N.
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Since taking limits is left exact, to show the claim, it is enough to show that the following map is
injective:
(Ar(2)/(Pr()" @ry,ap N)TREE — N/U"N,
for each n € N3;.
We will show this by induction on n. For n = 1, from Theorem 4.4 (see Remark 4.32), recall that
we have a (p, ['%)-equivariant isomorphism (see (4.30)),

Ar(D)/(P1(1) @py.ar N — Ar(1)/(p1(1) @ps.a5 N,

where T'% acts on N in the left hand term via projection onto the first coordinate and on N
in the right hand term via projection onto the second coordinate. Moreover, the composition
Ap 2 Ag(1) RELIN AR(2) coincides with the composition Ag —— Ag(2). Similarly, the composi-
tion Ap 2+ Ag(1) 225 Ag(2) coincides with the composition Ar —2+ Ag(2). So, by base changing
the top horizontal isomorphism in (4.30) along Ag(1) 22+ Ag(2), we obtain a (@, I'%)-equivariant
isomorphism

AR2)/p1(1) @ryan N = AR(2)/p1(1) @1y, N, (5.33)

where F:;’% acts on N in the source via projection onto the first coordinate and on N in the target via
projection onto the third coordinate.
Now, consider the following diagram:

(Ar(2)/p1(1) ®ry ap N)PERTR = (AR(2)/p1 (1) @py,a,, N)ERXER

ZT’H lAN
N/uN — N/uN,

where the top horizontal arrow is obtained as (1 XI' g xI'g)-invariant of (5.33) and the left vertical arrow
is the natural isomorphism from Lemma 5.35 below. The commutativity of the diagram follows from
(4.30) and the observation that the composition Ar —— Agr(2) A, Ap is the identity. Therefore, we
see that the right vertical arrow is bijective as well, i.e. we obtain a (¢, 'g)-equivariant isomorphism

(Ar(2)/p1(1) ®ry.a, N)HR*TR 25 N/UN.

To prove our claim, let us now describe the induction step. From the discussion above, we see that
the claim is true for n = 1, solet N(2) .= Ar(2) ®y,, 4, N and assume that Ay mod p; (u)™ is injective
for some n € N>;. Now, consider the following diagram with exact rows:

0 —— (N(2)/p1(p))*FrxI'r LTDIN (N(2)/py ()" +1) ¥ TrxTr 0 0
IlAN J{AN lAN
0 ———  N/uN N/yH N — s NN —— 0,

where @ is the cokernel of the top left horizontal arrow. It is easy to see that we have an injective
map Q — (N(2)/p1(p)")*TexT'r LN N/u™N, where the injectivity of the first map is obtained
by considering the long exact sequence for the (1 x ' x I'g)-cohomology of the short exact sequence

0 — N(2)/p1(p) LADNN N(2)/p1 ()" — N(2)/p1(pn)™, and the second map is injective by the
induction assumption. Therefore, it follows that the middle vertical arrow in the diagram above is
injective as well. This proves the claim. |

The following observation was used above:

Lemma 5.34. Extending scalars along r1: Ar — Agr(1), gives a (¢,I'%)-equivariant map r1: N —
AR(2)®y,. 45 N. Then, reduction modulo i, restricts r1 to an R-linear and p-equivariant isomorphism

ri: NJuN =5 (Ar(2)/p1 (1) @ry 4y N)PXTrXTR,

Proof. Note that themapri: R — (Ag(2)/p1 (1)) *T'#* R is a p-equivariant isomorphism by Remark
3.76. Moreover, we have that

(AR(2)/p1(R) @ry o N)PTER = (AR(2)/pr ()T @ 45 N

Hence, we get the claimed isomorphism 71: N/uN — (Ar(2)/p1(p) @y 4y NP TrXTR, [ |
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We have all the necessary inputs for proving Proposition 5.32 (similar to [MT20, Proposition 3.18]).

Proof of Proposition 5.32. For the first claim, note that from the definition of € it is clear that its
base change along A: Ar(1) — Ag is the identity. Moreover, by using Lemma 5.33, we see that for
each pair (i, ) € {(1,2),(2,3),(1,3)}, the base change p;(¢): Ar(2) @, ar N — Ar(2) ®; ap N is
'} -equivariant. Therefore, restrictions of pi;(e) and p3;(g) opis(e) to N have images in (Ar(2) @y, 45
N)IXTrxTr and their composition with the injective map Ay in Proposition 5.34 is the identity. So,
it follows that pis(e) = p35(e) o piy(e), since both sides are Ar(2)-linear. We also get that € is an
isomorphism because we can write the inverse as its base change along the involution Ag(1) — Agr(1)
swapping the two factors. This proves the first claim.

To show the second claim, let g in I'r. From Lemma 5.33, we have the following commutative
diagram:

AR(1) ®(y,1),4r01) (AR(L) ®py 4 N) —5— Ar(L) ®(4,1),45(1) (AR(1) ®py a, N)

le@(g,l) 2ll®(g,1)
AR(l) ®p1,Ar N Z AR(l) ®ps,Ar N.

From the diagram it is clear that the image of any x in N under the left vertical arrow is g(x) while its
image under the right vertical arrow is 2. Base changing the diagram along the (I'g x 1)-equivariant
map A: Ar(1) — Ag, we obtain the following commutative diagram:

Ar ®g.ax N —imaey o Y
le@g Zlid
N ~ N,

id

where the left vertical arrow is the action of g on N. This proves the claim and concludes our proof. H

A. SOME BASIC DEFINITIONS AND LEMMAS

In this section, we collect some standard definitions to enhance the readability of the text. For more
details, please refer to the cited references. Let p be a fixed prime number.

A.1. Basic definitions. Let R be a commutative ring.
Definition A.1. Let a,b € ZU {+oo0} and let D(R) denote the derived co-category of R-modules.

(1) An object M in D(R) has p-complete Tor amplitude in [a,b] if M ®@'% R/pR in D(R/pR) has Tor
amplitude in [a, b].

(2) An object M in D(R) is p-completely (faithfully) flat if M ®'% R/pR in D(R/pR) is concentrated
in degree 0 and it is a (faithfully) flat R/pR-module.

Definition A.2 (Perfectoid rings, [BMS18, Definition 3.5]). A ring R is called perfectoid if it is
p-adically complete and there is some 7 in R such that 77 = pu, for some unit u in R*, the ring
R/p is semiperfect, i.e. the absolute Frobenius map on R/p is surjective, and the kernel of the map
0: Aine(R) — R is principal.

Definition A.3. Let (X, ) denote a ringed topos. An O-module £ is called a vector bundle on
(X, O) if there exists a cover {U;} of X and finite projective O(U;)-modules P; such that |y, —
P;i @0,y Ou;, for each i. Denote by Vect(X, O) the category of all vector bundles on (X, O).

Definition A.4 (Koszul complex, [BMS18, Definition 7.1]). Let M be an abelian group and for
i =1,...,d, let fi: M — M denote d commuting endomorphisms of M. The Koszul complex
Ky (f1,---, fa) is defined to be the following complex:

(f1,--->fa)
M ? ®1<i<dM ’ ®1<11<12<dM P >®1<z‘1<~-<z’k<dM A

where the differential from M at the index i; < -+ < i to M at the index j; < --- < jgy1 is nonzero
if and only if the set {iy,...,i,} is contained in the set {j1,...,jx+1}, and in that case the differential
is given as (—1)" f;,, where n is the unique integer in {1,...,%k + 1} such that j, does not belong to
the set {i1,... ik}
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Lemma A.5 ([BMS18, Lemma 7.3]). Let Igisc = Hlez be the free abelian group on generators

Yi5---37Yd, and I' = Hle Z, its p-adic completion. Let N be a continuous I'-module that can be
written as an inverse limit N = lim;>1 N; of continuous discrete I'-modules N; killed by pt. Then,
the natural map

chont (Fa N) — RF(Fdism N)a

is a quasi-isomorphism, and thus RUcont(I'y N) is computed by Kn(y—1,...,7v4 — 1). In particular,
we have that NU = Nn==7=1

We note the following fact from the proof of [BMS18, Corollary 12.5]:

Lemma A.6. For 1 < i < d, if f; are d commuting endomorphisms of an abelian group M, and
h; are d automorphisms of M commuting with each other and f;’s, then we have a natural quasi-
isomorphism of complezes

KM<f1h17~"7fdhd) ; KM(fl?"'afd)'

A.2. Modules with Z;-action. In this section, we shall consider objects admitting a con-

tinuous action of 'y — Z;. From (1.6), recall that IT'r — Z;, via the p-adic cyclotomic character,
and it fits into the following exact sequence:

1—Tyg—Tpr—Tr—1,

where, for p > 3 we have I'g — 1 + pZ,, and for p = 2 we have I'y 51+ 4Z,. Moreover, for p > 3,
we have that w: Tior — sz,
Zy <~ I'r, where the second map is given as a — [a], the Teichmiiller lift of a. Finally, for p = 2 we

have T'yor — {£1} as groups.

and the projection map I'p — I'tor admits a section T'ior — F; —

A.2.1. The action of F. We will assume that p > 3 and recall the definition of F-decomposition
from [Iwab9, Section 3] (A-decomposition in loc. cit.). For 0 < i <p—2,let ¢; = ﬁ 2 acF, w(a)"ta
denote an element in the group ring Z,[I'r]. Then, it is easy to check that we have €Z = ¢;, €;e; = 0
for i # j and Zf;g €; = 1. Now, let M be a linearly topologised compact Z,-module admitting a
continuous action of I'p. Set M; := €;(M), for 0 < i < p—2. Then, we have a canonical decomposition

of M as follows:
M = @2y M. (A1)

Here, each M; may also be characterised as the submodule of all x in M such that ax = w(a)'x, for all
a in F);. We will refer to the decomposition of M in (A.1) as the F-decomposition of M. Moreover,
since the action of F; and 'y commute with each other, therefore, we see that each M; admits a
continuous action of I'y.

A.2.2. The action of {£1}. We will assume that p = 2 and recall the following construction: let
M Dbe a linearly topologised compact Z,-module admitting a continuous action of I'r, and let o be
a generator of I'y,; — {£1}. Then, we set My := {x € M such that o(z) = 2} and M_ = {x €
M such that o(z) = —z}. Using these notations, we have a canonical injective map of Z,-modules:

M, ®M_ — M, (A.2)

sending (z,y) — = +y. Note that the map (A.2) need not be surjective. If M = A is a Z,-algebra,
then it is easy to verify that A, is a Z,-algebra as well, A_ is an A4-module, and the map in (A.2) is
A/ -linear.

Let us consider a Z,-algebra A, and let ¢ be a unit in A such that ¢ — 1 is a nonzerodivisor on
A. Assume that A is equipped with a Z,-linear action of ', such that o(¢) = ¢~', and the induced
action of T'yo; on A/(q — 1)A is trivial. Let M be an A-module. Assume that the element ¢ — 1 is
M-regular, and the A-module M is equipped with an A-semilinear action of I';o, such that the induced
action of T'toy is trivial on M /(¢ — 1)M. Then, we note that the operator V, = fo is well defined on
M, and we claim the following:

Lemma A.7. The A-module M admits an AY°=C-linear decomposition M = MY-=0 g MV-=1,
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Proof. Let us first note that V2 = V,. Indeed,

V2 _o-lgo-l _ 1 (0(0—1)_0—1)_ 1 (1—0’ 0—1)

o(q)—1 q-1

¢ -1 g-1

g— —_
o q—1 q—1 q—1

q—1
— 1 (4(e=1) -1y _ o=1 _
=505 - =) ===V
As V. is an idempotent operator on M, it follows that M admits a decomposition M = V,(M) &
(Vo —1)M = MVo=t @ MV~ Tt is easy to see that the decomposition is AY==C-linear. [ ]

Let M and N be two A-modules admitting actions of 'y, such that the induced action of T’y is
trivial modulo (¢ — 1) on both modules, and let M — N be an A-linear map compatible with the
action of I'ior.

Lemma A.8. The AUter-linear map MTter — NTtior s surjective.

Proof. Note that we have MTtr = MVe=0 and similarly for N. We get the claim by using the
decomposition in Lemma A.7. |

A.3. Crystalline site and F'-crystals. Let A be a p-adically complete PD-ring, B a

p-adically completed smooth algebra over A and D := B [H?:l t[lkl] ---t[ikd]]]/g\ the p-adic completion
of a PD-polynomial algebra over B in d > 0 variables. For m > 1, we set ¥,, = Spec(A/p™),
X = Spec(B/p™), Y., = Spec(D/p™) and note that X,,, < Y, is a PD-thickening morphism
induced via the surjection D — B defined by sending ty“] — 0. Let CRIS(X,,/%,,) denote the big
crystalline site of X,,, over 3, with the PD-structure given by p(A/p™) + JA/p™, where J denotes
the PD-ideal of A, and let Oy, /s denote the structure sheaf of rings. Let CR(X,,/¥,,) denote the
category of quasi-coherent crystals of Oy, /x, -modules over CRIS(X,,/%,,).

The homomorphisms »,, — X,,41 and X,, — X,,41 induce a pullback functor
ipmt1’ CR(Xmy1/Zm11) = CR(Xp /). One may define CRIS(X/%,,) and CR(X1/%,,) similar
to above, and note that the pullback functor induces an equivalence of categories i, : CR(Xy,/Sm) —
CR(X1/%,,) (see [Ber74, Chapitre IV, Théoreme 1.4.1]). We define a quasi-coherent crystal £ on
X/% to be a system (E,,)m>1, where &, is an object of CR(X,,/X)eris for each m > 1, and
we have isomorphisms i}, . 1Emy1 — Em. Write CR(X/X) and CR(X,/X) for the category of
quasi-coherent crystals on X/¥ and X; /¥, respectively, and note that the obvious pullback functor
1*: CR(X/X) — CR(X;/X) induces an equivalence of categories. Let MIC oy (D) denote the category
of p-adically complete D-modules equipped with an A-linear p-adically quasi-nilpotent flat connection.
Then, by [Ber74, Chapitre IV, Théoréme 1.6.5] and [Sta23, Tag 07JH, Tag 07L6], we have a natural
equivalence of categories

CR(X/%) =5 MICcony(D), (A.3)

obtained by sending (€,,)m>1 to the inverse limit of the evaluation of &, on the object Spec (X,,) —
Spec (Y;,,) of the site CRIS(X,,,/%,,), equipped with the natural A-linear p-adically quasi-nilpotent
flat connection.

Let us now describe F-crystals on X/%. Assume that A is equipped with a lift of Frobenius modulo
p. Then, we note that the absolute Frobenius on X; and the natural Frobenius on ¥ induce Frobe-
nius pullbacks ¢*: CR(X1/%,,) = CR(X1/%,,) and ¢*: CR(X;1/X) — CR(X1/%). A quasi-coherent
F-crystal € on X /¥ is an object of CR(X1 /) equipped with an isomorphism ¢g: (¢*i*F)q — (i*F)q
in the isogeny category CR(X/X) ® Q. We shall denote the category of quasi-coherent F-crystals on
X/Y as CR?(X/Y). Let MIC?(D) denote the following category: an object M is a p-adically complete
D-module, equipped with an A-linear p-adically quasi-nilpotent flat connection and a D-linear isomor-
phism @as: @*M[1/p] — M|[1/p] compatible with the connection; morphisms between two objects
are D-linear maps compatible with the respective Frobenii and connections. Then, the equivalence of
categories in (A.3) refines to a natural equivalence of categories

CR?(X/%) = MIC? (D). (A.4)

In fact, similar to [MT20, Lemma 2.24], it may be shown that for a p-adically complete D-module
equipped with an A-linear flat connection and a Frobenius structure, the p-adic quasi-nilpotence of
the connection is automatic.


https://stacks.math.columbia.edu/tag/07JH
https://stacks.math.columbia.edu/tag/07L6
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B. 0-RINGS AND DIVIDED POWER ALGEBRAS

The content of this section has been adapted from some notes of Takeshi Tsuji on prismatic envelopes;
we are thankful to him for sharing his computations.

In this section, we will describe certain prismatic envelopes explicitly. We begin this section by
fixing some terminology. Let p be a fixed prime and A a commutative ring. A §-ring is a pair (4, 9)
where A is a commutative ring and 6: A — A is a map of sets with §(0) = (1) = 0 and satisfying:

B a? +yP — (x4 y)P
5(x +y) = 0(x) +6(y) + » ’ (B.1)

d(zy) = 2P(y) + yPo(x) + pd(x)d(y).

Given a d-ring (A4, ¢) define an endomorphism ¢: A — A by the formula ¢(z) = 2P + pd(x), for any
x in A. This determines a lifting of (the absolute) Frobenius on A/pA. Then the product formula in
(B.1) may be rewritten as

6(zy) = p(x)d(y) + o(2)y". (B.2)

If A is p-torsion-free then any lift ¢: A — A of the absolute Frobenius on A/pA determines a unique
d-structure on A given as 6(z) = (¢(z) — z)/p, for all x in A.

A §-homomorphism f: A — B between d-rings is a homomorphism of the underlying rings compat-
ible with the respective d-structures, i.e. fod(xz) =do f(z), for all z in A. For a é-ring A, a J-algebra
over A is a é-ring B equipped with a J-homomorphism A — B. A §-ideal of a d-ring A is an ideal T
of the underlying ring, stable under ¢, i.e. §(I) C I. If I is a d-ideal of a d-ring A, then the quotient
ring A/I is equipped with a unique d-structure over A. Now, let S be a subset of a d-ring A. Then,
we see that the ideal of A generated by {6 (S)},>1 is stable under § and it is the smallest d-ideal of
A containing S. (Note that for any ideal J of A, the map J — A/J, given by z — d(x) mod J, is a
-semilinear homomorphism of A-modules by (B.1) and (B.2).) We write this ideal as (S)s and call it
the d-ideal generated by S. If I is an ideal of A, then we write I5 for (I)s. If the ideal I is generated
by a subset S of I, then we have Is = (S)s because the latter contains I. This implies that if B is a
0-algebra over a d-ring A and I a d-ideal of A, then the ideal I B of B generated by I is a d-ideal of the
0-ring B.

A §-subring of a d-ring A is a subring A’ C A, stable under the §-structure on A, i.e. §(A") C A'.
Similarly, a d-subalgebra of a d-algebra B over a d-ring A is an A-subalgebra B’ C B, stable under
the d-structure on B, i.e. 6(B’) C B’. Let S be a subset of a d-algebra B over a d-ring A, and note
that 6(A[6%(S),1 < k < n]) C A[0*(S),1 < k < n+ 1], for each n € N3;. (Note that for any
A-subalgebra B’ of B, the subset {z in B’ such that é(x) in B} of B’ is an A-subalgebra by (B.1) and
(B.2)). This implies that the A-subalgebra of B generated by {6"(S)},>1 is stable under ¢ and it is
the smallest d-subalgebra of B over A containing S; we denote this d-subalgebra by A[S]s and call it
the d-subalgebra of B over A generated by S.

Assumption B.1. Let A be a d-ring equipped with an element ¢ such that p(q) = ¢?. Set =g —1
and assume that ¢™(u) is a nonzerodivisor on A, for each n € N. Moreover, assume that A and A/uA

are p-torsion-free.
In the rest of this section we will consider a d-ring A satisfying Assumption B.1. Set [p], = q;__ll =
1+ ¢+ -+ ¢! Then, by Assumption B.1, we see that for each n € N, the element ¢"([p],) is a

nonzerodivisor on A. Before proceeding further, we note a simple lemma on regular sequences.

Lemma B.2. Let R be a ring.
(1) If a sequence {x,y} is regular on R, then x is reqular on R/yR.

(1) Let x,y1,...,yq be elements of R. If the sequence {x,y1,...,ya} is reqular on R, then x is
reqular on R/ Z?Zl(yiR).

Proof. The claim in (1) is obtained by applying the snake lemma to the map induced by multiplication
by 4 on the exact sequence 0 — R -+ R — R/xR — 0. We will prove the claim in (2) by induction
on d, where the case d = 1 is clear from (1). So, let d > 2, and assume that z is regular on R’ =
R/ Z?;ll (y;R). Additionally, we know that y4 is regular on R’ /xR, in particular, {x,y4} is a regular
sequence on R'. Therefore, the claim in (1) implies that x is regular on R'/yqR' = R/ Zle(yiR). |
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Remark B.3. By using Lemma B.2 (1), we see that for the ring A as in Assumption B.1, the quotient
A/pA is p-torsion-free. Moreover, since ¢™(u) = u?" mod pA, for each n € N, and A is p-torsion-free,
therefore, by using Lemma B.2 (1), we get that A/¢"(u)A is p-torsion-free.

Let A denote the p-torsion-free algebra A/pA, and note that the image of ¢"([p],) in A is p, for
every n € N. Moreover, the lifting of Frobenius on A induces a lifting of Frobenius on A. Furthermore,
as A/pA is p-torsion-free, we see that the image of §([p],) in A is d(p) in A/uA, which may be computed
as (p(p) — p?)/p = 1 — pP~ 1. Hence, it follows that 6([p],) is a unit modulo any power of the ideal

(p,p) C A

Assumption B.4. Let B be a d-algebra over A. Assume that B and B/uB are p-torsion-free and
©™(u) is a nonzerodivisor on B, for each n € N. Let Yp,Y7,...,Yy be elements of B such that the
sequence {Y7,...,Yy} is regular on B and the sequence {Yp,Y7,...,Yy} is regular on B/[p],B and

B/(p, 1) B.

Remark B.5. Similar to the case of A as in Remark B.3, by using Lemma B.2 (1), we see that B/pB
is pu-torsion-free and B/¢™(u)B is p-torsion-free, for each n € N.

Let I denote the set of natural numbers {0,1,...,d}. Let Cy :== B[Yyy, ..., Yq0] denote a poly-
nomial ring over B in d + 1 variables Yy, ... Yq0, and let Do == Co/({[p|qYi,0 — Yi}icr). Moreover,
set Ey to be the B-subalgebra of B[1/[p],] generated by y; := Y;/[plq, for i € I. Then the surjective
homomorphism of B-algebras Cy — Ej via Y; o — y; for i € I, induces a surjective homomorphism of
B-algebras

Dy — Ejy. (B3)

Set B := B/uB, Cy = Co/pCo, EO;: Do/uDg and Eq = Eqg/uEy, and write Y, o (resp. 7;) for the
image of Y; ¢ (resp. y;) in C (resp. Ey).

Lemma B.6. With notations as above, we have the following:
(1) The homomorphism (B.3) is an isomorphism.
(2) The algebra Ey is p-torsion-free.

Proof. Note that we have Do[1/[p],] — B[1/[plg][{Yi0}ier)/({Yio—vi}icr) — B[1/[pl,]. Therefore,
to show (1), it suffices to show that Dy is [p],-torsion-free. Now, note that by Assumption B.4, the
element [p], is regular on Cy and the sequence {[p]4Y0,0 — Y0, - - -, [Pl¢Ya,0 — Ya} is regular on Cy/[p],Co.
Hence, from Lemma B.2 (2), it follows that [p], is regular on Dy. For (2), note that by using claim
(1), we are reduced to showing that Dy is p-torsion-free. Moreover, as Cy is p-torsion-free, by using
Lemma B.2 (2), we see that it is enough to show that the sequence {[p]qYo,0 — Yo,...,[pl¢Ya0 — Ya}
is regular on Cy/pCy. Now note that Co/pCo = Co/(p, t)Co, and since [p], is in the ideal (p, ) C A,
therefore, by Assumption B.4, we get that the sequence {[p],Yo,0 — Yo, ..., [pl¢Ya,0 — Ya} is regular on
Co/pCyp. This concludes our proof. |

The lifting of Frobenius on B naturally extends to B[1/p,{1/¢"([plq)}nen] and note that
its Ep-subalgebra Ey[1/p,{1/¢™([plq)}nen] is stable under ¢. Let E be the J-subalgebra of
Eo[1/p,{1/0™([plq) }nen] generated over B by y;, for all ¢ € I. Note that we have Ey C E. Now, recall
that ©"([p],) = p mod uB, for each n € N, therefore, we get that Eo[1/p, {1/¢"([plq)}nen]/p —
Eo[1/p]. Via the preceding isomorphism, the lifting of Frobenius on Ey[1/p, {1/¢™([pls)}nen] induces
a lifting of Frobenius on Eg[1/p]. Define E to be the d-subalgebra of Ey[1/p] generated over B by
7;, for all i € I. Note that we have Ey C E by Lemma B.6 (2) and the natural ring homomorphism
Eo[1/p,{1/¢™([plq) }nen] — Eo[1/p] induces the following surjective ring homomorphism compatible
with ¢:

E— FE. (B.4)

We will study the d-rings E and E by comparing them to the é-rings obtained by universally
adjoining Y;/[p], for all i € I, to the d-rings B and B, respectively. Let C' denote a polynomial ring
over B in variables Y; ,,, for ¢ € I and n € N. Equip C with a lifting of Frobenius ¢ compatible with
that on A and defined on the variables as ¢(Y; ) = an + pY; 41, for each ¢ € T and n € N. Since,
C' is p-torsion-free, therefore, for the d-structure associated to ¢, we have 6(Y; ) = Y; n41, for each
i€landn € N. Set C := C/uC equipped with a lifting of Frobenius induced by that of C. Denote
by Y; (resp. Y, ,) the image of Y; (resp. Y;,,) in C. We define D (resp. D) to be the quotient of C
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(resp. C) by the d-ideal generated by [p],Yi0 — Yi (vesp. [p],Yi0 — Y;), for all i € I. Then we have
a @-compatible (in particular, §-compatible) surjective homomorphism of B-algebras C — E (resp.
surjective homomorphism of B-algebras C — E) defined by sending Y;,, to 6" (y;) (resp. by sending
Yin to 8™(y;)), for each i € I and n € N. The preceding ring homomorphisms induce surjective
horizontal arrows in the following diagram:

D =C/([plgYio — Yi)s — E,

l l““) (B.5)

= 6/(}??1’0 — ?z)é E— E7

where the left vertical arrow is induced by the isomorphism D/uD — D, and the diagram commutes
by definition. In particular, all arrows in the diagram (B.5) are surjective.

For each i € I and n € N, let C’T(f) be the B-subalgebra of C' generated by Y ,,, for 0 < m < n. Set
C(_q = B and note that we have 6(0,(;11) c O, for each n € N.

Lemma B.7. For eachi € I and n € Nx1, the element §"([p|,Yio — Y:) in C’,Si) may be written as
6" ([plgYi0 = Yi) = @™ ([Pl) Yin + oYy + 0 g kY1,

where co = "1 (8([ply)) Z:Ln_:lopm(pfl) is in A and ¢y, is in C'( )2, for each 0 <k <p—1.

Proof. We shall prove the claim by induction on n. For n = 1, note that we have

8([pleYio — Yi) = 8([plgYio) + 6(=Yi) = 201 5 () ([pleYio)F (—Yi)r =
= o ([pla) Vi + 6([pla) Yo + 6(=Y0) = Sh1 S ()Pl (- Yor v,
which is of the required form because the elements 6(—Y;), [p], and Y; belong to C(_Zi = B. Now,

let n > 1 and assume that the claim holds for ¢"([p],Yi.0 — ¥i), with ¢o in A and ¢ in CT(QQ. Set
b=coY}, 1+ s CkYz"fn—1 in 07(21 and note that we have

5" ([plgYi0 — Yi) = (9™ ([plg)Yim +b)

]
= 0(¢"([plg)Yin) +0(b) — 204
= Spn+1([p]q)yz nt1+6(p ([]9}

:} %(z) (‘Pn([p]q)yi,n)kbp_k
NYin+0(0) = X070 S (D¢ (o) oY
As the elements ¢"([p],) and b are in C( 1, therefore, it is enough to show that 6(b) is of the form
pPleg + Zz;é dei’fn, for some dj, in C( g . From (B.1), note that for any x and y in C’ Z1, we have
that 6(x + y) = d(x) + d(y) mod C( )1 and from (B.2), for z in C’ ’5and y in C( )17 we have that
d(zy) = (x)d(y) mod C( )1 Therefore, we may write

8(0) = @(c0) (V1) + LR 9(er)d(Vfy) mod €12,

Now, note that §(1) = 0 on A because A is p-torsion-free, and by Lemma B.8, for each 1 < k < p, we

have
5(}/1",6n—1) = Z ( )pj ! z nk lj)njn

Note that Y; 1 is in Cffll and Y}, appears only when & = p, in which case the coefficient of Y}’ is
pP~1. This allows us to conclude. |

The following fact was used above:

Lemma B.8. Let R be a §-ring and = any element of R. Then, for each n € N>1, we have that

Sam) = X, ()P LD,
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Proof. We shall prove the claim by induction on n. The case n = 1 is obvious, so assume that the
claim holds for some n > 1. Then, we have that

§(z™ ) = §(a™)aP + 2™5(x) + po(z)d(z™)
= Z?:l (?)pj—lxp(n—i-l—j)é(x)j + 2"P§(x) + Z?:l (?)pja:‘p("_j)é(x)j""l.

In the final term of the second line of the displayed equation, by replacing j with k& — 1, for

2 < k < n+ 1, and expanding, it easily follows that the expression thus obtained is the sum

S (TP a5 (), m

Let C,, be the B-subalgebra of C generated by Y ,,, foralli € [ and 0 < m < n. Set C_; =B
and note that we have §(C,,_1) C C,, for each n € N. Define D,, to be the quotient of C,, by the
ideal generated by 6™ (p?w —Y;), foralli € I and 0 < m < n. Note that the B-algebras Cy and Dy
coincide with those defined before Lemma B.6. For each i € I and n € N>, let us set

X = 6" (p¥ 0~ Vi) ~p¥in €T, (B.6)

— 1 —k _ _
and by Lemma B.7 note that it is contained in ﬂan,n_l + Ei:é Y, n—1Cn—2 C Cp_1, where we have
that u, = " 1(d(p)) Z:;;lo p™P~1) is in A. In particular, we see that for each n € N, we have

Do+t = Dul{Vimsi bier/ (Y i1 + X1 bier). (B.7)

The inclusion maps C,, < C,,, — C, for 0 < n < m, induce maps D,, — D,, — D and an isomorphism

colim D,, = D. (B.8)
n

Lemma B.9. With notations as above, we have the following:

(1) The homomorphism D,, — D, induces an isomorphism D,[1/p] — D,.1[1/p], for each
n € N.

et S, denote the image o 7n pin mn 771 1 pin 1, for each n € N. en, we have that
2) Let S, d h g D, /pD Dyt1/pDyy h N. Th h h
Sp = (bn/pﬁn)/({Xfﬁrﬁiel) and En+1/pbn+l = Sn[{?i,n—‘rl}iel]: for each n € N.

(3) For each n € N, the algebra D,, is p-torsion-free.

Proof. The claim in (1) follows immediately from (B.7) and the fact that X,(:il isin C,,. For (2), note

that by taking the reduction modulo p of (B.8), we get that

Ds1/pDni1 = (Dn/pD)/UXE) e (T i bied)-

To prove (3), let us first recall that Dy is p-torsion-free by Lemma B.6. So, for each n € N, by Lemma

B.2 (2) and (B.7), it suffices to show that the sequence {Xﬁal}iel, where X,(f_i)rl

(Dy./pDy)[{Y i ns1}icr), ie. it is regular on D,,/pD,,. For n > 1, the claim follows because we have
Dyn/pDy = Sn—1[{Yin}icr] and U, 1 modulo p is a unit in A/pA (see the discussions after (B.6) and
before Assumption B.4). For n = 0, it suffices to show that the sequence {{[p],Y;i 0 —Y:}icr, {XY) Yier}
is regular on Cp/pCy. As [p], is contained in the ideal (p, u) C B, we are reduced to showing that the
sequence {{—Y;}ier, {X"}ies} is regular on Co/pCo = B/(p, 1)[{Yi.0}ics]. This is obvious because
11 modulo p is a unit in A/pA (see the discussions after (B.6) and before Assumption B.4). Hence,
the lemma is proved. |

is in C4,, is regular on

Now, note that reducing the top arrow in (B.5) modulo p, we obtain the following commutative
diagram with surjective arrows:

D/pD —— E/uE,
Jz J(BA) (B.9)
D—>E.

Proposition B.10. All arrows in the diagram (B.9) are isomorphisms.
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Proof. By definition, the left vertical arrow in (B.9) is an isomorphism and all arrows are surjective. So,
it suffices to show that the lower horizontal arrow is injective. Now, we have the following commutative
diagram:

Dy[1/p] —— D[1/p]

[os |

Eo[1/p] — E[1/p],

where the top horizontal arrow is a bijection by (B.8) and Lemma B.9 (1), the left vertical arrow
is a bijection by Lemma B.6, and the bottom horizontal arrow is a bijection by the definition of E.
Therefore, it follows that the right vertical arrow is a bijection as well, i.e. D[1/p] — E[1/p]. Finally,
from (B.8) and Lemma B.9 (3), note that D is p-torsion-free. Hence, we get that the map D — E in

(B.9) is injective. This completes our proof. ]
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